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Abstract

We adapt a deterministic Human Immunodeficiency Virus (HIV) epidemic model to a
Stochastic Differential Equations (SDE) model in this study by including random disturbances.
Using Lyapunov theory, we show that the SDE system has a unique positive global solution and

that the threshold value RS may be utilized to govern the stochastic dynamics of the SDE
model. When we combine R° <1 with additional conditions, we see that the solution of the

stochastic system swings around the solution of the deterministic system. Furthermore, we
explore the long-term behaviour of stochastic system near the endemic equilibrium of

deterministic system when RS > 1. Analytical results are numerically validated.
1. Introduction

Epidemiology is a discipline of medicine that examines infectious diseases
in communities and is concerned with all elements of an epidemic, including
transmission, control, and vaccine strategy. Many models addressing the
spread of infectious diseases are based on the famous SIR model of Kermack
and Mckendrick [9].

One of the world’s most critical health and development issues is AIDS
(Acquired Immunodeficiency Syndrome) which is caused by HIV. HIV
spreads through bodily fluids and gradually weakens the immune system by
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eliminating cells that fight pathogens, diseases, and bacteria like
tuberculosis, especially CD4*T cells. When this happens, the immune system
weakens, making it more difficult for the immune system to combat infections
and other diseases. The person is thus more vulnerable to illnesses such as
pneumonia and tuberculosis, and HIV can lead to the development of AIDS.

Approximately 38 million people are presently infected with HIV, and
tens of millions have died as a result of AIDS-related illnesses since the

epidemic’s inception.

The most prevalent routes for HIV to be transferred across the world are
(1) sexual contact, (i) exchanging contaminated blood products or needles,
and (iii) vertical transmission from infected mothers to their babies during
gestation, birth, or breastfeeding [19]. Vertical HIV transmission continues to
be a substantial contributor to the HIV epidemic, accounting for 9% of new

infections worldwide.

Although there is no cure for HIV, antiretroviral medication decreases
the quantity of HIV in the blood, allowing the victim to live longer without
experiencing HIV-related symptoms [19].

Mathematical modelling is a widely used tool for studying and
investigating infectious disease dynamics, as well as recommending disease
outbreak mitigation techniques. Many scholars have employed mathematical
models extensively to explore epidemiology [3, 4, 6, 10, 11, 12, 13]. Recently,
mathematical modelling has been used in HIV/AIDS epidemiology to assist
increase our understanding of the primary contributing causes to the
epidemic. Furthermore, the HIV/AIDS dynamics pose a slew of new
challenges for mathematics, biologists, and epidemiologists since it differs
from classical infectious disease in a variety of ways. May and Anderson were
the first to present the models [1, 15]. The existence of a threshold expressible
in terms of epidemic and demographic characteristics (birth, death,
transmission, and recovery rates) that distinguishes conditions in which the
disease finally dies out from those in which the disease becomes endemic is of

apparent epidemiological relevance.

Samanta et al. [18] developed a five compartmental HIV model using

ordinary differential equations to investigate the influence of infection delay.
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ds
ar A (B1Ly +Baly)S — S
dI
1 = (B1fy +Balg)S + (L + Iy) — (o + p)f
%—all —(c+p+n)s (1.1)
dT
3—912 (v +uT
T =yT +cly —(d +p)A

Here, the entire population is split up into five groups: Susceptible

population S(¢), infective population without symptoms I;(¢), infective
population with symptoms I5(¢), infected population under treatment 7'(¢)
and full-blown AIDS group A(t); the key parameters are: A, the recruitment
rate of S; By, horizontal transmission rate of I;; By, horizontal transmission
rate of Iy; m, recruitment rate of new borne infected children into Iy; a,
progression rate from I; to Is; p, the proportion of I5 who enter into T'; o,
progression rate to A from Iy; vy, transfer rate from 7'to A;d, death rate of A
due to the disease; p, the natural death rate.

