
 

Advances and Applications in Mathematical Sciences 
Volume 21, Issue 3, January 2022, Pages 1075-1087 
© 2022 Mili Publications, India 

 

2020 Mathematics Subject Classification: 05C78. 

Keywords: Neighborhood prime, Labeling, Cartesian, Strong, Product, Digraphs. 

Received July 12, 2021; Accepted October 12, 2021 

NEIGHBORHOOD PRIME LABELING IN PRODUCT 

DIGRAPHS 

A. SHUNMUGAPRIYA and K. PALANI 

1Assistant Professor 

Department of Mathematics 

Sri Sarada College for Women (Autonomous) 

Tirunelveli-627 011  

Research Scholar- 19122012092005  

A.P.C Mahalaxmi College for Women 

Thoothukudi-628 002, India  

E-mail: priyaarichandran@gmail.com 

2Associate Professor 

PG and Research Department of Mathematics 

A.P.C Mahalaxmi College for Women 

Thoothukudi-628 002  

Affiliated to Manonmaniam Sundaranar University 

Abishekapatti, Tirunelveli -627012 

Tamil Nadu, India 

E-mail: palani@apcmcollege.ac.in  

Abstract 

Let  qpD ,  be a digraph. A function  nVf ,,2,1:   is said to a neighborhood prime 

labeling of D if it is both in and out degree neighborhood prime labeling. In this paper, we 

investigate the existence of neighborhood prime labeling in product digraphs.  

1. Introduction 

A graph labeling is an assignment of integers to the vertices or edges or 

both subject to certain conditions. The concept of graph labeling was 

introduced by Rosa in 1967 [8]. A useful survey on graph labeling by J. A. 
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Gallian (2014) can be found in [1]. S. K. Patel and N. P. Shrimali [5] have 

introduced the neighborhood prime labeling of graphs. A directed graph or 

digraph D consists of a finite set V of vertices and a collection of ordered pairs 

of distinct vertices. K. Palani et al. introduced the concept of neighborhood 

prime digraphs in [7]. In this paper, we investigate some product of digraphs 

for neighborhood prime labeling.  

2. Preliminaries 

 The following definitions are from [3, 4, 6 and 7].  

2.1. Definition. Let  qpD ,  be a digraph. A function 

   nDVf ,,2,1:   is said to a neighborhood prime labeling of D if it is 

both in and out degree neighborhood prime labeling.  

2.2. Observations.  

1. If D is a digraph such that  uN 
 or  uN 

 are either 0 or singleton 

set, then D admits neighborhood prime labeling.  

2. A neighborhood prime digraph D in which every vertex of in-degree or 

out-degree at most 1, is neighborhood prime. 

2.3. Definition. The Cartesian product of a family of digraphs 

nDDD ,,, 21   denoted by nDDD  21  or 
1

n
ii

D
  where 2n  is the 

digraph D having        nDVDVDVDV  21    :,,, 21 nWWW   

  niDVW ii ,,2,1,   and a vertex  nuuu ,,, 21   dominates a vertex 

 nvvv ,,, 21   of D if and only if there exists an  nr ,,2,1   such that 

 rrr DAvu   and ii vu   for all    .,,2,1 rni     

2.4. Definition. Let D and F be digraphs. The product of digraphs D and 

F have similarly as in graphs, their set of vertices equal to    .FVDV   In 

the strong product FD  we have      FDAfdfd ,,,  if 

   DAdd ,  and ff   or  dd   and    FAff ,  or   ADdd ,  

and    ., FAff   

2.5. Definition. A comb graph 1KPn  in which the path edges are 
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directed in one direction and the pendant edges are oriented away from the 

end vertices is called an upcomb and it is denoted as 1.nUpP K

   

 

2.6. Definition. A crown graph 1KCn  in which the edges of the cycle 

are directed clockwise or anti-clockwise and the pendant edges are directed 

towards the cycle is called an incrown and it is denoted as 1.niC K

   

2.7. Definition. A wheel graph nW  in which the edges of the outer cycle 

are directed clockwise or anti-clockwise and the spoke edges are directed 

towards the central vertex is called an inwheel and it is denoted as .niW


  

3. Main Results 

3.1. Theorem. Cartesian product of 2K


 and 1nUpP K

  is a 

neighborhood prime digraph.  

