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Abstract 

Young Bae Jun made an effort in defining a remarkable structure namely cubic sets. The 

concept of cubic set is inter linked with interval – valued fuzzy set and fuzzy set. Inspired by the 

theory of cubic structure our aim of this paper is to introduce the notion of cubic (1, 2)-ideals of 

cubic near-rings and to investigate some of their properties. The characterizations of cubic (1, 

2)-ideals of cubic near-rings are provided. 

1. Introduction 

The notion of fuzzy sets introduced by Zadeh [10] in 1965 laid the 

foundation for the development of fuzzy Mathematics. This theory has a wide 

range of application in several branches of Mathematics such as logic, set 

theory, group theory, semi group theory, real analysis, measure theory and 

topology. After a decade, the notaion of interval-valued fuzzy set was 

introduced by Zadeh [11] in 1975, as an extension of fuzzy sets. Jun et al., [5] 

have introduced a remarkable theory, namely the theory of cubic sets. This 

structure is comprised of an interval-valued fuzzy set and a fuzzy set. The 
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idea of fuzzy ideals of near-rings was first proposed by Kim et al. [6]. N. 

Thillaigovindan et al., [9] introduced interval valued fuzzy ideals of near 

rings. 

In this paper, we introduce the concept of cubic (1, 2)-ideals of cubic near-

rings and investigate related properties. 

2. Preliminaries 

In this section, we list some concepts and results related to cubic (1, 2)-

ideals of cubic near-rings needed in next section. 

Definition 2.1 [8]. A near-ring N is a system with two binary operations 

„+′ and „・′ such that 

1.  ,N  is a group not necessarily abelian; 

2.  ,N  is a semigroup; 

3.   yzxzzyx   for all .,, Nzyx   We will use the word “near-

ring” to mean “right distributive near-ring”. We denote xy  instead of ..yx  

Definition 2.2 [11]. Let X be a non-empty set. A mapping 

 1,0: DX   is called interval-valued fuzzy set, where  1,0D  denote the 

family of all closed subintervals of  .1,0  

Definition 2.3 [4]. Let X be a non-empty set. A cubic set A of X is a 

structure      Xxxxx A  :,,  which is briefly denoted by 

 ,, AA   where    AAA ,  is an interval-valued fuzzy subset of X 

and  is a fuzzy set in X. 

Definition 2.4 [3]. Let  AA  ,  be a cubic set of X. For any 

 1,0r  and    ,1,0, Dts   we define    rtsU ,,;  as follows: 

          rxtsxxrtsU AA  ,,,,  

and we say it is a cubic level set of  AA  ,  

Definition 2.5 [1]. Let N be a near-ring,  ,N  be an interval-valued 
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fuzzy near-ring and  ,N  be a fuzzy near-ring. A cubic set  ,  is 

called a cubic near-ring of N if it satisfies the following conditions, 

1.       ,,min yxyx   

2.       .,min yxxy   

3.       ,,max yxyx   

4.        .,,,max Nyxyxxy   

Definition 2.6. A fuzzy subnear-ring A of N is called a fuzzy (1, 2)-ideal 

of N if it satisfies for all ,,,, Nzyxw   

1.          ,,,min zyxzyxw   

2.          .,,min zyxyzxw   

Definition 2.7. An interval-valued fuzzy subnear-ring   of N is called an 

interval-valued fuzzy (1, 2)-ideal of N if it satisfies for all ,,,, Nzyxw   

1.          ,,,min zyxzyxw   

2.          .,,min zyxyzxw   

Definition 2.8 [3]. A cubic set  AA  ,  of a near-ring N is called a 

cubic sub near-ring of N, if 

1.       ,,min yxyx AAA   

2.       ,,min yxxy AAA   

3.       ,,max yxyx AAA   

4.       .,max yxxy AAA   

Definition 2.9 [2]. A cubic set  AA  ,  in X is a cubic bi-ideal of X 

if for all .,, Xzyx   If it satisfies the following conditions, 

1.       ,,min yxyx AAA   

2.       ,,min zxxyz AAA   
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3.       ,,max yxyx AAA   

