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Abstract

Fourier transform developed and pioneered by Joseph Fourier is a very powerful tool and it
is extensively used in many areas of Mathematics such as the study of partial and ordinary
differential equations, which are critical for modelling engineering problems. Also the Fourier
transform is used in the studies of signals and in the area of signal processing. On the
theoretical side, Fourier Analysis is a significant and concrete part of Mathematical Analysis. In
this article, we will focus on the theoretical part and obtain bounds of the Fourier transform of a
real valued function in the conjugate complex variable. We will impose certain assumptions on
the real valued function and derive bounds of its complex Fourier transform where the Fourier
number is a complex number modified. We also obtain bounds of the Fourier transform of the
derivative of the function using modified Fourier number.

1. Introduction

Fourier transform is a powerful and elegant tool in Mathematical
Analysis devised by the French Mathematician Joseph Fourier [1] who used
his approaches for studying heat conduction. This tool is usually employed for
studying problems in the area of Analysis of Partial Differential equations
and also Number theory. There is extensive literature in the topic that we can
refer to [2], [3], [4], [5], [6], [7], [8], [9]. Also the Fourier transform is an ideal
tool for signal processing studying them as superposition of trigonometric
functions. There is a whole area called Wavelet theory which studies signal
processing extensively. In our article, we concern ourselves with the complex

Fourier transform and we obtain certain bounds for the Fourier transformed
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functions where the Fourier variable is complex number and modified. We
also obtain bounds for the Fourier transform of the derivative of the function
where the Fourier number is a modified complex number. We notice that in
our results, the bounds associate the modulus of the Fourier transformed

functions in certain Fourier variables with the 2 norm of the function u (¢)

multiplied by quantities depending on Real and Imaginary part of the Fourier

variables. The assumptions on the function u = u () are the following:
u=u(t): A, >U(A,)ER

where A, =]0, + < [. Also the function u belongs to the class of continuous

functions and it has continuous derivative. CO(At+ ) is the space that denotes

the continuity of the function « (¢) and Cl(At+) is the space denoting the

continuity of u'(t). Another assumption for the function u(t) is that belongs

to the space of the square integrable functions with finite L2(At+) norm.

More precisely, the Ly(A, ) function space is defined as

1
+00 9 9
Lyo(A;) = u:At—>U(At)|I [u)["dt | <+
+ + + o

The Complex Fourier transform, is an integral transform defined as

+o0
i (@)= [ uOK(
where K(£, t) = exp(—i &t) is the Kernel function, with & € C.

2. Remarks on Theorem 1

The first theorem associates the modulus of the Fourier transform of the

function u(t) where the Fourier variable is complex conjugate, with the Lg

norm of the function multiplied by a constant depending on the size of the

Imaginary part of the Fourier number &. These two components are

associated with each other by the corresponding inequality.
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Theorem 1. For 0 < S (§) < +», 0 < R(E) < +=, the following estimate
holds:

* 21
2 < 2 il ) OGE )

where & =R(E) — i3 (8).

Proof.

lae) = | [ e K& o) dt |

J0

o+

) " ult)exp (- i€%) dt |

o+

[ ueexp (= () exp- (@) ) |

: J::wlu(t) || exp(=iR(E)2) [ | exp(-3(E)t)dt |

< [0l fexp (- 3(6) )

< ( J:w|u(t) |2dt|)

J2

1

([} e - o0 Parl

Do —

(Schwarz-Cauchy inequality)

<

-1

5 1liya,,) SE)Z
V2 _1

<l o[%(a zj .

3. Remarks on Theorem 2

The theorem associates the modulus of the Fourier transform of u(t)
where the new Fourier symbol has real part the imaginary part of & and

imaginary part the real part of &, with the norm of v in Ly multiplied by a
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constant depending on the size of the Real part of . These two elements are

associated together with the appropriate inequality.