Proof. Let 21, uu  be the vertices of 2K


 and let 1 2 1, , , , ,nv v v w   

2, , nw w  be the vertices of 1.nUpP K

   

Let          2 1 1 2, |1 , |1n i iV K UpP K u v i n u v i n     
 

  

       1 2, |1 , |1i iu w i n u w i n      be the vertex set.  

Let        1 2 1 2, , , , , & ,i i i i i i i ix u v x u v y u w y u w      for .,,2,1 ni     

Correspondingly,      2 1 |1 |1n i iV K UpP K x i n x i n     
 

  

   |1 |1i iy i n y i n       

Then      2 1 1|1 1 |1n i i i iA K UpP K x x i n x x i n       
   

  

       1|1 1 |1 |1 |1i i i i i i i ix x i n y x i n y x i n y y i n            
   

      is 

the arc set.  

Define    2 1: 1, 2, , 4nf V K UpP K n 
 

  by  

  ;1,34 niixf i   
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  ;1,14 niixf i   

  ;1,4 niiyf i   

  ;1,24 niiyf i   

 

Figure 1. Neighborhood prime labeling of 2 1 .nK UpP K
 

  

Now   1
ixd  for ni ,,2   and   1

ixd  for .,,2 ni    

   1 1N x y    (1)  

for ni ,,2   and so     ii yfxf ,gcd 1     1,i i iN x x y
  

 gcd 4 7, 4 1i i    for ni ,,2   

      1|gcd  
ixNppf  for 2, ,i n   (2)  

Now,    111 , yxxN   and         12,1gcd,gcd 11 yfxf  

   1 1 1, ,i iN x x x y
   for ni ,,2   and  

        1 1gcd , , gcd 4 3, 4 5, 4 2 1i if x f x f y i i i        for ni ,,2    

     1|gcd  
ixNppf  for ni ,,2,1    (3)  

  0iN y    for ni ,,2,1   (4)  

   i iN y y    for ni ,,2,1   (5)  
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From (1) to (5), we get f is an in-degree neighborhood prime labeling. 

Here   1
ixd  for 1,,2,1  ni   and   1

iyd  for .,,2,1 ni   

   iii xxxN  
 ,1  for 1,,2,1  ni    

Then       1gcd , gcd 4 1, 4 1 1i if x f x i i       for .1,,2,1  ni    

    gcd | 1if p p N x    for 1,,2,1  ni    (6)  

   nn xxN   (7)  

   1
  ii xxN  for 1,,2,1  ni    (8)  

  0nN x     (9)  

   iii yxyN  ,  for ni ,,2,1   and  

      gcd , gcd 4 3, 4 2 1i if x f y i i      for .,,2,1 ni     

    gcd | 1if p p N y    for ni ,,2,1    (10)  

   ii xyN   for .,,2,1 ni    (11)  

From (6) to (11) we have, f is an out-degree neighborhood prime labeling 

f  satisfies both in and out degree neighborhood prime labeling.  

Thus, the Cartesian product of 2K


 and 1nUpP K

  is a neighborhood 

prime digraph.  

3.2. Theorem. Cartesian product of 2K


 and niW


 is a neighborhood 

prime digraph.  

Proof. Let 21, uu  and nvvvw ,,,, 21   be the vertices of 2K


 and niW


 

respectively.  

Let             2 1 2, |1 , |1 , |n i i iV K iW u v i n u v i n u w     
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1, 2i   be the vertex set.  

Let    iiii vuyvux ,,, 21   for ni ,,2,1   and  wuz ii ,  for  

.2,1i   

Correspondingly,        2 |1 |1 | 1, 2 .n i i iV K iW x i n y i n z i       
 

  

Then        2 1 1 1|1 1 |1n i i n iA K iW x x i n x x x z i n      
    

   

       2 1 1|1 |1 1 |1i i i n i iy z i n y y i n y y x y i n      
   

     is the arc 

set.  

