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Abstract

Let D(p, q) be a digraph. A function f:V — {1, 2, ..., n} is said to a neighborhood prime

labeling of D if it is both in and out degree neighborhood prime labeling. In this paper, we

investigate the existence of neighborhood prime labeling in product digraphs.

1. Introduction

A graph labeling is an assignment of integers to the vertices or edges or

both subject to certain conditions. The concept of graph labeling was

introduced by Rosa in 1967 [8]. A useful survey on graph labeling by J. A.
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1076 A. SHUNMUGAPRIYA and K. PALANI

Gallian (2014) can be found in [1]. S. K. Patel and N. P. Shrimali [5] have
introduced the neighborhood prime labeling of graphs. A directed graph or
digraph D consists of a finite set V of vertices and a collection of ordered pairs
of distinct vertices. K. Palani et al. introduced the concept of neighborhood
prime digraphs in [7]. In this paper, we investigate some product of digraphs
for neighborhood prime labeling.

2. Preliminaries

The following definitions are from [3, 4, 6 and 7].

2.1. Definition. Let D(p,q) be a digraph. A function
f:V(D)— {1, 2, ..., n} is said to a neighborhood prime labeling of D if it is
both in and out degree neighborhood prime labeling.

2.2. Observations.
1. If D is a digraph such that N (u) or N~ (u) are either 0 or singleton
set, then D admits neighborhood prime labeling.

2. A neighborhood prime digraph D in which every vertex of in-degree or

out-degree at most 1, is neighborhood prime.

2.3. Definition. The Cartesian product of a family of digraphs
Dy, Dy, ..., D, denoted by Dy x Dy x...x D,, or H?lei where n > 2 is the
digraph D having V(D) = V(D))x V(Dy)x...x V(D,)) ={(W, Wy, ..., W) :
W. e V(D;),i=1,2, ..., n} and a vertex (y;, uy, ..., u,) dominates a vertex
(v1, vg, ..., v,) of D if and only if there exists an r € {1, 2, ..., n} such that

u v, € A(D,) and u; =v; forall i € {1, 2, ..., n} — {r}.

2.4. Definition. Let D and F be digraphs. The product of digraphs D and
F have similarly as in graphs, their set of vertices equal to V(D) x V(F). In

the strong product DXF we have ((d,f) (d,[)) e ADXF) if
((d, d) e A(D) and f = f) or (d =d’ and (f, ') < A(F)) or ((d, d) < AD
and (f, f') € A(F)).

2.5. Definition. A comb graph P,® K; in which the path edges are

Advances and Applications in Mathematical Sciences, Volume 21, Issue 3, January 2022



NEIGHBORHOOD PRIME LABELING IN PRODUCT DIGRAPHS 1077

directed in one direction and the pendant edges are oriented away from the

end vertices is called an upcomb and it is denoted as UpP, © K;.

2.6. Definition. A crown graph C,® K; in which the edges of the cycle
are directed clockwise or anti-clockwise and the pendant edges are directed

towards the cycle is called an incrown and it is denoted as iC,, ® K.

2.7. Definition. A wheel graph W, in which the edges of the outer cycle
are directed clockwise or anti-clockwise and the spoke edges are directed

towards the central vertex is called an inwheel and it is denoted as iWn.
3. Main Results
3.1. Theorem. Cartesian product of K, and UpP,0K, is a
neighborhood prime digraph.
Proof. Let uy, us be the vertices of E; and let v,vy,...,0,,w,

wy, ..., w, be the vertices of UpP, ©®K;.

Let V(KyxUpP, 0K;)={(uy,v;)11<i <n}U{(ug,v;)11<i<n}
U{ (%, w;) 11 <i<n}U{(ug, w;)|1<i<n} be the vertex set.

Let x; =(u,v;), x! =(ug,v;), ¥; = (1, w; ) &y} =(ug, w;) for i=1,2,...,n.

