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Abstract

In this manuscript, we proved the existence and uniqueness of best proximity points for a

map f defined on a union of subsets A, B of a topological space satisfying the conditions (i)

f(A) = B, f(B) ¢ A and (ii) with respect to a continuous function g: X x X — R, | g(fx, fy) |
4

< §[| glx, y) | +| g(fx, x) | +| &(fy, ) 1+ (1 - )Dg(A, B) for ¢€(0,1) and Vxe A, VyeB,

where Dg(A, B) =inf{ g(x, y)| : x € A, y € B}. Also, the existence and uniqueness of best

proximity points for cyclic topologically Ciric type contraction mapping is proved.
1. Introduction and Preliminaries

Suppose that A and B are non-empty closed subsets of a complete metric
space (X,d). A map f:AUB —> AUB is called cyclic if f(A)c B,
f(B) = A. Kirk et al. [5] introduced the concept of cyclical contractive
mappings in 2003, and extended Banach fixed point result [2] to the category

of cyclic mappings. They demonstrated that, for a cyclic contraction map
f:AUB —> AUB (i.e., there exists k € [0, 1) such that for all x € A and
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y € B, f satisfies d(fx, fy) < xd(x, ¥)) unique fixed point exists in A B.
In [4], Eldred and Veeramani are concerned with the case when A N B = 0,

and they weren’t looking for a fixed point of fin this case, instead, they were
looking for the best proximity point. For instance, they have shown that, for a
cyclic contraction map f: AUB — AU B (ie., there exists k € [0, 1) such

that for all xeA and yeB, [ satisfies d(fx, fy) < xd(x, y)
+(1 - x)dist(A, B), where dist(A, B) = inf{d(x, y): x € A, y € B}) unique
best proximity point exists in A U B. Several extensions of cyclic contraction

map and existence of best proximity points in various generalized spaces
have been published in the literature, for example see [8, 12, 13] and the

references therein.

In [9], Liepins introduced the concept of fixed point results from standard
metric spaces to any arbitrary topological spaces. In [10], Sankar raj et al.
expanded the best proximity point results from standard metric spaces to
topological spaces. He also proved the best proximity point for r-contractive
map is unique. For proving uniqueness he introduced and used the P-
property concept. We are interested in the existence and uniqueness of best
proximity points for generalized cyclic topologically contraction map and

cyclic topologically Ciric type contraction map on topological spaces in this
paper.

The following concepts are used throughout the manuscript:

Consider a topological space X and a mapping f : X - X. Fix xy € X.

For any n € N, the orbit of f beginning at x( is defined as

0(xg, f) = {f"(x0) : n € NU {0},

where fO(xg) = xg and f™(xg) = f(f" *(xg)). Assume that g: X - X is a

function. Then g(0(xq, f)) = {g(f"(xg)): n e NU{0}} is the image of
O(xg, f) under g. The limit point set Limf{x,} of a sequence {x,} in a

topological space X is defined as

Limg y = Ny {x, 2 m > nj,
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Where A represents the closure of Ain X. If g : X — X is a continuous
mapping and x € LimO(x,, f), then g(x) € Limg(0(xq, f)) is easy to prove.
Throughout this paper A and B are nonempty subsets of a topological space
X

Definition 1. If g: XxX — R is a continuous function then D, (A, B)

=inf{| g(x, y)|: x € A, y € B} and 8,4(A, B)=sup{ g(x, y)|: x € A, y € B.

Note that, if (X, d) is a metric space and g = d is used in the definition,
Dg(A, B) is simply the distance between the sets A and B, which we
normally refer to as dist(A, B). Let’s look at how cyclic contraction mapping
is defined in topological space.

Definition 2. [11] A cyclic map f: AUB > AUB 1is a cyclic

topologically contraction map with respect to a continuous function
g:XxX >R if for some ¢ e(0,1) and Vxe A, Vye B,|g(fx, fy)]

< glx, )|+ (1~ )D,(A, B)

In metric space, the concept of cyclic topologically contraction mapping is

reduced to Eldred’s cyclic contraction mapping [4]. A point x € A U B is said
to be a best proximity point of f with respect to g if | g(x, fx) | = Dg(A, B).

