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Abstract

In this paper, Ky Fan inequality of arithmetic, geometric, harmonic, contra harmonic, heron
mean and complementary of arithmetic, geometric mean with respect to Heron mean are
discussed.

1. Introduction

On the basis of proportion ten Greek means were defined, the familiar

ones are
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2. 2
n +n nmn 2mn
A="1"2 G=J(mng), C=—"12 H="12
2 ’ (1 2)’ n1+n27 n1+n27

1
and H, = 3 (n +Jmng + ny).

Definition [2]. A mean V is called complementary to U with respect to P
(or P-complementary to U), if it verifies P(U, V)= P, it is denoted by

uf -v.

1
APy, ng) = 5 [3my + 3 + 4mng —( +ng) (5ry + 5y + 8Jmny )]

1
G(ny, ny) = 5 [2n + 2ny + Jmyng —4(ny + ng)mng +myny )

CHe(ny, ng) = ny + ng + Jmng

2 2 2 2.2 2 9 2 9
_ning + \/(n1n2) + 8mng(ning) + 4mng (nin3) (ng + ng)
2(ny + ny) ’

and

mn
HHe(nl, ng) =n, +ng — nll-i-?mz +Jmngy

2
 Jmng(@(my + o) — 3mng + 2Jmng (my + ny)
n1 + nz

are respectively complementary of arithmetic mean, geometric mean, Contra
harmonic mean, Harmonic mean with respect to Heron mean. Results on Ky
Fan Inequality are found in [1, 2, 9], similar type mean inequalities in ([3]-
[10], [15], [16]) and their strengthening them in ([11]-[17]).

2. Results

For any arbitrary non negative real numbers #h e (0, %} and

1-h)e [%, 1) is represented as a function given below,
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h 0
(k) = X
1-h 3

— |

<h<
<hc<

For two variables ny, ny € (0, %}

AHe(nb nz)

Let fl(nl, n2) = 7
AT (ny, ng)

[3ny + 3ny + 4yJnyng — \/(nl +n9)(5ny + 5ng + 8ynyny )]
31— my) + 3(1 — ng) + 4T —ny) (1 —ng) — \/328_ ’le __f))((ll? ;2’;1 )

H(ny, ng) mny  (1—ng —m +mng)
V4% ) = 7 =
folru, ns) H'(n, ng) m+ny  2-(m +ng)

G(n1 , N9 ) VI ng

n, ng) = 7
fS( ! 2) G(nl’ n2) \/1 — Ny —ng + nphg

fi(ny, ng) = H,(m, ng) _ ny +\mny +ng
’ Hy(m, ny) 2-m —ng +J1-n —ng + mny
A(ny, ng) m +ng
n, n = 7 = )

. mz) Alng, ng) — 2—(m +ny)
G(ny, ny)

fa(ny, ng) = —— 1227

6(n1, n2) GF (n, o)

2y + 2ng + Jryng —JA(ny + ng)Jymng + myny
21— ny) + 21 — ng) + YA =) (L = 73) — J4(2 —m = (L= m) (1 - ny)

+(1=m)(1-ny)

2 2
fo(ny, ) = Clny, ng) _ ning 2 —(m +ny)
Clm,ng)  m+ng oy ning — 2(ny + ny)

Put ny = % and n; =t € (0, 1/2], then by using Taylor’s series expansion
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2 3 4
1 1 1 1 1
fl(t, Ej =1+ 2(15 - 5] + Z(t - 5) + 3.3333(1: - 5) + 4.66667(75 - 5) +...

2 3 4
f6(t, %)zl+2(t—%)+2(t—%) +1.3333(t—%) +0.66667(t—%) ...

f7(t, %) - 1+2(t—%)+2(t—%)2 —2(15—%)3 —G(t —%)4 .

It was observed that the series expansions are same up to 2nd degree
term and illustration by graph. By considering 3rd and 4th degree terms, the
following interpolating Ky Fan type inequality chain holds.

H _G A" H A _G* C
Hl Gl AHe/ Hg A GHe' cC

Graph of A/A",G/G',C/C',H/H',He/He',AHe/AHe',GHe/GHe'
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The motivation of the work carried out by the eminent researchers and
discussion with experts, results in study a function which is parabolic in
nature given below;

2h2

f7(h) =

~ ol

<h<
<hc<

o= O

2(1 - h)?