In our study we account for the vertical transmission of HIV infection and

therapy that reduces infection transmission in the HIV epidemic model [18].

ds
ap — A (B1fy + Boly)S — uS
drl
1 = (B1Ly + Balo)S + (Iy + Iy) — (o0 + W4 2
dI )
d_t2 =al; —(c+p+ply
dT
7 =Pl -G+l

with initial conditions:
S(0) > 0, I;(0) > 0, I5(0) > 0, T(0) > 0.
The above deterministic model of system (1.2) has a disease-free

equilibrium E, = (%, 0, 0, Oj with  basic  reproduction number

Ry = % Pulp+ o+ )+ apy which represents the average new

(a+p-n)p+o+p)-an
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infected produced by one infected individual during his life time when the

population at the disease-free equilibrium. Further we found the system (1.2)
A Alp+o+p)

MR " S*(By(p + o + ) + o)

has a positive endemic equilibrium E* :(

(1 _ Lj aly app(Ry —1) J

Ry v+u” (v +1)Bi(p+o+p)+aps)

The diversity and unpredictability of the environment are intrinsically
tied to the character of an epidemic. The deterministic technique has
substantial shortcomings in mathematical modelling of infectious disease
transmission, and precisely projecting the future dynamics of the system is
challenging. This occurs when deterministic models fail to account for the
impact of changing environmental conditions. Stochastic differential equation
models, which provide more realism than deterministic counterparts, are
used in a wide range of applications, including infectious disease dynamics.
In fact, due to continual environmental fluctuation, the parameters employed
in ecological system modeling are never absolute constants and always
oscillate around prescribed average values. As a result, several researchers
have studied the dynamics of epidemic models with parameter perturbation
[5, 8, 16, 17, 20, 21].

To account for the influence of a randomly changing environment in
system (1.2), we assumed stochastic disturbances of white noise type that are
directly proportional to S(t), I;(t), I5(¢) and T(¢).

The stochastic model corresponding to sub model of system (1.1) is:
dS =[A - (BI; +Boly)S — uS]dt + 6,SdB; (t)
DIy = [(B11y +Balo)S + 1y + I3) — (o + )] dt + 6211dBs ()
dly = [aly — (o +p + p)ly]dt + 0315dBs(t)
dT = [pIy — (y + WT']dt + 0,TdB,(t)

1.3

where 0; are the white noise intensities and B;(t) are independent Wiener

processes.

The following is how this article is structured. Section 2 demonstrates

that the system (1.3) has a unique positive solution by the method indicated
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in [5]. In Section 3, we establish the threshold value RS and we show that

when RS < 1, the solution of the system (1.3) oscillates around the disease-
free equilibrium E;. In Section 4, we investigate the asymptotic behaviour of

the stochastic model (1.3) around the endemic equilibrium of the
deterministic model. Finally, we carry out numerical simulations to verify our
theoretical conclusions in Section 5.

Throughout the article, let (Q, F, {¥;},59, P) be a complete probability
space with a filtration {F,},5, that meets the standard criteria (i.e., it is right

continuous and F; includes all P-null sets).

Denote R! ={x e R" : x; >0, forall 1<i<n}, R ={x e R" : x; >0,

forall 1 <i < nj.

A general d-dimensional stochastic differential equation takes the form
[14]

dx(t) = f(x(¢), t)dt + g(x(t), t)dB(t) on t >t (1.4)

with initial value x(ty) = xg € R%, where B(t) denotes d-dimensional

standard Brownian motion defined on the above probability space.
2. Existence and Uniqueness of Global Positive Solution

In this section, we show that the system (1.3) owns a unique, positive and

global solution using Lyapunov analysis approach.

Theorem 2.1. For any initial value (S(0), I;(0), I5(0), T(0)) € R%, the
system (1.3) admits a unique solution (S(¢t), I;(t), I5(t), T(¢)) on t = 0, and the
solution will remain in R} with probability 1, (ie.), (S(t), I;(t), I5(t),

T(t)) € R for all t > 0 almost surely.

Proof. Note that the coefficients of the equations in system (1.3) are
locally Lipschitz continuous for any given initial value (S(0), I;(0), I5(0),