2. Main Results

In this section we define generalized cyclic contraction mapping
introduced by Karapinar [7] on a topological space and some new results are

obtained.

Definition 3. A cyclic mapping f: AU B — AU B is called generalized

cyclic topologically contraction map with respect to a continuous function
g: X xX — R if for some ¢ e (0, 1), the condition

| g(f, )] < £l 8, )| +] &(fe, ) | +] &, ) 1+ (1 - DDA, B) (1)

holds for all x € A, y € B.
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The following example shows that a cyclic mapping f: AUB > AUB

is generalized cyclic topologically contraction with respect to a continuous
mapping g : X x X —» R but not cyclic topologically contraction with respect

to the same mapping g.
Example 1. Consider R?, which has a standard topology. Let

A=1{0,x):-1<x<1} and B:={1,y):-1<y<1} be subsets of RZ
Define a cyclic mapping f : AU B — AU B as follows:

(1, %) if ¢ =0,
f(¢, x) = N
(0, E), ]ft = 1
Let g:R?xR%* > R be defined as g((x, y), (u, v)) =|y—v|, for all
(x, ), (u, v) € R,
Clearly, g is a continuous function. It is worth noting that D, (A, B)=0.

It is simple to verify that the function f is generalized cyclic topologically
contraction with respect to g. But if we take x =(0,1), y =(1,1) then

| g(fx, fv)| =1,| g(x, y)| =0. Hence there exists no ¢ € (0,1) such that
| g(fx, fy)| < ¢ gx, y)| + (1 - £)Dy(A, B).

Let us now show that the best proximity point on a topological space

exists and is unique:

Theorem 4. Let g : X x X —> R be a continuous mapping satisfying the

following conditions:
1) glx, y) = g(y, x), forall x e A, y ¢ B
(2) g(xy, x9) =0 < x; = x9, forall x|, x9 € A (or x1, X9 € B)

Let f: AUB — AU B be a continuous generalized cyclic topologically
contraction mapping with respect to g. Suppose that the pair (A, B) has P-
property with respect to g. Then for any u € AU B, then set Lim O(u, f) is
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either empty or LimO(u, f)N A is a singleton set {x}, which satisfy
| &(x, fx)| = Dg(A, B).

Proof. Let u e AUB. If Lim O(u, f) is not empty, then for any
y € LimO(u, f),

f(y) € Lim f(O(w, f)) < LimO(, f).

Define h: AUB — R by h(x) =] g(x, fx)|. Since f, g are continuous,

the function A defined above is also continuous. Hence,
hy) € Limh(O(u, f)) 2
For some ¢ € (0, 1), we have
Y4 _ _
| &(f"u, M u) | < g1 (™ s fMu) |+ &(FMu, "7 u) [+ | g(F™ u, ) |

+(1- D,(A, B)

(1 - g)l g(fMu, ") | < %I g(f"tu, f"u) [+ (L~ 0)D,(A, B)

and hence
& ) < 2| g )+ 2D (4, B)
Now, we have
(7™ )| < 522 e ) 1+ 2= D, B)
3(1-7¢
. é_g)Dg(A, B)

(2 a2 1+ (2 )28 Dy, )

31— 1)
M-

<(25) [ a0 201+ =4, )]

D,(A, B)
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(2 ) 8 )|+[%j2 3§_‘ Op,a B)

+(3 fj?’g_g)D(A B)+ 3(1 5) D,(A, B)

Inductively, we have

e )| = (52 ) |t fu)

