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Abstract

Young Bae Jun made an effort in defining a remarkable structure namely cubic sets. The
concept of cubic set is inter linked with interval — valued fuzzy set and fuzzy set. Inspired by the
theory of cubic structure our aim of this paper is to introduce the notion of cubic (1, 2)-ideals of
cubic near-rings and to investigate some of their properties. The characterizations of cubic (1,
2)-ideals of cubic near-rings are provided.

1. Introduction

The notion of fuzzy sets introduced by Zadeh [10] in 1965 laid the
foundation for the development of fuzzy Mathematics. This theory has a wide
range of application in several branches of Mathematics such as logic, set
theory, group theory, semi group theory, real analysis, measure theory and
topology. After a decade, the notaion of interval-valued fuzzy set was
introduced by Zadeh [11] in 1975, as an extension of fuzzy sets. Jun et al., [5]
have introduced a remarkable theory, namely the theory of cubic sets. This

structure is comprised of an interval-valued fuzzy set and a fuzzy set. The
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idea of fuzzy ideals of near-rings was first proposed by Kim et al. [6]. N.
Thillaigovindan et al., [9] introduced interval valued fuzzy ideals of near

rings.
In this paper, we introduce the concept of cubic (1, 2)-ideals of cubic near-
rings and investigate related properties.
2. Preliminaries
In this section, we list some concepts and results related to cubic (1, 2)-
ideals of cubic near-rings needed in next section.

Definition 2.1 [8]. A near-ring N is a system with two binary operations
‘+'and ‘ + ' such that

1. (IV, +) is a group not necessarily abelian;
2. (N, -) is a semigroup;

3. (x+y)z=xz+yz for all x, y,ze N. We will use the word “near-

ring” to mean “right distributive near-ring”. We denote xy instead of x.y.

Definition 2.2 [11]. Let X be a non-empty set. A mapping
B : X — DJ0, 1] is called interval-valued fuzzy set, where DJ[0, 1] denote the

family of all closed subintervals of [0, 1].

Definition 2.3 [4]. Let X be a non-empty set. A cubic set A of X is a
structure A = {(x, p(x), y4(x)): x € X} which is briefly denoted by

A = (g, y4), where iy =[ua, uj4] is an interval-valued fuzzy subset of X

and y is a fuzzy set in X.

Definition 2.4 [3]. Let ¢ = (ny, y4) be a cubic set of X. For any
r € [0,1] and [s, t] € D0, 1], we define U(¢;[s, t], r) as follows:

U s, t] 1) = {x/pa(x) 2 [s, £} yalx) < 7}
and we say it is a cubic level set of & = (g, v4)

Definition 2.5 [1]. Let N be a near-ring, (N, p) be an interval-valued
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fuzzy near-ring and (N, y) be a fuzzy near-ring. A cubic set ¢ = (1, y) is

called a cubic near-ring of N if it satisfies the following conditions,
L p(x - y) = min {p(x), p(y)},
2. p(ay) = min {p(x), p(y)}-
3. y(x - ) < max {y(x), y(¥)},

4. v(xy) < max{y(x), v(y)}, Vx, y € N.

Definition 2.6. A fuzzy subnear-ring A of N is called a fuzzy (1, 2)-ideal
of N if it satisfies for all w, x, y, z € N,

1. A(xw — (y — 2)) > min {¢A(x), A(y), A(z)},
2. Axw(yz)) > min {A(x), A(y), A(z)}.

Definition 2.7. An interval-valued fuzzy subnear-ring p of N is called an

interval-valued fuzzy (1, 2)-ideal of N if it satisfies for all w, x, y, z € N,
L plew — (y — 2)) = min {n(x), p(y), 1)}
2. plew(yz)) = min {u(x), w(y), m)}.