T(0)) e R*. As a result, the system possesses a unique local solution
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(S(@t), I,(¢), I5(¢), T(t)) on t € [0, 1,), where 1, is the explosion time [2]. To
demonstrate that this solution is global, just we only need to show that
1, = a.s. Allow k'>1 to be sufficiently large enough that all

e
(S(0), I,(0), I5(0), T(0)) lie inside the interval [1/k', k']. For each integer

n > k', let us define the stopping time as

inf {t € [0, %) min {S(2) 1,2}, To(0), (1) < - or max {S(0), 1,(0), Io(2), T()} > n}

where, throughout the paper, we assume inf @ = (as usual @ denotes the

empty set). Obviously, t, is increasing when n —oo. Denote 1, = lim 7,
n—oo

when 1, <1, as. If 1, = a.s., consequently 1, = and (S(0), 1;(0), I5(0),

T(0)) € R? a.s. for all ¢ > 0. To put it in other words, we just need to claim

that 7,, = « a.s.
If it is not, we may find some U > 0 and ¢ € (0, 1) such that
P, < U} > €.
Thus there is an integer k; > k' such that
P{r, <U} > ¢ forall n > k. (2.1)
Meanwhile, for ¢t < 1,
dS+ 1 + Iy, T)=[A—uS + (I + Ig)— ply —cly —puly —yT — uT]dt
<[ A-(uw-m)(S+ 1 + Iy +T)dt
and

L, when N(0) < A

N@) <M 7" “/_\”:K
N(0), when N(0) >

Now a C? function V; : Rf — R, is defined by
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V]_(S, I]_, 12, T) = (S -1- log S) + (11 -1- log I]_) + (12 -1- log 12)

+(T -1-1logT),
which is non-negative, since v —1 —logv > 0, Vv > 0.

It6’s formula yields,

v, = (1 - %) [(A =B L1S - 2158 — uS)]dt
' (1 - IL) (B 1S + BaI2S + (11 + Ig) — (o0 + w1y )]dt
1
+ (1 - Iigj [al;(c + p + w)lg]dt + (1 - %) [pIy — (v + p)T]dt

+ 5 [07 + 03 + 0F + 0F1dt + (S ~ 1)0,dBy(¢) + (I —1)05dBy(0)

+(Ig —1)03dBs(t) + (T —1)04dBy(¢)

< [A+4u+oc+o+p+y+(n+[31 +[32)K+%[9% +6% +6§ +9421]}dt
(S —1)0ydB, (¢) + (I —1)09dBy(t) + (Iy —1)03dBs(t) + (T —1)0,dB, (t)

= K*dt + (S - 1)91dBl(t) + (Il - 1)92dB2(t) + (Iz - 1)93dB3(t)
+(T —1)0,dB4(2)

Therefore, if ¢ < U,
T Al T Al " Tp Al
[ " avise. o, Lo, Te) < [ T K [ T el -1aBy©
0 0 0
T Al Tp Al
[ " oal ~ 1By + [ T 0y(1; - 1aBy ()
0 0

T Al
N j 0,4(T - 1)dB, (1),
0

Advances and Applications in Mathematical Sciences, Volume 22, Issue 8, June 2023



1886 K. PONMARI and M. SENTHILKUMARAN
Taking expectations,

E[Vl(S(Tn A tl)’ Il(":n A tl)’ IZ(Tn A tl)? T(Tn A tl))]

< Vi(S(0), 1(0), 1,(0), T(0) + E OT”A“ K*dt

< Vvl(S(O): 11(0), IQ(O)a T(O)) + KU (2~2)

Set Q, = {1, <U} for n >k and by (2.1), P(Q,) > £ Notice that, for
any v € Q,, there is at least one of S(t,, v), I1(t,, v), Is(t,, v) and T(1,, V)

takes the value either n or 1/n, and hence

Vi(S(e, V) (50, ) To(tp, ¥) Tlen, ) 2 (1 =1~ logm) A% =1+ logn .
It then follows from (2.1) and (2.2) that
Vi(S(0), I,(0), I3(0), T(0))+ K'U
2 E[lQn(v)Vl(S(Trw v), Il('tiw v), IZ(Tn’ v), T(Trw V))]

2 P{]-Qn(v)}E[Vl(S(Tn’ V), Lty V), Io(tns V), Tty V)]

> C[(n—l—logn)/\(%—1+10gnﬂ,

where 1q (y) is the indicator function of Q,. Allowing n — o results in the

contradiction « > V;(S(0), I;(0), I5(0), T(0)) + K*U = . As a result, 1, = ©

a.s. which completes the proof of Theorem 2.1.

In nature, the initial value S(0), I;(0), I5(0), and 7'(0) may be zero. It is
both interesting and practically important to consider what happens when

(S(0), I;(0), I3(0), T(0)) € R?.