+[(%)n_l +...+(32_f£)+1} 3(31 j)D (A, B)

n
As n — oo, since /€ (0, 1), ((?EZ_K)K)) < 1. Therefore ((éZ_f)g)) — 0 and
n1( (20) ¥ 3-¢ .
Zizo (m) e Hence the coefficient of D,4(A, B) tends to 1.
Thus,
lim| g(f"u, f"*'u)| < D, (A, B) (3)
n—0

From the definition of Dg(A, B), we have
lim| g(f"u, f"*'u)| > Dg(A, B) (4)
n—00

From (3) and (4) we have

lim| g(f"u, f""'u)| = Dg(A, B)
n—0

Hence {A(f"u)} converges to Dg(A, B). i.e., A(O(u, f)) is a singleton set.
From (2), A(y) = Dg4(A, B). ie., |g(y, fy)| = Dg(A, B). ie., y is a best
proximity point of f with respect to g.
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Let us now show that the best proximity point is unique. Without loss of
generality, assume that y is in A. Suppose there exist two points x, yy in A

such that xq, yo € LimO(u, f) satisfying
| g(x()’ fxO)l = Dg(A’ B) (5)
| g(yO’ fyO)l = Dg(A’ B) (6)

Since f is generalized cyclic topologically contraction with respect to g and
using equation (5), for some ¢ € (0, 1),

| 8o, f20) | < 51 8lxo, fro) | +] &(fxo, %0) | +| (%o, o)
+(1 - ¢)Dg(A, B)
(1-5)l (o, fx0)| = 3 D4 B)+ (L= 0D, (4, B
and hence | g(fxg, f2xg) | < D, (A, B).

Suppose that | g(fxg, f 2x0)| < Dg4(A, B) it will contradict the definition
of Dy(A, B).

Therefore | g(fxg, f2xo) | = Dy(A, B)

Hence, | g(xq, fxg)| =] g(fzxo, fxo)| = Dg(A, B). By P-property, we
have | g(xq, f2x0) | = | &(fxo, fro)| =0. Thus xo = f2xy. Similarly

Yo = f2y0~
Now | g(y0, fro) | = | &(F*¥0, fxo) |

< é[l g(Fyo, x0) | +| &(F*y0, o) | +1] &(fxo. x0) [+ (1 = ))Dy(A, B)

= 21 (30, %0) | + £ Dy(A, B)+ £ Dg(A, B)+ (1 - ) (A, B)

b4 33—/
= gl g(fyO’ x0)|+TDg(A’ B)
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4

< £ 8(fv0, %0) | + 25| 8fo, x0) |

w

this is
| 8(vo, fro) | < | &(Fyo, x0) |

Now | g(xo, f¥o) | = | &(f*xo, fo) |
g” 8(fro, y0) | +1 &(F*x0, fxo) | +| &(fvo, 30) [+ (1 = )Dy(A, B)
B g| 8(fxo, ¥o) | +§Dg(A’ B)+§Dg(‘4’ B) +(1-0)Dg(A, B)

=—| g(fxo, yo)|+ ) . (A, B)

4

< | g(fxo, ¥o) | +2 ( | g(fxo, o) |

w

that is,
| g(x0, fo) | <1 &(fxo, ¥0) |

From (7) and (8), we get that | g(yg, fxXg)| = | &(xo, fvo) | Also,

| g(y07 fx0)| = | g(fzyO’ fxO)l

~

< 2] &(fo. x0) [+ 255D 2 (A, B)

w

<1 800, fo) |+ 255 Dy(4, B)

W~

(1-5 )1 8o fr0) | < 25 Dy(a. By

From the definition of D4(A, B), we have | g(yg, fxg) | = Dg(A, B)

Hence | g(yO’ fxO)l = | g(x07 fyO)l = Dg(A7 B)

Advances and Applications in Mathematical Sciences, Volume 21, Issue 11, September 2022
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Using equation (5) and P-property, | g(xq, fxg)| =] &0, fxo) |

= Dy(A, B) = g(x0, y0) | = | 8(fxo, fxo) | = 0. Hence xy = yg. i.e., the best
proximity point of f with respect to g is unique in A.