Correspondingly, V(KyxUpP, oK) ={x; 11<i<n}U{xl|1<i<n}
U{y; 11<i<njU{y |1<i<n}

Then A( Ky xUpP, ©K; ) ={x;x;,1 11<i<n-1}U{x;x] 11<i<n}

U{xfalg 11<i<n-13U{yx; 11<i<ntU{yxl 11<i<n}U{yy 11<i<n} is

the arc set.
Define f:V(KyxUpP, ©K;) —{1,2,...,4n} by

flx;))=4i-3,1<i<n
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flx))=4i-1,1
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Figure 1. Neighborhood prime labeling of f{g xUpP, ©K; .
Now d (x;)>1fori=2,...,nand d (x})>1fori =2, ..., n

N~ (%) = {0} @

for =2 ...,n and so ged{f(x;_1), ()} N (x;)={x;_1, %}
=ged{4i-T7,4i}=1for i=2,...,n

sged{f(p) Il pe N (x;)}=1fori=2,....,n

(2)
Now, N™(xf) = {x1, 54} and ged{f(x1), f(31)} = ged {1, 2} =1
N~ (x)={x;, %, 1,5} for i=2, ..., n and
ged{f(x;), f(x}1), F(3])} =ged {4i—8,4i—5,4i -2} =1 for i =2, ..., n
~ged{f(p) I pe N (&)} =1fori=12 .., 7 3)
N (y)=0fori=12..n (4)
N (y})={y) fori=1,2 ... n 6)
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From (1) to (5), we get f is an in-degree neighborhood prime labeling.
Here d*(x;) >1for i =1,2,...,n—-1and d*(y;)>1fori=1,2, ..., n.

N*(x;) = {x;,q, xi} for i =1,2, ..., n—1

Then ged{f(x;;), f(x})} =ged{4i+1,4i-1}=1for i =1, 2, ..., n —1.

~ged{f(p)lpeN"(x;)}=1fori=12..,n-1 (6)
N™(x,) = {xp} (7
N*(x})={xi g} fori=1,2,...,n-1 (8)
N*(x),)=0 9)

N*(y;) ={x;, ¥i} for i =1, 2, ..., n and

ged{f(x;), f(y})} =ged{4i-3,4i-2} =1 for i =1, 2, ..., n.

~ged{ f(p)lpeN"(y;)=1fori=1,2...,n (10)
N*(y})={xi} fori=1,2, ..., n (11

From (6) to (11) we have, fis an out-degree neighborhood prime labeling

. [ satisfies both in and out degree neighborhood prime labeling.

Thus, the Cartesian product of K—Q and UpP, ®K; is a neighborhood
prime digraph.

3.2. Theorem. Cartesian product of K—Q and iV‘V; is a neighborhood

prime digraph.

Proof. Let w, uy and w, vy, vy, ..., v, be the vertices of K—Q and iW;

respectively.

Let V(ExiWn):{(ul,vi)UIlsiSn}U{(uz,vi)IlsiSn}U{(ui,w)I
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1 =1, 2 be the vertex set.

Let x; = (v, v;), y; = (ug,v;) for i=1,2,...,n and z; = (y;, w) for

i=12.

Correspondingly, V( K, xiW,)={x, 11<i<n}U{y, [1<i<n}U{z li=1,2}.

Then A( Ky xiW,) ={ x;x;1 11<i <n-1'U{x,%,} U{x;2 11<i <n}

U{ ;29 11<i <n}U{ 3,5 11<i <n—-13U{ 3,3 1 U{x;5; 11<i<n} is the arc

set.

Define f:V(KyxiW, )—>{1,2,...,2n+2} by

flx) =1, f(x;)=2i,2<i<m

f(y;)=2i+1,1<i<m

f(z1) =2n+2 and f(z9) = 2.

[$REN
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[GE

¥

N

/
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(2n} x

gDz

Z20

Figure 2. Neighborhood prime labeling of E X iWn.
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Now d™(z;)>1fori=1,2 and d (y;)>1fori=1,2, ..., n

N (z1) = {x1, %9, ..., X, } and ged{f(x1), f(x9),.... f(x,,)}
=gcd{l,4,6,...,2n} =1.

N_(ZZ):{ZI’ Y1 V25«0 yn} and ng{f(y]_),f(yz),...,f(yn),f(zl)}
=ged{3,5,...,2n+1,2n+2} =1.

sged{f(p)lpeN (z)}=1fori=1,2 1)
Now, N (x7) = {x,,} and N (x;) ={x;_1} for i =2,...,n 2
Then N (y1) = {x1, y,} and ged {f(x1), f(¥,)} = ged {1, 2n + 1} =1

N~ (y;) = {xj, i} for i=1,2..,n and so ged {f(x;) f(yi-1)}
=ged {2, 2i-1}=1fori=2,...,n

sged{f(p)lpeN (y;)}=1fori=1,2,...,n 3)
From (1) to (3) we get fis an in-degree neighborhood prime labeling.