Theorem 2.2. For any initial value (S(0), I;(0), I5(0), T(0)) € R}, the

solution of system (1.3) will remain in Ef with probability 1.

Proof. Clearly, first equation of (1.3) gives

Advances and Applications in Mathematical Sciences, Volume 22, Issue 8, June 2023



STABILITY ANALYSIS OF STOCHASTIC HIV/AIDS EPIDEMIC ... 1887

1 t ‘
S() = e—ut—§912t—f o [B1 Ty () +Bo Ty ()] du+ [ | 0B (u)

t u162u ! I (u Io(u)|du— tedBu
{S(O)JFAJ' g0t [ B e lpldu= 0dBw)
0
Then S(¢) > 0 if S(0) > 0 or S(¢) = 0.

Next, we consider the infective population without symptoms I (¢).

{(a+u_n)+§} t+jé BrS(u)du+ | é 09d By (1)
Il(t) =e

¢ {(a+un)+§:l u+Ié Bls(u)du+Jé 09dBy (1)
10+ [ (Balo(w)S(w) + nly(w)e

Obviously, I;(t) > 0 no matter I;(¢) > 0 or I;(t) = 0.

Third equation of (1.3) yields,

I(t) =

—|:(p+0+u)+§:| t+] é 03dBs (1) |:(p+cs+p.)+§:| u-| é 05dBs (1)

e I2(O)+(xJ.(:Il(u)e du

Clearly I5(0) > 0 no matter if I5(0) > 0 or I5(0) = 0.

From (1.3),

07 t 07 ¢
| () | 0+] | 0adBy () (r+m) |u=[ 04dBy ()

Tit)=e du

7(0) + pjot Ly(w)e

Clearly T > 0.

(i.e.) we can conclude that the variables S(¢) > 0, I;(¢) > 0, I5(¢) > 0 and
T(0) > 0.
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Remark 2.3. From Theorems 2.1 and 2.2, we see that that for any initial

value (S(0), I;(0), I(0), T(0)) € R, the system (1.3) admits a unique, global
solution (S(¢), I;(t), I5(t), T(t)) € R almost surely. Therefore,
dS+L +I3+T)<[A-(u-m)(S+ L + I, + T)|dt¢

and

S(t)+ I () + L)+ T(t) < ﬁ . e*W*ﬂ)l[S(o) + 1,(0) + I,(0) + T(0) - ﬁ}

Obviously, S(t)+ L(¢) + I5(t) + T(¢) < when S(0) + I;(0) + I5(0)

A

+T(0) < .
©) p-n

.. The region defined by

n:{(s,zl,zz,T):sw,zl>0,12>0,T>0,S+11+12+Tsufn}

is a positively invariant set of the stochastic system (1.3).

Hereafter, we assume that any initial solution (S(0)+ I;(0)

+15(0) + T(0)) € I.
3. Asymptotic Behavior around Disease-Free Equilibrium

In this section, we use the stochastic Lyapunov function [14] to examine

the stability of the disease free equilibrium E; = (%, 0, 0, 0) of the

deterministic model.

Lemma 3.1[14] (Strong Law of Large Numbers). Let M = {M,},,, denote

a real-valued continuous local martingale that vanishes at t = 0. Then

lim(M, M), = © a.s. = lim M _ g

t— t t—w <M’ M>t

and also
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M, M
g<ooa.3.:lim%:0a.s.

lim sup
t t—oo

t—w

Based on this lemma, we give the main theorem in this section.

Define

A
RS - M

[B1(p+c+u)+l32(a+n)]+n2+%9§(G+p+u)

(a+p-n)(a+mn+p)-an
Theorem 3.2. Let (S(t) + I;(t) + I5(t) + T(t)) be the solution of the system
(1.3) with any initial value S(0)+ I,(0)+ I5(0)+ T(0) e RY. If RS <1,

2
p
Y+ U

P+o+p)— > 02, and v +u > 63,

. 1 ¢ AN 2 2 2 2 A 2
lim sup n E r1[S(s) - H) +1li(s) + r3I5(s) + r,T=(s) | ds < 67 (—)
0

t—w H

2
where 7“1ZH,7“222(OC+H—T]),7“3Z(P+G+M)—yiu—9§ and

ry = (y+p) - 03.

Proof. Let u:S—%,U:Ibwzlz,Z:T. Then ©<0,v>0,

w>0,z>0.