Example 2. Consider the subsets A and B of R? and the functions fand
g are given as in Example 1 and we get D, (A, B) = 0.

(1,0), ift=0,
Wh =0 t,0) = .

enx=0=f0) {(0,0), ife=1.

We also have | g((0, 0), f(0, 0))| = g((0, 0), (1, 0)) | = 0 = D4(A, B) and
| g((1, 0), f(1, 0))| = | &((1, 0), (0, 0)) | = 0 = Dy(A, B). Hence, for any
u=(x,y)e AUB, LimO(u, f)={0,0),(1,0)} and Lim O, f)N
A = (0, 0). As a result, the best proximity point of f with respect to g is
(0, 0).

Let (X, d) be a metric space. Then d: X xX — R is a continuous

function. As a result, if we take g = d then we obtain the Theorem 2.3 by
Karapinar [6].

Now let us define the notion of cyclic Ciric type contraction mapping [1, 3]

on a topological space.

Definition 5. A cyclic mapping f : AUB — AU B is said to be a cyclic

topologically Ciric type contraction map with respect to a continuous function
g : X xX — R if there exists a number /¢, 0 < ¢ < 1, such that

| g(fx, fy)| < tmax {| gx, y) |, | g(x, fx) |, | g, fy) [} + (1 = £)Dg(A, B)
holds for every x € A, y € B.
Let us now see an example.

Example 3. Consider R? with usual topology. Let A := {0} x [0, 1],

B:={1}x[0,1] be subsets of RZ2 Define a cyclic mapping
f:AUB > AUB as
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f(t, x) = (1’ %) if t =0,

(o, %) ift=1.

Let g:R%2xR%? 5> R be defined as g((x, y), (, v)) = | y—v|, for all

(x, ¥), (w, v) € R2. Clearly, g is a continuous function. Note that
Dg(A, B) = 0. Tt is easy to verify that the function f is cyclic topologically

Ciric type contraction with respect to g.

Let us now prove the existence and uniqueness of best proximity pairs for

cyclic topologically Ciric type contraction mapping.

Lemma 1. Let f: AUB —»> AU B be a cyclic topologically Ciric type
contraction mapping with respect to a continuous function g : X x X — R.

Then for each x € AUB and forall i, j,n e Nwith i, j<n and i+ j isan

odd integer, implies | g(f'x, f/x)| < ¢- 84[0(x, n)]+ (1 - /)Dg (A, B).

Proof. Let x € AU B be arbitrary and n e N. Let i, j be any two
positive integers such that i, j < n and i+ j is an odd integer. Since f is a

cyclic topologically Ciric type contraction, we have
| &', )| = | &(ff" ', f77) |
< ¢-max{ g(f' e, N0 || &(F N f) ]| g(F M )|}
+(1 - 0)Dg4(A, B)
< 1-84[0(x, n)]+ (1 - £)Dg(A, B).

Lemma 2. If f: AUB —> AUB is a cyclic topologically Ciric type
contraction mapping with respect to a continuous function g : X x X - R

and x € AU B, then for every positive integer n there exists a positive integer

m < n such that (x, f"x) e Ax B(or Bx A) and | (x, f"x)| = 84[O(x, n)]

Proof. Let ne N and i, j be any two positive integers such that

i,j<n and i+ j is an odd integer. Let x € AU B, since f is a cyclic
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topologically  Ciric type contraction, by Lemma 1, we have
| g(fix, flx)| < ¢- 84[0(x, n)]+ (1 - £)Dg(A, B). We know that
Dg(A, B) < 8,4[O(x, n)] Suppose Dg(A, B) < 8,4[O(x, n)], then

| g(fix, fix)| < - 84[0(x, )]+ (1L - 0)84[0(x, n)l, that is | g(f'x, fix)]|

< 84[O(x, n)l. Therefore, there exists a positive integer m < n such that
| g (x, fMx) = 84[0O(x, n)]. On the other hand, if Dg(A, B) = 5,[O(x, n)],
then by the inequality Dg4(A, B) <|g(x, f"x)| < 84[0(x, n)l, we get
| g(x, f"x)| = 84[O(x, n)], which proves the lemma.