Here d*(x;)>1 and d"(y;)>1 for i=1,2,...,n.

Now N (x;)={xj,1,,2} for i=1,2,....,n-1

Then ged{f(x;1), (), f(z)} =ged{2i+2,2i+1,2n+2} =1 for i=1,
2,...,n—1.

N*(x,)=1{x,5,,2} and ged{f(x,), f(5,), f(2)} =ged{l, 2n+1,2n+2} = 1.
~ged{f(p)lpe N"(x;)}=1for i=1,2,...,n 4)
Now N (y;)={y;41,29} for i=1,2,...,n-1 and
ged{f(¥;11), f(29)} =ged{2i+3,2} =1 for i=1,2,...,n—1.
N*(3,)=1{y1, 25} and ged{f (), f(z5)} = ged {3, 2} =1.
~ged{f(p)lpeN"(y;)}=1fori=1,2,...,n (5)
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Then N'(z)={zy} and N (z5)=0. (6)
From (4) to (6) we get, fis an out-degree neighborhood prime labeling

.. f satisfies both in and out degree neighborhood prime labeling. Thus,

the Cartesian product of K—z and iVI—/'n 1s a neighborhood prime digraph.

3.3. Theorem. Cartesian product of K—2 and iC, ©® K, is a neighborhood
prime digraph.

Proof. Let u;,uy and vy,vy,...,0,,w,wy,...,w, be the vertices of E

and :C,, ®©K; respectively.

Let V( Ky xiC, 0K;) ={ (1, v;)UI1<i <n}U{(ug,v;)11<i<n}
U{ (g, w;) 11 <i<n}U{(ug,w;)|1<i<n} be the vertex set.

Let x; =(w,v;), %} =(ug,v;), y; = (v, w; ) & yi =(ug, w;) for i=1,2,...,n.

Correspondingly, V(I?zxicn oK) ={x 11<i<n}U{x I1<i<n}{y |1<i<n}
U{y 11<i<n}

Then A(KyxiC, ©0K;)={x;x; 4 11<i<n-1}U{x,x}U{xx} 11<i<n}
Uf{xlxl g 11 <i <n -1 Ufoea UL v 11<i <n}U{yixl 1<i<n}
U{EllsiSn} is the arc set.

Define f:V(KyxiC, ©K;) —>{1,2,...,4n} by

f(x;)=4i-3,1<i<n;

f(xj)=4i-1,1<i<m

f(y)=4i,1<i<n;

f(y)=4i-21<i<m
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yr(4n) pro(dn—3) , ¥ fn—1) yp(4n—2)

Figure 3. Neighborhood prime labeling of ?2 x im.
Now d (x;)>1for i=1,2,..,n and d (x})>1fori=1,2, ..., n.
N~ (x)={x,,y} and so ged{f(x,), f(y)} =gcd{4n-3,4} =1.
N (x;)={x;,_1,y;} for i=1,2,...,n and
ged{f(x;_1), f(y;)} =ged{4i—7,4i} =1 for i=2,...,n
sged{f(p)lpeN (x;)}=1for i=1,2,...,n 1)
Now, N™ (x}) = fx,, ). 54} and god{f(x,). £(x}), £ (5))} = ged {1, dn 1,2} 1.
N~ (x})={x;,x!4,y}} for i=1,2,..., n and

ged{f (%), f(xi1), f(y;)} =ged{4i—3,4i-5,4i—-2} =1 for i=2,...,n

sged{f(p)lpeN (x})}=1fori=1,2,..,n 2)
N (y,)=0 for i=1,2,...,n 3)
N (y))={y;} fori=1,2,...,n (4)

From (1) to (4) we get fis an in-degree neighborhood prime labeling.
Here d"(x; )>1 and d" (y;)>1 for i=1,2,...,n.

Now N*(x;)={x;,q,x/} for i=1,2,...,n-1

Advances and Applications in Mathematical Sciences, Volume 21, Issue 3, January 2022
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Then ged{ f(x;,1), f(x})} =ged{4i+1,4i-1} =1 for i=1,2,...,n—1.
N¥(x,)={x),x} and ged{ f(x},), f(x;)} =ged{4n-1, 1} =1
~ged{f(p)lpe N"(x;)}=1for i=1,2,....,n (5)
N¥(x})={x}q} for i=1,2,...,n—1 and N*(x,)={x]} (6)

N+(yi)={xi,y£} and ged{f(x;), f(¥})} =ged{4i-3,4i-2} =1 for i=1,
2,..,n

~ged{f(p)lpeN"(y;)}=1fori=12,...,n (7
NT(y)={x} for i=1,2,...,n (8)

From (5) to (8) we have, f is an out-degree neighborhood prime labeling
.. f satisfies both in and out degree neighborhood prime labeling.