Definition 2.8 [3]. A cubic set A = (g, A4 ) of a near-ring N is called a

cubic sub near-ring of N, if
L fa(x - y) = min {fig (x), A ()},
2. Ha(xy) > min {fig(x), g (v)),
3. hglx —y) < max{hg(x), Aq(y)),
4. ha(xy) < max {h4(x), 24 ()}

Definition 2.9 [2]. A cubic set A = (ig4, A4) in X is a cubic bi-ideal of X

if for all x, y, z € X. If it satisfies the following conditions,
L pa(x - y) 2 min {ng(x), Ba ()}

2. g (xyz) = min {py(x), pa(2)},
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3. Aa(x —y) < max {hg(x), Ag(y)),

4. L a(xy) < max {hq(x), A4 ()}

In this section, we introduce the notion of cubic (1, 2)-ideal of cubic near-

rings and discuss some of its properties:

Definition 3.1. A cubic subnear-ring &4 = (g, y4) of a cubic near-ring

N'is called a cubic (1, 2)-ideal of N, if
L palew = (y = 2)) 2 min {ig (x), fa (), Ba(2)),
2. valow = (y - 2)) < max{ya(x), va(¥), va(2)},
3. Tig(ww(y - 2)) 2 min {fig (x), Ba(y), Ba(2)),

4. y4(aw(y2)) < max {ya(x), v4(¥), va(2)} Vw, x, y, 2 € N.

Example 3.2. Let N ={0,1, 2, 3} be the Klein’s four group. Define

Multiplication in N as follows: (scheme 5: (0,1,1,0) see [8], p.407).

+ 0 1 2 3 0 1 2 3
0 0 1 2 3 0 0 0 0 0
1 1 2 3 0 1 0 1 1 0
2 2 3 0 1 2 0 3 3 0
3 3 0 1 0 3 0 2 2 0

Then (N, +,-) is a cubic near-ring. Define ¢ = (g, v4)
1(0) = [0.4, 0.5], (1) = [0.2, 0.3] = 1(3), B(2) = [0.3, 0.4]and 7(0) = 0.25, (1)

= 0.33 = y(3), v(2) = 0.30.

in N by

By routine calculation, we can check that ¢ = (i, y4) is a cubic (1, 2)-

ideal of a cubic near-ring.

Theorem 3.3. Every cubic bi-ideal is a cubic (1, 2)-ideal.

Proof. Let & = (ny, v4) be a cubic bi-ideal of N and let w, x, y, z € N.

Then
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Ha(ow = (y = 2)) = Ha((xw) = (y - 2))
> min {pg (xw), Ba(y - 2)}
> min {fig (x), min {ia(y), Ba(2)}}
= min {fig(x), Ha(¥), Ba(2)}
Ha(ow(y2)) = fa((xwy)z)
> min {fs (xwy), Ba(2)}
> min {min {fs (x), Ba(¥), Ha(2)}
= min {lig (x), Ta(y), Ha(2)}
and
ralew - (y - 2)) = ya((ew) - (v - 2))
< max {y 4 (xw), y4(y — 2)}
< max {y 4 (x), max{y4(y), ya(2)}}
= max {ya(x), va(y), va(2)}
va(xw(yz)) = v a((xwy)z)
< max {y 4 (xwy), va(2)}
< max {max {y4(y), ya)h va(2)}

= max {y4(x), y4(y), va(2)}

Therefore A = (14, Y4 ) is a cubic (1, 2)-ideal of N.

Theorem 3.4. If N is a regular cubic near-ring, then every cubic (1, 2)-
ideal of N is a cubic bi-ideal of N.