Lemma 3. Let f: AUB —» AU B be a cyclic topologically Ciric type
contraction mapping with respect to a continuous function g : X x X - R

such that | g(x, 2) | <| g(x, y) | +| gy, 2)| for all x, y, z, € X, then

5410, )] = (11 ] gl )|+ Dy (4, B

holds for all x € AU B.
Proof. Let x € AU B be arbitrary. The lemma will follow if we show
1
that 8,[O(x, n)] < [1_—€j| g(x, fx) |+ Dg(A, B) forall n e N.

Let n be any positive integer. By Lemma 2, there exists
f"x € O(x, n)(1 <m <n) such that |g(x, f™x)|=8,[O(x, n)]. Applying
triangle inequality and Lemma 1, we get

| g(x, M%) | <| gz, fx) |+ g(fx, fMx) |

<|g(x, fx)|+1-84[0(x, n)]+ (1 - 1) Dy (A, B)

=|g(x, fx)[+ -] gx, f"x) |+ (1 - ¢)Dg4(A, B).

Therefore, 84[O(x, n)] =| g(x, f™x)| < ( )| g(x, fx) |+ Dg(A, B). Since

1
1-7

n was arbitrary the proof is completed.
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Theorem 6. Let g : X x X —> R be a continuous mapping satisfying the

following conditions:
(1) g(xy, x9) =0 < x; = x9, forall x;, x9 € A (or x1, X9 € B)
(2) g(x, y) = g(y, x), forall x e A, y € B
@) | glx, 2)| <| gx, y)|+] 8y, 2)| forall x, y, z € X

Let f: AUB — AUB be a continuous cyclic topologically Ciric type
contraction mapping with respect to g. Suppose that the pair (A, B) has P-
property with respect to g. Then for any u e AU B, the set LimO(u, f) is
either empty or LimO(u, f)NA is a singleton set {x} which satisfy

| &(x, fx)| = Dg(A, B).

Proof. Let u € AU B. Suppose that LimO(u, f) is nonempty then for
any y € LimO(u, f),

() € Limf(O(w, f)) < LimO(u, f)

Define h: AU B. by h(x) :=| g(x, fx)|. Since f, g are continuous, the

function A defined above is also continuous. Hence,
h(y) € Limh(O(x, f)) )

For some ¢ € [0, 1), n € N, and it follows from lemma 1 that

| g(fnu’ fn+1u) | — | g(ff"_lu, f2fn+1u)|

< 0-8,[0(f"'u, 2)]+ (1 - ()D,4(A, B)

From the Lemma 2, there exists a positive integer m; < 2, such that

30" Mu, 2)] = | g (" u, f™Mf" )|
Again, by Lemma 1, we have
| (", M) = | @ (P, M) |

< 0-8,[0(f"%u, my +1)]+ (1 - ()D,(A, B)
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< 0-34[0(f"2u, 3)]+ (1 - ¢)Dy(A, B)
Therefore, we have the following system of inequalities,
| g (f"u, ") | < 0 8,[0(f"u, 2)]+ (1 - 1) Dg(A, B)
<0 {0 84[0(F" %, 3)]+ (1 - £)Dy(A, B)}
+(1-1)Dg(A, B)
= (2. 5,[0(f"%u, 3)] + ¢(1 - £)D,(A, B)
+(1 - ¢)Dg(A, B)
= (2. 5,[0(f" %u, 3)] + (1 - £*)D,(A, B)
Inductively, we have
| g (f"u, f"* )| < 0" - 8,[0(w, n+1)]+ (1 - £*)D,y(A, B).