Thus, the Cartesian product of K, and iC, ®K, is a neighborhood
prime digraph.

3.4. Theorem. Strong product of P; and UpP, ® K| is a neighborhood
prime digraph.

Proof. Let u;,us and vy,vy,...,v,,w, Wy, ...,w, be the vertices of P,

and UpP, ® K; respectively.

Let V(P,RUpP, © Ky) ={ (1, v;)UI1<i<n}U{(ug,v;)11<i<n}
U{ (g, w;) 11 <i<n}U{(ug,w;)11<i<nj.

Let x; =(u,v;), x! =(ug,v;), ¥; = (1w, w; ) &y} = (ug, w;) for i=1,2,...,n.

Correspondingly, V(B,RUpP, oK, )={x; 11<i<n}U{xl|1<i<n}
{y; 11<i<njU{y 11<i<n}

Then A(P,RUpP, 0K, ) ={x;x;,, 11<i<n-1}U{x;x] |1<i<n}

Uf{xixl g 11 <i<n—-13U{ax 11<i<n-1YU{yx; 11<i<n}

Advances and Applications in Mathematical Sciences, Volume 21, Issue 3, January 2022
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U{ yix; 11<i<n}U{ v 11<i<nlU{yy. 11<i<n} is the arc set.

Define f:V(P,RUpP, ©K;)—{1,2,...,4n} by

f(x;)=4i-3,1<i<n;

f(xj)=4i-1,1<i<m

f(y;)=4n-2,f(y;)=4i—-6,2<i<n;

f(yj)=4i, 1<i<m

nin = I @)
. =

T~ ¥i(8)

_xﬁ'ﬂj——m_,\;_.;gia

Xpos n_a(4n—4)
M_\Q““‘ffm)

Figure 4. Neighborhood prime labeling of F—’2 XUpP, ©K;.

Now d (x;)>1for i=2,...,n and d” (x})>1 fori=1,2, ..., n

N~ (x)={mn}

N™(x;)={x;4,5} for

1=2,...,n

=ged{4i-7,4i-6}=1for i=2,...,n

sged{f(p)lpeN (x;)}=1for i=2,...,n

1)

and so

ged{ f(x,_1), f( )}

@)

Now, N™(x1) = {x), »1, 1} and ged{f(x,), f(31), f(31)} = ged {1, 4n -2, 4} = 1.

N™ (%)

={x;,%;_1,¥;, ;¥ } for i=2,...,n and

ged{ £ (%;), f(2i0)s (53)s £ (%i0)s (5]
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=ged{4i—3,4i—-7,4i-6,4i—5,4i} =1 for i=2,...,n
sged{f(p)lpeN (x})}=1fori=2,..,n
N (y,)=0 for i=1,2,...,n

N (y)={y} fori=1,2,..,n

From (1) to (5), we get fis an in-degree neighborhood prime labeling.

Here d" (x;)>1 for i=1,2,...,n-1 and d" (y;)>1 for i=1,2,...,n.

N*(x;)={xj,1, x4,/ } for i=1,2,...,n-1 and

ged{ f (1), f(xlq), f(x})} =ged{4i+1,4i+3,4i-1} =1 for i=1,2,...

~ged{ f(p)lpe N"(x;)}=1for i=1,2,...,n-1

N () = (3]

N (x)={xl4} for i=1,2,...,n-1

N*(,)=0

N*(y;)={x;,x},y} for i=1,2,...,n and

ged{ £(x;), F(x}), f(5})} =ged{4i -3, 4i—1,4i} =1 for i =1,2,...,n
~ged{f(p)lpeN"(y;)}=1fori=12,...,n

N (y)={x} for i=1,2,...,n

3)
(4)
®)

(10)

(11)

From (6) to (11) we have, f1is an out-degree neighborhood prime labeling.

.. [ satisfies both in and out degree neighborhood prime labeling.

Thus, the strong product of FZ and UpP, ® K; is a neighborhood prime

digraph.
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