Define    2: 1, 2, , 2 2nf V K iW n  
 

  by  

    ;2,2,11 niixfxf i   

  2 1,1 ;if y i i n     

  221  nzf  and   .22 zf  

 

Figure 2. Neighborhood prime labeling of 2 .nK iW
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Now   1id z   for 2,1i  and   1
iyd  for .,,2,1 ni    

   nxxxzN ,,, 211   and       1 2gcd , , , nf x f x f x  

 gcd 1, 4, 6, , 2 1.n   

    nyyyzzN ,,,, 2112   and         1 2 1gcd , , , ,nf y f y f y f z  

 gcd 3, 5, , 2 1, 2 2 1.n n      

    gcd | 1if p p N z    for 2,1i   (1)  

Now,    nxxN 
1  and    1

  ii xxN  for ni ,,2    (2)  

Then    nyxyN ,11   and        112,1gcd,gcd 1  nyfxf n  

   1, 
  iii yxyN  for ni ,,2,1   and so     1,gcd ii yfxf  

  112,2gcd  ii  for ni ,,2   

    gcd | 1if p p N y    for 1, 2, ,i n    (3)  

From (1) to (3) we get f is an in-degree neighborhood prime labeling.  

Here   1id x   and   1id y   for 1, 2, , .i n   

Now    1 1, ,i i iN x x y z
  for 1, 2, , 1i n    

Then         1 1gcd , , gcd 2 2, 2 1, 2 2 1i if x f y f z i i n       for 1,i   

2, , 1.n   

   1 1, ,n nN x x y z


  and         1 1gcd , , gcd 1, 2 1, 2 2 1.nf x f y f z n n      

     gcd | 1if p p N x    for 1, 2, ,i n    (4)  

Now    1 2,i iN y y z
  for 1, 2, , 1i n   and  

      1 2gcd , gcd 2 3, 2 1if y f z i     for 1, 2, , 1.i n   

   1 2,nN y y z   and       1 2gcd , gcd 3, 2 1.f y f z    

    gcd | 1if p p N y    for 1, 2, ,i n    (5)  
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Then    1 2N z z   and  2 0.N z    (6)  

From (4) to (6) we get, f is an out-degree neighborhood prime labeling  

f  satisfies both in and out degree neighborhood prime labeling. Thus, 

the Cartesian product of 2K


  and niW


 is a neighborhood prime digraph.  

3.3. Theorem. Cartesian product of 2K


 and 1niC K

 is a neighborhood 

prime digraph. 

 Proof. Let 1 2,u u  and 1 2 1 2, , , , , , ,n nv v v w w w   be the vertices of 2K


 

and 1niC K

  respectively.  

Let          2 1 1 2, |1 , |1n i iV K iC K u v i n u v i n     
 

   

       1 2, |1 , |1i iu w i n u w i n      be the vertex set. 

Let        1 2 1 2, , , , , & ,i i i i i i i ix u v x u v y u w y u w       for 1, 2, , .i n    

Correspondingly,       
2 1

|1 |1 |1
n i i i

V K iC K x i n x i n y i n       
 

  

 |1iy i n       

Then        2 1 1 1|1 1 |1n i i n i iA K iC K x x i n x x x x i n       
    

   

        1 1|1 1 |1 |1i i n i i i ix x i n x x y x i n y x i n           
   

     

 |1i iy y i n  


  is the arc set. 

Define    2 1: 1, 2, , 4nf V K iC K n 
 

  by  

  4 3,1 ;if x i i n     

  4 1,1 ;if x i i n      

 1 4 ,1 ;f y i i n    

  4 2,1 ;if y i i n      
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Figure 3. Neighborhood prime labeling of 2 1.nK iC K
 

   

Now   1id x   for 1, 2, ,i n   and   1id x    for .,,2,1 ni    

   1 1,nN x x y   and so       1gcd , gcd 4 3, 4 1.nf x f y n     

   1,i i iN x x y
  for 1, 2, ,i n   and  

      1gcd , gcd 4 7, 4 1i if x f y i i     for 2, ,i n   

    gcd | 1if p p N x    for 1, 2, ,i n    (1)  

Now,    1 1 1, ,nN x x x y
    and         1 1gcd , , gcd 1, 4 1, 2 1.nf x f x f y n      

   1, ,i i i iN x x x y
    for ni ,,2,1    and  

        1 1gcd , , gcd 4 3, 4 5, 4 2 1i if x f x f y i i i         for 2, ,i n   

    gcd | 1if p p N x     for 1, 2, ,i n   (2) 

  0iN y    for 1, 2, ,i n   (3) 

   i iN y y    for 1, 2, ,i n   (4) 

From (1) to (4) we get f is an in-degree neighborhood prime labeling.  