Since n € N, it follows from Lemma 3 that

(" )| = (2 )l gl fu) |+ Dy(A, B+ @~ ") Dy (4, B

= (1{15} g, fu) |+ ("Dg(A, B)+ (1 —(")Dg(A, B)

_ [f—f} glu fu) |+ Dy(A, B)

Since ¢ € [0, 1), ¢ — 0 as n — « Therefore,
lim| g(f"u, f**'u)| < Dg(A, B) (10)
n—o0

From the definition of Dg4(A, B), we have
lim | g(f"u, f*"'u)| > Dg(A, B) (11)
n—0

From (10) and (11) we have
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lim| g("u, f"*'u) | = Dy(A, B)
n—»0
Hence {A(f")} converges to Dg4(A, B). i.e., Limh(O(u, f)) is a singleton
set. From (9), A(y) = Dg(A, B). ie., | g(y, fy)| = Dg(A, B). ie., y is a best

proximity point of f with respect to g.

Let us now show that the best proximity point is unique. Without loss of

generality, assume that y is in A. Suppose there exist two points xg, yg in A

such that xq, yo € LimO(u, f) satisfying
| 8(xo, fxo) | = Dg(A, B) (12)
| (0, f¥0) | = Dg(A, B) (13)
Then
| &(fxo, [7x) | < £ - max{ g(xo, fro) |, | &(xo, fio) |, | &(xo, o) [}
+(1-£)Dy(4, B)
which implies
| g(fxo, fx0) | < ¢| &(fxo, f*x0) |+ (1 = ()Dg(A, B).

That is | g(fxg, f2x0)]| < Dg(A, B). By the definition of Dg(A, B) we

have
| &(fxo, f*x0) | = Dg(A, B).
Hence | g(xg, fxo)| = | &(f%xo, fro) | = Dy (A, B). By P-property, we
have | g(xo, f*x0)| =| &(fxo, o) | = 0. Thus xq = f*xo. Similarly y5 = /*yp.
Now | g(fxo, y0) | = | &(fxo, f*¥0) |

< ¢-max{ g(xo, o) |, | &xo, fro) |, | &(fvo. 230) |}
+(1-0)D,(A, B)
that is,
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| g(fxo, ¥0)| < /| glxo, fyo) |+ (1~ ¢)Dy(A, B)
= 0| 8(f*xo, fo) | + (1 - £)Dg(A, B)

< (¢ - max{ g(fxo, ¥0) |, | &(fxo, F*fxo) | | 8(vo, fo) |} + (1 = 1) Dg(A, B)]

+(1 - ()Dg(A, B)
hence

| g(fx09 yO) | = £2| g(fxo, yO) | + (1 - 62)Dg(A’ B)

(1 - ¢*)] &(fro, y0) | < (1 = ¢*)Dy(A, B)

| g(fxo, ¥0) | < Dg(A, B)

From the definition of Dg4(A, B), we have |g(fxg, )| < Dg(A, B).
Using equation (12) and P-property, | g(fxg, x9)| = | &(fro, y0)| = Dg(A, B)
= | g(xg, y0) | =| &(fxg, fxo)| = 0. Hence xg, yo i.e., the best proximity
point of f with respect to g is unique in A.

Example 4. Consider the subsets A and B of R? and the functions f and
g as shown in Example 3 and we get D, (A, B) = 0.

When

1,0), ift=0,

x=0:>f(t,0)={(0 0), ift-=1.

There’s also | g((0, 0), (0, 0))| =|g((0, 0), (1, 0))| = 0 = Dg(A, B) and
| g((@, 0), f(1,0)]=]g(@, 0), (0, 0))| = 0 = Dg(A, B). Hence, for any
u=(x,y)e AUB, LimO(u, f) = {0, 0), (1, 0)} and LimO(u, f)N A = (0, 0).
That is, (0, 0) is the best proximity point of f with respect to g.

If (X, d) is a metric space then d: X x X — R is continuous function.
As a result, if we take g = d then we obtain the Theorem 2.5 by Aydi [1] and
the Theorem 2.4 by Karapinar [6].
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