Proof. Assume that a cubic near-ring N is regular and let 7 = (g, v4)
be a cubic (1, 2)-ideal of N. Let w, x, y € N. Since N is regular, we have
xw € (xNx)N < xNx, which implies that xw = xnx for some n € N. Thus

palw — ) = pa((xnx) (-y))
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= Baan(x - ¥))
> min {fig (x), Ha(x), fa(y)}
= min {4 (x), Ha()}
Ba (cwy) = g ((xnx)y)
= Ba((xnx)y)
> min {fig (x), fa(x), Ha())
= min {lis (x), Ba()}-
and
valw = y) = vy 4((xnx) (-y))
= yalan(x - y))
< max {y 4 (x), va(x), ya()j
= max {y 4 (x), y4(¥)},
valowy) = va((xnx)y)
= v a(an(xy))
< max{y4(x), ya(x), va()}
= max {y 4 (x), ya(»)}-
Therefore & = (fiy, v4) is a cubic bi-ideal of N. o

Theorem 3.5. A cubic set A = (Hy, y4) is a cubic (1, 2)-ideal of N if and
only if for any r € [0, 1] and [s, t] € D0, 1] the cubic level set U(A; s, t], r) =
{x e X/pua(x) > s, t], ya(x) € r} is (1, 2)-ideal of N.

Proof. Let A = (iy, y4) be a cubic (1, 2)-ideal of N. For [s, t] € [0, 1] if
x, y € U(pasls, t]), then Wy(x)=[s, ¢} Ha(y) 2 [s, t]. So, Ha(x —y) = min
{Ha(), Ta(¥)} 2 [s, t] = min {[s, ], [s, ]} = [s, ]. Thus x -y e U(fia;ls, ¢))
Hia(xy) = min {4 (x), Ba (¥)j[s, £] = min {s, ], [s, ]} =[s, 2]. Thus xy € U(uig;[s, 1))
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Hence U(jy;[s, t]) is a sub near-ring of N.

For [a, as]e[0,1], if Uluy;la, ag]) is  non-empty  and
x, 3,z € Ulpaslar, ag]) we N then  Tia(x)2[ay, ag] Ba(y) = [a1, az],
Ha = [a, ag], so palxw —(y—2)) = min {fy (%), Ba(¥), Ba(2)}] 2 [a1, as]
and iy (vw(yz)) = min {fs(x), Ba(v), Ba(2)} = [a1, ag]  This shows that,
xw = (y - 2) € Ulpaslar, az]) and xw - (y2) € U(pas[ar, az)).

Therefore, Ui ;[s, t]) is a (1, 2)-ideal of N.

For rel0,1], if x,yeU(yys;r) then ya(x)<r ya(y)<r. So,
vale —y) < max{ys(x), ya(y)} < rmax{r, rj=r. Thus x-yeU(ya;r)
and y4(xy) < max{ys(x), ya(y)} <r =max{r,r} =r. Thus xy e U(ya;r).
Therefore U(y 4;7) is a sub near-ring of N.

For a e [0,1] if Ulyy;a) is non-empty and
x,y,z€Ulyaia) weN,ys(y)<ava@) <a So ya(y)<a val@)<a

Talow —(y —2)) < max{y4(x), va() va(2)} < a and va(xw(y2))
< max{y4(x), yA(»), ya(2)} < @ This shows that xw(y —z) e U(y4;a) and

xw(yz) € U(y 4; a). Therefore Uy 4;7) is a (1, 2)-ideal of N.

Conversely, assume that for any r € [0, 1] and [s, t] € D[0, 1] the cubic
level set U(%; [s, t], r) is (1, 2)-ideal of N, then Ul(ja;[s, t]) and U(y 4;r) are
subnear-rings of N.