4.       .,max yxxy AAA   

In this section, we introduce the notion of cubic (1, 2)-ideal of cubic near-

rings and discuss some of its properties: 

Definition 3.1. A cubic subnear-ring  AA  ,  of a cubic near-ring 

N is called a cubic (1, 2)-ideal of N, if 

1.          ,,,min zyxzyxw AAAA   

2.          ,,,max zyxzyxw AAAA   

3.          ,,,min zyxzyxw AAAA   

4.           .,,,,,max Nzyxwzyxyzxw AAAA   

Example 3.2. Let  3,2,1,0N  be the Klein‟s four group. Define 

Multiplication in N as follows: (scheme 5: (0,1,1,0) see [8], p.407). 

+ 0 1 2 3  . 0 1 2 3 

0 0 1 2 3  0 0 0 0 0 

1 1 2 3 0  1 0 1 1 0 

2 2 3 0 1  2 0 3 3 0 

3 3 0 1 0  3 0 2 2 0 

Then  ,,N  is a cubic near-ring. Define  AA  ,  in N by 

             4.0,3.02,33.0,2.01,5.0,4.00  and    1,25.00   

    .30.02,333.0   

By routine calculation, we can check that  AA  ,  is a cubic (1, 2)-

ideal of a cubic near-ring. 

Theorem 3.3. Every cubic bi-ideal is a cubic (1, 2)-ideal. 

Proof. Let  AA  ,  be a cubic bi-ideal of N and let .,,, Nzyxw   

Then 
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       zyxwzyxw AA   

    zyxw AA  ,min  

       zyx AAA  ,min,min  

      zyx AAA  ,,min  

     zxwyyzxw AA   

    zxwy AA  ,min  

       zyx AAA  ,,minmin  

      zyx AAA  ,,min  

and 

       zyxwzyxw AA   

    zyxw AA  ,max  

       zyx AAA  ,max,max  

      zyx AAA  ,,max  

     zxwyyzxw AA   

    zxwy AA  ,max  

       zyy AAA  ,,maxmax  

      zyx AAA  ,,max  

Therefore  AA  ,  is a cubic (1, 2)-ideal of N. 

Theorem 3.4. If N is a regular cubic near-ring, then every cubic (1, 2)-

ideal of N is a cubic bi-ideal of N. 

Proof. Assume that a cubic near-ring N is regular and let  AA  ,  

be a cubic (1, 2)-ideal of N. Let .,, Nyxw   Since N is regular, we have 

  ,xNxNxNxxw    which implies that xnxxw   for some .Nn   Thus 

      yxnxyxw AA   
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  yxxnA   

      yxx AAA  ,,min  

    yx AA  ,min  

    yxnxxwy AA   

  yxnxA  

      yxx AAA  ,,min  

    .,min yx AA   

and 

      yxnxyxw AA   

  yxxnA   

      yxx AAA  ,,max  

    ,,max yx AA   

    yxnxxwy AA   

  xyxnA  

      yxx AAA  ,,max  

    .,max yx AA   

Therefore  AA  ,  is a cubic bi-ideal of N.  

Theorem 3.5. A cubic set  AA  ,  is a cubic (1, 2)-ideal of N if and 

only if for any  1,0r  and    1,0, Dts   the cubic level set    rtsU ,,;  

       rxtsxXx AA  ,,  is (1, 2)-ideal of N. 

Proof. Let  AA  ,  be a cubic (1, 2)-ideal of N. For    1,0, ts  if 

  ,,;, tsUyx A  then        .,,, tsytsx AA   So,   min yxA  

            .,,,,min,, tstststsyx AA   Thus   .,; tsUyx A  

              .,,,,min,,min tstststsyxxy AAA   Thus   .,; tsUxy A  
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Hence   tsU A ,;  is a sub near-ring of N. 