The system (1.3) deduces to the system of equations:

du(t) = [A - Blv(u + %) - Bzw(u + %) - u(u + Aﬂ dt + Gl(u + %) dB(t)

u
du(t) = [Blv(u ; %j - Bzw[u ; %j o+ w) - (o + u)v} dt + 0yvdBy ()

dw(t) = [av — (p + o + p)w]dt + O3wdBs(¢)

dz(t) = [pw = (v + pldt + 042dBy (t)

Define the stochastic Lyapunov function R* S R .
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Vo(u, v, w, 2) = (u +v)? + av® + w? + 22,

where a > 0, to be found later. Then

LV, < 2(u + v)[/\ - u(u + %) +nv+w)- (o + u)v}
+ ZaU[Blv(u + %) + Bzw(u + %j + 1 +w) - (a0 + u)}v +2wlow - (p + p + p)w]

2
+ 2z[pw — (y + p)z] + G%(u + %) + (1 +a)od? + 02w? + 0222,

Note that u < 0. Then

LVy < 2(u + v)[-pu + nw - (o0 + p — M)v]
+ 2av [Blv(%j + Bzw(%j +nw— (o +p - n)v}
a( AV 2 2

+ 2wlav — (p + 6 + Ww] + 2z[pw — (y + n)z] + 61 (Hj + 1+ a)bsv
+ 6§w2 + 642122
< —2uu? —2[(a+u—n)—a(&%—(aJru—n)ﬂvz ~20p + o+ pw’
- 2(y + w)z*

A AV
- 2(o + 2p — M)uv + 2[(& +1)+ a(n + By E)]vw + 2pwz + 9%(;) +(1+a)
9%02 + 9§w2 + 642122
< 2y =2 (o= of By = (o)) |0 - 2o+ o+

- 2y + p)2?
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aemyra(nepy )]

2
+W02+uu + Py— v2 4 (p+ o+ pw?

2 2
+ yi m w? + (v +p)z2 + e%(%) + (1 +a)od? + 02w? + 0222,

After some simple calculations, we get

A 1 (o0 +2u -1
LV25—W2—2(a+u—n)—a(Blg—(aJru—n))—g—(a ﬁ”)
A2
[(o + M)+ a(n + By —)] 2
_1 po o (1+a)pe| 2 P 3|2
3 r—— 3 05 v |:(p+6+],l) y+u63w
AZ
[y + ) - 6312 + 07 2
it -2 Lrw-mrorw-Ha(n )
S —H ptorp u—mn)p u B n 2M

+2a(RS ~1) (o + p =) (p + o + 1) — om) + (o + m)?

2
+W(p+c+u)+9%(p+c+u{|vz

2 2
p 2|, 2 21,2 2 A
- +o+u)— -05 (w* —|(y+pn)—06 z+9(—j
{(P 1y — 2} [(v + ) - 0%] H

Choose a such that

2 ~
aZ(n+32§j +20(BS ~1) (4 p-n)(p+ o+ p)—an) + (ot n)

2
J{ije%}(erchu):O
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Thus

2
LV, S—puz—2(oc+u—n)02—{(p+c+u)—yiu—9%}w2

2
[+ 1) - 671+ 07 %

. AN? 2 2 2 . a2 AV
(1.e.) LV2 < —VI(S — Ej - 7'2[1 — 7'3[2 - 7‘4T + 91 (E)
Integrating from O to ¢ and taking expectations,

EVy(t) < V4(0) - EJ; rl(S(s) - %)st - Ej; ryI2(s) - EJ; ryI2(s)ds
_E J' ; rT%(s)ds + EJ'; e%(%fds
< Vy(0)- E j ; {rl(S(s) - %)Z T2 (s) — 1y I2(s) — 1y I2(s) r4T2(s)}ds

2
+ Of(éj t
v

Thus

i 1 t AV 2 9 2 2 A 2
imsup- E| [n|S(s)—=| +nrli(s)+rl5(s)+rT*(s)|ds <07 —| .
t—w t 0 [ [
Remark 3.3. Theorem 3.2 shows that the solution of the system (1.3)
oscillates near the disease free equilibrium Ej = (%, 0, 0, O) in the time

mean sense if &5 <1 and the magnitude of the oscillation is proportional to

the intensity of the noise. From the biological point of view, the disease will
be controlled in a small.