If there exist a,be N such that py(a—5)< max{ny(a), pa(d)},

fa(ab) < max{ng(a), pg(d)}. Choose an interval ag = [a;, ay]. Taking
(70=%(ﬁA(a—b)eraX{ﬁA(a),ﬁA(b)}) and ag :%(EA(ab)+maX{ﬁA(a)’ HA0)))
so a,beU(g;[ar,as]). Then a-b¢U(ny;la;, as]) and ab ¢ Ulng;lag, as)).
But U(py;[a;, ag)) is a subnear-ring of N. This is a contradiction. Hence for
all x,yeN,ia(x—y)zmin{fig(x), na(y)} and pa(ey)=min iy (), pa ()
If there exist w,a,b,ce N such that [pyau—(b-c¢))
< max {iig(a), Ba(0), Halc)y and Ta(au(be)) < max{fis(a), Ha(b), Ba(c):
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Then py(au—(b—-c))>ag >max{ng(a), na(b), nalc) and py(au(be)>ay >
max {ig(a), Ha(d), Halc)y and so @, b, ¢ Ulia;la, az]) au—(b-c)
¢ Ulpaslar, ag)), au(be) ¢ Ulliaslar, ag]). But Ulpg;lar, ag]) is a (1, 2)-
ideal of N This is a  contradiction. Hence  for  all
w, x,y, 2 € N, Balow — (y - 2)) =2 min {i(x), f(y), f(z); and  jig(xw(yz))
> min {f(x), K(y), 1)}

If there exist a,be N such that vy, (a—b)>min{y4(a),y4(d)},

. . 1 .
va(ab)>minty4(a), y4(b)}. Taking 1y =5(va(a—b)+min{ys(a),va();) and
1 .

= 5 (va(ab) + min {ya(a), va(0)). We get ya(a=0)>r >ivala)va®)
and  yu(ab) > 1y > {yala), ya(b)} and so a,belU(yy;ry) and
a—-b¢U(ya;n), ab ¢ Ulya; ) But Uy 4;1p) is a subnear-ring of N. This
is a contradiction. Hence for all x, y € N, y4(x —y) < max{y4(x), y4(»)}

and y4(xy) < max{ya(x), v4 ()}

If there exist wu,a,b,ce N such that y4(au—(b-c))
>minfys(a), v40), vale)j  and  ya(au(be)) > min{y4(a), ya (), va(c)}
Then yy(au—(b-c)) >y > min{y4(a), ya(®). valc)y and ya(au(be)
>1y >min{y4(a), y4(0), yalc)}) and so a,b,ceU(yy;r) au—(b-c)
¢ Ulya;mp) au(be) € Uy a;19)- But Ulyy; 1) is a (1, 2)-ideal of N. This is a
contradiction. Hence for all w, x,y,z € N, yslew - (y - 2))

< max {y4(x), va(¥) v4(2)} and v 4(xw(y2)) < max{y 4(x), va(¥) va(2)}-

Therefore a cubic set ¢4 = (fig, y4) is a cubic (1, 2)-ideal of N.

Theorem 3.6. Let I be a non empty subset of N. Let A = (g, y4) be a
cubic set of N defined by

— ( ) [Sl’ 82] Lf xel
x) = ,
Ha [r, ]  otherwise

1-s ifxel

1-r otherwise

yal®) = {
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for all xeN,|[s,s9)[n,m]el0,1] and s,re(0,1] with
[s1, 9] > [, ] and s >r. Then I is a (1, 2)-ideal of N if and only if
A = (ny, ya) is a cubic (1, 2)-ideal of N.

Proof. Assume that Iis a (1, 2)-ideal of N. We consider four cases:
1) x eI and y € I,
i) x el and y ¢ I,
(i) x ¢ I and y € I,
iv) x ¢ I and y ¢ 1.

Case () If xel and yelI then pu(x)=1[s;, s9]=n4(y) and
ya(x)=1-5=74(y). So x—yel,xyel, since I is a (1, 2)-ideal of N.
Thus fia(x — y) = [s1, sg] = min {[sy, sz} [s1, s2]} = min {f (%), BA(¥)}, Ha ()
=min {is(x), fa(¥)}  and  yalx-y)=1-s = max{l - s, 1-s}
= max {ya(x), ya(¥)}, ya(xy) = max {y 4 (x), ya()}-

Case (ii) If x € I and y ¢ I. Then p4(x) = [s, sa], na(y) = [11, ] and
valx)=1-s=ya(y).  Clearly,  min{f4(x) Ha(»)}=1[n, 2]  and
max{ys(x), ya(»)} =1-r. Then py(x-y), =[s;,s] or [n,m] and
yalx—-y)=1-s or 1-r if x-yel or x-y¢l Similarly,
t(xy) = [s1, sg] or [, ] and y4(xy) =1-sor1—-rif xy e I or xy ¢ I. By
our assumption that [s1, s9] > [, m] and s>, then
Ha(r —y) = min {ia(x), Ba(¥)} Ba(xy) > min {fis(x), Ba(y)} and ya(x - )
< max {y4(x), ya(»)} valxy) < max{y4(x), v4())

Similarly we can prove Case (iii).