For    ,1,0, 21 aa  if   21,; aaU A  is non-empty and 

   NwaaUzyx A  ,,;,, 21  then        ,,,, 2121 aayaax AA     

 ,, 21 aaA   so            21,,,min aazyxzyxw AAAA     

and            .,,,min 21 aazyxyzxw AAAA   This shows that, 

    21,; aaUzyxw A  and     .,; 21 aaUyzxw A  

Therefore,   tsU A ,;  is a (1, 2)-ideal of N. 

For  ,1,0r  if  rUyx A ;,   then     ., ryrx AA   So, 

         .,max,max rrrryxyx AAA   Thus  .; rUyx A  

and          .,max,max rrrryxxy AAA   Thus  .; rUxy A  

Therefore  rU A ;  is a sub near-ring of N. 

For  1,0  if  aU A ;  is non-empty and 

  ,,;,, NwaUzyx A      ., azay AA   So     ., azay AA   

          azyxzyxw AAAA  ,,max  and   yzxwA  

       azyx AAA  ,,max  This shows that    aUzyxw A ;  and 

   .; aUyzxw A  Therefore  rU A ;  is a (1, 2)-ideal of N. 

Conversely, assume that for any  1,0r  and    1,0, Dts   the cubic 

level set   rtsU ,,;  is (1, 2)-ideal of N, then   tsU A ,;  and  rU A ;  are 

subnear-rings of N. 

If there exist Nba ,  such that       ,,max baba AAA    

      .,max baab AAA   Choose an interval  ., 210 aaa   Taking 

       babaa AAA  ,max
2

1
0  and        baaba AAA  ,max

2

1
0   

so   .,;, 21 aaUba A  Then   21,; aaUba A  and   .,; 21 aaUab A  

But   21,; aaU A  is a subnear-ring of N. This is a contradiction. Hence for 

all       yxyxNyx AAA  ,min,,   and       .,min yxxy AAA    

If there exist Ncbau ,,,  such that   cbauA   

      cba AAA  ,,max  and          .,,max cbabcau AAAA   
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Then          cbaacbau AAAA  ,,max0  and     0abcauA  

      cba AAA  ,,max  and so     cbauaaUcba A  ,,;,, 21  

       .,;,,; 2121 aaUbcauaaU AA   But   21,; aaU A  is a (1, 2)- 

ideal of N. This is a contradiction. Hence for all 

         zyxzyxwNzyxw A  ,,min,,,,  and   yzxwA  

      .,,min zyx   

If there exist Nba ,  such that       ,,min baba AAA   

      .,min baab AAA   Taking        babar AAA  ,min
2

1
0  and 

       .,min
2

1
0 baabr AAA   We get       barba AAA  ,0  

and       barab AAA  ,0  and so  0;, rUba A  and 

   .;,; 00 rUabrUba AA   But  0; rU A  is a subnear-ring of N. This 

is a contradiction. Hence for all       yxyxNyx AAA  ,max,,  

and       .,max yxxy AAA   

If there exist Ncbau ,,,  such that   cbauA   

      cba AAA  ,,min   and          .,,min cbabcau AAAA     

Then          cbarcbau AAAA  ,,min0  and   bcauA   

      cbar AAA  ,,min0  and so    cbaurUcba A  ,;,, 0   

 .; 0rU A     .; 0rUbcau A  But  0; rU A  is a (1, 2)-ideal of N. This is a 

contradiction. Hence for all   zyxwNzyxw A  ,,,,  

      zyx AAA  ,,max  and          .,,max zyxyzxw AAAA   

Therefore a cubic set  AA  ,  is a cubic (1, 2)-ideal of N. 

Theorem 3.6. Let I be a non empty subset of N. Let  AA  ,  be a 

cubic set of N defined by 

 
 

 
,

,

,

21

21



 


otherwiserr

Ixifss
xA  

 









otherwiser

Ixifs
xA

1

1
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for all    1,0,,,, 2121  rrssNx  and  1,0, rs  with 

  2121 ,, rrss   and .rs   Then I is a (1, 2)-ideal of N if and only if 

 AA  ,  is a cubic (1, 2)-ideal  of N. 