Besides, if 6; = 0, from the proof of Theorem 3.2, we have
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A 2
LV, < —r1(S - F) —rI? — 313 — 1, T?,

which is negative definite.

Thus the solution of system (1.3) is stochastically asymptotically stable in
the large.

4. Asymptotic Behavior near the Endemic Equilibrium of the
Deterministic System

In this section, we look at how the solution of the stochastic system (1.3)
behaves towards the endemic equilibrium of the deterministic system E”*, to

see whether the disease will prevail.
Theorem 4.1. Let (S(¢), I;(¢), I5(¢), T(¢)) be the solution of system (1.3)
with any initial value (S(0), I;(0), I,(0), T(0)) € R:. If RS > 1 and, then we

have

lim sup% J’ ; dl(S(s) = 8™ + (I(s) = I + (Io(s) - I + (T(s) - T*]ds < HO?

t—w

a.s.,

where (S*, I, I5, T") is the endemic equilibrium of system (1.2),

(5]
H = S5l 0% = of v (L4 a1)03 v 03 v o],

d=min{fp-n,a+p-n, 2az(p+G+u)—(n(1+a1)+aa2)—2n—p,v+u—%},

_(a+2u-m)(u-m).
BT TTTRB v By R

204 (o0 + p = 1.5n) = S[(By + B2) e
B a

= (B Iy + B3]+ (0 + p—m)

Proof. Define
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Va=(S-8"+1I -V +a (I, -} +ag(Iy - I3)? + (T - T%)
where a; and ay are positive constants to be found later.
By It6’s formula,
dVs <2(S-8* + I, - I{)0;8dB; (t) + [2(S - S™ + I} - I}) + 2a;(I; - I7)]
091,dBy(t) + 2a9(Iy — 15)0515dBs(t) + 2(T — T*)0,TdB,(t)
where
LV; <
28-S+ L - I{)[(a+ WL - (I} + I3)+uS* —uS + n(f + I3) - (@ + i ]

s 20y (T~ Iy + Bo) 2 (S — %) + By + Pg) 2

n-n u

S* 4+ + 1)

n
— (o + (I = I1) =g + I3) - (B IT + Bol3)S™}
+2a5(Iy - I3)[olly = 1) = (p+ 0+ p)(Iy - I3)]
+ 2T =T [p(Iy - I3) = (y + ) (T = T*)] + 62S? + (1 + a;)0312 + 0212 + 07712

< -2u(S - §*)?

2 a) () -S| B+ Bo) A - BT+ o1 -

p=m

~2ay(p+ o+ w)(Iy — I3 — 2y + u)(T - T*)

#(8 = S0 - B2l + 20 )+ 2003y + )2

+(I; - IT) (I = 13){2(1 + a; ) + 2asa} + 2n(I5 — I3)(S - S¥)
+2p(Iy — I3)(T = T*) + 6282 + (1 + a1 )031% + 0315 + 03T

Choose a; such that
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A

2a, (B + B2) g

- 2(a+2u-m) = 0.

Thus

g = le+2u-n)(u-m)
! ABy +B2)

2LV <=2 -m)(S -8 - 20+ a) (@ +p-n)- (1 +a) + 0ay)

- 2a;S™((B1 + B2)

o B e Ly (1 - Y
—{2a5(p + o+ p) — (N(1 + @) + 0ag) - 21 — p} (I3 — I3)°

- 2[(7 ) - %}(T - T*)2 + 0282 + (1 + ap)0312 + 0312 + 0577

Choose aq such that

200+ ) (o + =)= (10 + ay) + 0ay) - 201S”| (By + Ba) L = (I 4 Bo3)]
—(a+p-m)=0.

2| (0 + 1~ 150) = 87| By +B2) -~ B+ Bald) [+ (o v )
ay = ua n

W LVy <=2 -1)(S -8 —(a+pn-nI - I})?

—{2a5(p + o + )~ (1L + @) + aag) — 2n — p} (I - I5)?

_ 2[@ f ) - %} (T =T + 0282 + (1 + a; )02 + 0212 + 0272
<-d)(S=8"Y —dy(l - Iy P = ds(Iy = I3)* = dy(T = T")?