The functions f(h) and f"(h) are graphically represented as shown

below.

0.4

03

Let f(h) = 2k for h < (0,1/2] and 2(1 — h)? for h € [1/2, 1) then,

A*(ny, ng) = nf +n3, G*(ny, ny) = 2mny

4 4 2. 2

2ny + 2n 4ni'n.

* %k

C*(ng, ng) = =L 2222 H*(ny, ng) = —1—2-, and
2 2
ny +7’L2 ny +n2

* 2n? + 2n2 + 2nn
H;(ny, ng) = == § 1

A (), o) = 5 (31 + 303 + dmny —\(nFnd) (5rf + 513 + Smna)),

Gy, my) = 207 + 205 + mng —4(nind s + nin3

For nj =1-nq, nj =1—ng € [1/2, 1), the above said means are given by
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A%(my, ng) = (L -m)? + (L= np)?, G (my, ng) = 20— ry) (1~ ),

C* (1. 1) = 2(1-m)* +(1 —n2)4)’ H (ny. ny) = 4(1-m)* + (1 -ny)*)
R s R B g

ki

H (m, np) = 2= m)? + (=) + (1= m)(1 - n))

"

A (g, my) = Z[3(1-m)? + 30— ) + 40— 1) (1)

o V=m0 =P - P + 51— o) +8(1—m) (1)

GH (ny, mg) = 21~ my P + 20— g + (1 —m) (1~ ny)

(1 - P P - 7)1 mg) + (L= (1 - )P

(He)'
Let fg(ny, ng) = M
A(He) (np nz)

_ 3n? + 3n3 + dnyng — \/ (nn3)(5nf + 5n3 + 8nyng)
31L-m)® +301-ng)* +4(1-n) (1~ ny)

A= mP + 1= ngP B - )+ 5(1 - ng)? + 8(1— ) (1~ ny)

* 2 2
H'(m,ng) _ ning (1-m) +(1-ny)
H'(m,ny) nf+ny (1-m)(1-ny)

fo(ny, ng) =

G*(nl, nz) mny
n- , n. = 7 =

frolny, ng) G my)  T—m)A-113)
H:(ny, n n? +né +mn

fll(nl’ n2) — i’( 1 2) — 5 1 22 1742
Hy(n,ng)  (1-m)" +(1-ng)” +(1-nm)1-ng)
A*(ny, n. n? +n?

fialm, ng) = (r, ) _ 1~ "2

A, ng)  -m)P+(1-ngf’
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G(He)* (nl ’ nZ)

G(He *

fs(ny, ng) = o
(m, ng)

2n? +2n3 + mng — \/4(n12n§)n1n2 + nfn3

21— P11
2(1—n1)2+2(1—n2)2+(1—n1)(1—n2)—\/4((1 gy )
(1-ng)+ (@ -n) (- ny)

C'y,mg) _nf+nd L-n) +(1- n2)2
C*(m, ny) nf+n} 1 -m)* +(1-ny)

faln, ng) =

Put n; =1/2 and ny =t € (0,1/2] then by using Taylor’s series

expansion

2 3 4
1 1 1 1 1
fg(t, E) =1+ 4(1,‘ - 5] + 8(15 - E) + 13.3333(75 - §j + 21.3333(15 - E) +...
2 4
1 1 1 1
fg(t, 5) _1+4(t—§j+8(t—§) +24(t——j +64( _Ej +.
2 4
1 1 1 1 1
flo(t, E)_1+4(t_§j+8(t_§j +16(t—§) +32( 5) +.
1 12
fiilt, = :1+4t—§ +8t—§ +10.66t—— +2066t——
1 1
fm(t, 5) =1+ 4(15 - 5) + S(t -
2 3 4
1 1 1 1 1
fi3(t, E) =1+ 4(t - E) + 8(t — Ej + 53333(t - §) — 10666(t - E) + ...
2 3 4
1 1 1 1 1
e D)=t eafe- D) os(e- 2 o1 eafe- 1)+
It was observed that the series expansions are same up to 2nd degree

term. By considering 3rd and 4th degree terms, the following interpolating
Ky Fan type inequality chain holds.

DN —
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