Here   1id x   and   1id y   for 1, 2, , .i n   

Now    1,i i iN x x x
   for 1, 2, , 1i n    
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Then       1gcd , gcd 4 1, 4 1 1i if x f x i i       for 1, 2, , 1.i n   

   1,n nN x x x   and       1gcd , gcd 4 1, 1 1nf x f x n      

     gcd | 1if p p N x    for 1, 2, ,i n    (5)  

   1i iN x x
   for 1, 2, , 1i n   and    1nN x x    (6) 

   ,i i iN y x y   and       gcd , gcd 4 3, 4 2 1i if x f y i i      for 1,i   

2, , n  

    gcd | 1if p p N y    for 1, 2, ,i n    (7)  

   i iN y x    for 1, 2, ,i n   (8) 

From (5) to (8) we have, f is an out-degree neighborhood prime labeling 

f  satisfies both in and out degree neighborhood prime labeling.  

Thus, the Cartesian product of 2K


 and 2niC K

   is a neighborhood 

prime digraph.  

3.4. Theorem. Strong product of 2P


 and 1nUpP K

  is a neighborhood 

prime digraph. 

 Proof. Let 1 2,u u  and 1 2 1 2, , , , , , ,n nv v v w w w   be the vertices of 2P


 

and 1nUpP K

  respectively.  

Let          2 1 1 2, |1 , |1n i iV P UpP K u v i n u v i n    
 

    

       1 2, |1 , |1 .i iu w i n u w i n       

Let        1 2 1 2, , , , , & ,i i i i i i i ix u v x u v y u w y u w      for 1, 2, , .i n   

Correspondingly,      2 1 |1 |1n i iV P UpP K x i n x i n    
 

   

   |1 |1i iy i n y i n     

 Then      2 1 1|1 1 |1n i i i iA P UpP K x x i n x x i n      
   

   

      1 1|1 1 |1 1 |1i i i i i ix x i n x x i n y x i n          
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     |1 |1 |1i i i i i iy x i n y x i n y y i n        
  

    is the arc set.  

Define    2 1: 1, 2, , 4nf V P UpP K n
 

   by  

  4 3,1 ;if x i i n     

  4 1,1 ;if x i i n      

   4 2, 4 6, 2 ;i if y n f y i i n       

  4 , 1 ;if y i i n     

 

Figure 4. Neighborhood prime labeling of 2 1.nP UpP K
 
   

Now   1id x   for 2, ,i n   and   1id x    for .,,2,1 ni    

   1 1N x y    (1)  

   1,i i iN x x y
  for 2, ,i n   and so     1gcd ,i if x f y  

 gcd 4 7, 4 6 1i i     for 2, ,i n    

     gcd | 1if p p N x    for 2, ,i n    (2)  

Now,    1 1 1 1, ,N x x y y
   and         1 1 1gcd , , gcd 1, 4 2, 4 1.f x f y f y n      

   1 1 1, , ,i i i i iN x x x y x y
     for 2, ,i n   and  

          1 1gcd , , , ,i i i i if x f x f y f x f y    
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 gcd 4 3, 4 7, 4 6, 4 5, 4 1i i i i i        for 2, ,i n   

    gcd | 1if p p N x     for 2, ,i n    (3)  

  0iN y    for 1, 2, ,i n    (4)  

   i iN y y    for 1, 2, ,i n   (5)  

From (1) to (5), we get f is an in-degree neighborhood prime labeling.  

Here   1id x   for 1, 2, , 1i n   and   1id y   for 1, 2, , .i n    

   1 1, ,i i i iN x x x x
    for 1, 2, , 1i n   and  

        1 1gcd , , gcd 4 1, 4 3, 4 1 1i i if x f x f x i i i         for 1, 2, , 1.i n    

    gcd | 1if p p N x    for 1, 2, , 1i n    (6)  

   n nN x x   (7)  

   1i iN x x
   for 1, 2, , 1i n    (8)  

  0nN x      (9) 

   , ,i i i iN y x x y    for 1, 2, ,i n   and  

        gcd , , gcd 4 3, 4 1, 4 1i i if x f x f y i i i       for 1, 2, ,i n   

    gcd | 1if p p N y    for 1, 2, ,i n    (10)  

   i iN y x    for 1, 2, ,i n   (11)  

From (6) to (11) we have, f is an out-degree neighborhood prime labeling.  

f  satisfies both in and out degree neighborhood prime labeling. 

Thus, the strong product of 2P


 and 2 1UpP K

  is a neighborhood prime 

digraph.  
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