+ 0282 + (1+ ay)03I2 + 0315 + 0272

<—d(S-8"V + (I -} +(Iy - I3) + (T - T")’]
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+028% + (1+a)0212 + 6%1% + 0272
o dVy < {=d[(S =8 + (I - I + (Iy - I3 + (T - T*)?]
A 2
+ eZ(HJ VYt + 2(S - S + I — I)S0,dB, (t)
+ 2[S — S* + (1 + al)(Il — If)]ezllde(t) + 202(12 — I;)GSIQdBS(t)

+ 2(T — T*)94TdB4(t)

Integrating it from O to ¢ gives,
V3(t)-V3(0) < —EJ‘;[(S(S)—S*)2 +(I(8)- 1) +(Ig(s) - I3)* +(T(s) - T")*]ds
2
. ez(ﬁ) 420 ; S(s)(S(s)— S* + I,(s) - I7)dBy (5)

+ 205 LEIS6) -5+ 0+ @) (1h6) - FIdBa(s)

- 2004 1) (Ty(6) - I3 )dBys) + 20, 706)(2(6) - T*)dB (o)
Let

M0 = [ S6)(S6)- 8"+ hls) - By 6)
My0) = [ HEISE) -8+ 0+ a)(Tals) - 1By )
M5(0) = [ 156 13(6) - I )dBys)

ML) = [ T6)T6) - T7)dBy(o)

Clearly M;(t), i =1, 2, 3, 4) are continuous, local martingale and also

M;(0)=0 fori =1, 2, 3, 4.
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It is easy to check that

lim M+(t) =0as.fori=1,2,3, 4.

t—oo

Thus

WO-%0  _df US6) -8 + (h(s) - 17 + (76) - 1" s

2
" 92(—’\ ) + 20, —Mi(t) + 20, —Mf(t) + 2a505 —Mi’(t) + 20, —M‘t*(t)

It therefore follows from (4.1) that

lim sup% [(S(s) = 8™ + (I1(s) = I})* + (Ia(s) = I3)* + (T(s) = T*))]ds

t
t—o0 0

2 2
< &2 as
d \H—m

This completes the proof of Theorem 4.1.

Remark 4.2. Theorem 4.1 shows that, if RS > 1, the solution of the

system (1.3) oscillates around the endemic equilibrium E*, for a long time

while the intensity of the white noise is weak.

The parameter values used in the simulation of the stochastic model (1.3)

are given in the following tables.

Table 1. Existence for Ej.

Parameter Values Source
A 0.3 (18]
u 0.2 Assumed
o 0.2 (18]
By 0.03 (18]
Boy 0.04 (18]
c 0.07 (18]
p 0.09 (18]
n 0.05 [18]
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Table 2. Existence for E*.

Parameter Values Source
A 0.1 [18]
u 0.1 [18]
o 0.2 Assumed
By 0.1 Assumed
Bo 0.8 [18]
o 0.007 [18]
o 0.009 [18]
n 0.05 [18]

5. Numerical Simulation

In this section, we present some examples to illustrate the obtained
theoretical results and give a brief discussion. For the numerical simulation,
we use Milstein’s higher order method in [7] to obtain the following
discretization of system (1.3).

02
Ski1 = Sp, +(A=B1SiI1 1, ~BoSiIa , — nSy )AL +0,S,VALE ), +715'1%At(§ik -1)

Ly = g+ (BiSkTy e +BoSelo g + (I g + Io ) — (0 + ) 1) At + 0513 ;Y ALEg ),
03 o 2
5 I pAt(Es , — 1)
03 o 2
Iy por = Io g+ (aIy , — (p+ 0+ W)y )AL + 0515, VALES ), +?Iz,kAt(§3,k -1)

02
Tho1 = Th + (plo, g, — (v + W)T)AL + 0, Tp VAL &y, + %TIEAt(ai,k -1)

where the increment At > 0, 6i2 > 0 denote the intensities of white noise,

&, »(@=1,284) are the Gaussian random variables which follow the
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distribution N(0, 1). Choosing different values of parameters, we give its

simulation with initial value (S(0), 1;(0), I5(0), 7(0)) = (1, 1, 0.5, 0.4).