Case (i) If x,ye¢lI that is ju(x)=[n, ] =pa(y) and
val) =1-r=7ya0). Then, min {4 (x), Ba(0)} = [11, 72] and
max {y4(x), y4(y)} =1 —r. This shows that ps(x —y) = [sy, s9] or [, ],
and ys(x—-y)=1-s or 1-r if x—yel or x-y¢ I, similarly
Balxy) =[s1, s3] or [, ] and yq(x —y)=1-s or 1-r if x—y ¢ I, or
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x—y ¢l Thus pg(x—y)2min{pa(x) Ha(y)), Ba(xy) = min {pg(x), Ba(9)}
and y(x - y) < max{y(x), va(¥)}, va(w) < max{ya(x), ya(y)}. This shows
that @ = (4, v4) is a cubic subnear-ring of N.

Let w, x, y, z € N. We prove the result by following cases: If at least one
of x, y, z does not belong to I, then pi4(xw — (y — 2)) = [(xw(yz)) = [s1, s3] or
[, ] Balw(y2)) = [s1, 2] or [n, 7] and vy (aw-(y-2)=1-s or
1-r (xw(yz)=1-s or 1-r if x—(y-2)el,x(yz)el or
x—(y-2)¢ I, x(yz) ¢ I. By our assumption that [s;, s9]>[n, ] and

s > r then,
Ha(xw = (y = 2)) = min {lig (x), pa(y), pa(2)),
pa(xw(yz)) > min {pg (x), B (), Ha(2)} and
valaw = (y - 2)) < max{ya(x), ya(¥) va(2)},

ya(rw(yz)) < max{y4(x), y4(y), va(2)}

Let x, y,z e I. Since I is a (1, 2)-ideal of N, then (xw —(y —2)) € I,
(xw(yz)) € I. So,

palw — (y = 2)) = min {4 (x), pa(y), Ha(2)}s
pa(xw(yz)) = min {fg(x), g (), Ha(2)} and
Yalow - (y - 2)) = max{y(x), v4(5), va(2)},

ya(lrw(yz)) = max{y4(x), ya(y), va(2)}.

In conclusion, we have a cubic set &2 = (g, y4) is a cubic (1, 2)-ideal of

Conversely, assume that a cubic set & = (g, v4) is a cubic (1, 2)-ideal

of N, then @& = (i, y4) is a cubic sub near-ring of N. Let x, y € I such that
Ba(x) =[s1, s3] = na(y) and y4(x) =1 -5 = y4(y). By hypothesis, p4(x—y)

> min {fig(x), Ba()} = [s1, 82} Haloy) 2 min {iig(x), g (v)) = [s1, 5] and
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valx —y) <maxiys(x), ya(¥)} =1-s, v4(xy) < max{yg(x), va()} =1~
Sox—yel and xy € I. and xy € I Therefore I is a sub near-ring of N. Let

x,y,zel, we N wehave

(1]

(2]

(3]

[4]

(5]

(6]

(7

(8]

(9]

(10]
(11]

pa(w - (y = 2)) > min {ug(x), Ba(y), Ba(2)} = [51, s2],
ba(xw(yz)) > min {ug(x), (), Ba(2)} = [s1, s2] and
yalrw —(y - 2)) < max{y(x), ya(¥), ya(@)} =1-s,

ya(ow(yz)) < max{y4(x), ya(y) va(@)} =1-s.

It follows that xw — (y —z) € I. and I is a (1, 2)-ideal of a cubic near-ring
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