Proof. Assume that I is a (1, 2)-ideal of N. We consider four cases: 

(i) Ix   and ,Iy   

(ii) Ix   and ,Iy   

(iii) Ix   and ,Iy   

(iv) Ix   and .Iy   

Case (i) If Ix   and Iy   then     yssx AA  21,  and 

   .1 ysx AA   So ,, IxyIyx   since I is a (1, 2)-ideal of N. 

Thus              xyyxssssssyx AAAA  ,,min,,,min, 212121  

    yx AA  ,min  and   syxA  1   ss  1,1max  

           .,max,,max yxxyyx AAAAA   

Case (ii) If Ix   and .Iy   Then       2121 ,,, rryssx AA   and 

   .1 ysx AA   Clearly,       21,,min rryx AA   and 

     .1,max ryx AA   Then    21,, ssyxA   or  21, rr  and 

  syxA  1  or r1  if Iyx   or .Iyx   Similarly, 

   21, ssxy   or  21, rr  and   sxyA  1  or r1  if Ixy   or .Ixy   By 

our assumption that   2121 ,, rrss   and ,rs   then 

             yxxyyxyx AAAAAA  ,min,,min  and  yxA   

           .,max,,max yxxyyx AAAAA   

Similarly we can prove Case (iii). 

Case (iii) If Iyx ,  that is      yrrx AA  21,  and 

   .1 yrx AA   Then,       21,,min rryx AA   and 

     .1,max ryx AA   This shows that    21, ssyxA   or  ,, 21 rr  

and   syxA  1  or r1  if Iyx   or ,Iyx   similarly 

   21, ssxyA    or  21, rr  and   syxA  1  or r1  if ,Iyx   or  
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.Iyx   Thus              yxxyyxyx AAAAAA  ,min,,min   

and              .,max,,max yxxyyxyx AAAAAA   This shows 

that  AA  ,  is a cubic subnear-ring of N. 

Let .,,, Nzyxw   We prove the result by following cases: If at least one 

of zyx ,,  does not belong to I, then         21, ssyzxwzyxwA   or 

      2121 ,,, ssyzxwrr A   or  21, rr  and    szyxwA  1  or 

   syzxwr  1,1  or r1  if      IyzxIzyx  ,  or 

    ., IyzxIzyx   By our assumption that    2121 ,, rrss   and 

rs   then, 

         ,,,min zyxzyxw AAAA   

         zyxyzxw AAAA  ,,min  and 

         ,,,max zyxzyxw AAAA   

         .,,max zyxyzxw AAAA   

Let .,, Izyx   Since I is a (1, 2)-ideal of N, then    ,Izyxw   

   .Iyzxw   So, 

         ,,,min zyxzyxw AAAA   

         zyxyzxw AAAA  ,,min  and 

         ,,,max zyxzyxw AAAA   

         .,,max zyxyzxw AAAA   

In conclusion, we have a cubic set  AA  ,  is a cubic (1, 2)-ideal of 

N. 

Conversely, assume that a cubic set  AA  ,  is a cubic (1, 2)-ideal 

of N, then  AA  ,  is a cubic sub near-ring of N. Let Iyx ,  such that 

     yssx AA  21,  and    .1 ysx AA   By hypothesis,  yxA   

               2121 ,,min,,,min ssyxxyssyx AAAAA   and 
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              .1,max,1,max syxxysyxyx AAaAAA   

So Iyx   and .Ixy   and Ixy   Therefore I is a sub near-ring of N. Let  

NwIzyx  ,,,  we have 

           ,,,,min 21 sszyxzyxw AAAA   

           21,,,min sszyxyzxw AAAA   and 

          ,1,,max szyxzyxw AAAA   

          .1,,max szyxyzxw AAAA   

It follows that   .Izyxw   and I is a (1, 2)-ideal of a cubic near-ring 

N. 
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