= (@) Stochastic system

Figure 1. Simulation of trajectories of S(¢), I;(¢), Is(t) and T(¢) of system

(1.3) and system (1.2) with RS <1.

o (a) Stochastic system (b) Deterministic system

Figure 2. Simulation of trajectories of S(¢), I;(¢), Is(t) and T(¢) of system
(1.3) and system (1.2) with RS <1 and 6, = 0.
Example 5.1. We have taken the parameter values A = 0.3, u = 0.2,

o =0.2p; =0.03 By =0.04, c =0.07, p = 0.09, n = 0.05, as in Table 1,
with y = 0.7, white noise intensities 6; = 0.8, 85 = 0.1, 65 = 0.5, 04 = 0.5

~ 2
such that Ry = 0.2431 <1, RS = 0.3060 <1 and 0.369 = (p + & + p) — Y‘jr "

> 9% =0.2509=y+p> 9421 = 0.25. Thus the conditions in Theorem 3.1 are

satisfied. Therefore by Theorem 3.1, the paths of SDE system (1.3) oscillates
around the paths of ODE system (1.2). See Figure 1(a).
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Moreover as mentioned in Remark 3.3, if 6; = 0, then the solution of
system (1.3) is asymptotically stable in the large. See Figure 2(a).

From Figures 1 and 2, it is clear that the solution of both systems
converges to the disease-free equilibrium E, = (1.5, 0, 0, 0). That is, both
infections I;(¢) and I,(¢) tend to zero very quickly and the disease will die
out in the population. Also the susceptible population S(¢) will approach
A

— =1.5 in time average.
u

Example 5.2. Now we give a numerical simulation to explain Theorem
4.1 using the parameter values given in Table 2. A = 0.1, p = 0.1, a = 0.2,

y =0.7, B; =0.1, By = 0.8, o = 0.007, p = 0.009, n = 0.05, 6; = 0.9, 6, = 0.8,
063 = 0.8, 0, = 0.8 with RS =12.7642 > 1. In this case, the disease will

persists and the trajectories of stochastic system (1.3) oscillate around the
trajectories of deterministic system (1.2) which supports Theorem 4.1.
See Figure 3. We noticed that R; >1 and the solution of deterministic

system  (1.2) converges to the positive endemic equilibrium

E* = (0.1107, 0.5429, 0.99361, 0.0085).

From Figure 4, it is evident that when the intensity of noises decreases,

the fluctuation become small.

@)

s(
L0

-0.5
-1
o 100 200 300
Time(t)
5 © " (@
SDE
15 ODE
1
= = o5
= =
-
-0.5
-1
o 100 200 300
Time(t) Time(t)

Figure 3. Simulation of trajectories of S(t), I;(¢), Is(t) and T(¢) of system
(1.3) and system (1.2).
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(a) 0,=0.9, ¢,=0.8 f}sTO.B, 4)4=0:8 5 (b) 0,=0.3, 6,=0.3 (}3:0.3, 04=0.(?_
1.5 1.5
i d| ] i) |
0.5 0.5 J y “u v "‘
A Sl
o o
-0.5 -0.5
=1 =1
(o] 100 200 300 o 100 200 300
Time(t) Time(t)
(¢) #,=0.1, 6,=0.1 6,=0.1, 6,=0.1 , (& 6,=0.05, 6,=0.05 6,=0.05, §,=0.05

1.5 1.5

o NS o

SO

s ()

1,0

|

-0.5

o 100 200 3 0 100 200 300
Time(t) Time(t)

Figure 4. Simulation of trajectories of S(¢), I;(¢), Is(t) and T(¢) of system

(1.3) for different white noise intensities.
6. Conclusion

In this work we proposed an HIV/AIDS epidemic model with vertical
transmission and analyzed it with stochastic disturbances of white noise type.
The importance of study may be divided into two categories. First, it
contained the existence and uniqueness of positive global solution of the
stochastic system. Second, it examines the stability of the stochastic system
by establishing a threshold parameter RS. When RS < 1, the solution of
stochastic system (1.3) oscillating around the disease free equilibrium of
deterministic system (1.2). Furthermore we showed that when RS >1 with
increasing the noise intensities, the solution of stochastic system (1.3) is
oscillating substantially around the endemic equilibrium of deterministic
system (1.2). From our analytical and numerical results, we conclude that the
main factor that affects the stability of the stochastic model (1.3) is the
intensities of white noise. Finally, numerical simulations are used to validate

our derived conclusions.
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