Theorem 2. For 0 < 3(§) < 40, 0 < R (§) < +o0, the following estimate
holds:

. 1
i0") | 2 ) O (REE),
where w" = (&) — iR(E).
Proof. | a(w’) | = | j:” wW(t) K(w”, t)dt |

~+o0

= | ult)exp(-iw't)dt |
0

o+00

= | A u(t) exp(—iS (E)) exp(-R(E)¢)dt |

S ule) ] exp(-i3(2)0) | |exp(-R(E)e) e

: .Eool u(t)||exp(-R(€)t)|dt
1
ot ([

< 2y, ) RE)7

expl R(E) |2dt]2

(Schwarz-Cauchy inequality)

QI

< Plulz,) 0 (R )

4. Remarks on Theorem 3

In Theorem 3, we obtain an estimate for the modulus of the sum of two

Fourier transforms of u(t) in different Fourier numbers, and we bound it by
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the Ly mnorm of u(t) multiplied by a constant depending both on Real and
Imaginary part of &.

Theorem 3. For 0 < S (§) < +0, 0 < R(§) < +o, the following estimate
holds:

| &)+ a’) | <|| u|Loa,, ) 5 (m(é)\/@;r?;(g)\/w}

where w' = S (&) — iR (E), & = R (&) + i (&).

Proof. | (&) + a(w”) | = | jof(t)x(g*, £ dt + J.OJrLZO(t)K(w*, fdt |
<| J:f OK(E, t)dt | +] I;f O KW, t)dt |
< Ju) || K& e+ [[u@)] | K, o)lar
< 2 iy ) CEF + 2 Jully, ) RET

<llwllom,) < 2 [5}%(&) J\E (%)JER\Y(S) e j

5. Remarks on Theorem 4

In theorem 4, we obtain an inequality for the modulus of the product of

two Fourier transforms of u(t) in different Fourier numbers, and we bound it
by the L, norm of u(¢) multiplied by a constant depending on the product of
the Real and Imaginary part of &.

Theorem 4. For 0 < $(§) < +0, 0 < R(§) < +o0, the following estimate
holds:

) i) < Flully,, , @@ @)% |

where w" = S (8)— iR (&), & = R (&) — i (&).
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Proof. | (e ) aw") | = |a(E€") | | a@w”) |

I [TuOK € 0de || [ulO K@ 0t |

<[ w01 Ko [ w0 K 0
<[Flulhag,,) COZ | [(Flulig,,, 067
<Luly, , GESE)T

< Slulty,, 0 (@@ @7 )

6. Remarks on Theorem 5

In theorem 5, we obtain a bound of the modulus of the Fourier transform

of u(t) in the Fourier variable (&*)n , and the bound depends on the Ly norm

of u multiplied by a number, and also depends on modulus of &_,* to a negative
power times a trigonometric quantity to the negative power of 1/2.

Theorem 5. The following estimate holds:

PPN V2w 1 B E
la(&)") < ||L‘||L2(At+)72|g 20 Sm(ntan 1(%)) 2

under the following restrictions:

3(€) >0, R(E) > 0, sin (n tanfl(%n > 0, cos(n tanfl(%)) >0,neZ".

Proof.

e = I uOKE Y o |

< [T Tu ] 1 K 0 lde
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< IO+°°| W) || exp(=iE"Y", 0) |de

< J:OO| ult)|| exp (—i| £ " cos (n tan_l(%)) t) |
| exp (—| " | sin (n tan_l(%n t) |d¢

< J:wl u(t) || exp (— | &" | sin (n tanfl(%nt) | dt
<ulpygn,) 2 1€ 2 sinn tan—l(%jj%

ltlyn,) 2 1€ T2 O fsin(ntan (FENVF |

7. Remarks on Theorem 6

A bound is obtained for the modulus of the Fourier transform of wu(t)

where the Fourier variable is Efw, and it is bounded by the 2 norm of u

multiplied by a constant depending on the square root of the square

difference between the Imaginary and Real part of &.

3(8))*
Theorem 6. For 0<S(§)<+w, 0<R(E) < +n, (—) >1, the

following bound holds:

1
i w) <l 2 0 {(% (& - %@272}
Proof.

i (Ew)] = | u @ KE w. e

< [1u || K& w0 ar
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< ( I0+w|u(t)|2dtj% [ j0+°°| K(Ew, 1) |2dtJ§

1
<Nl ) 2 (3 - R @)

Nl O (67 -REPE )

—_

8. Remarks on Theorem 7

A bound is obtained for the modulus of the Fourier transform of wu(t)

where the Fourier variable is F,w*, and it is bounded by the 2 norm of u

multiplied by a constant depending on the square root of the square
difference between the Real and Imaginary part of &.

2
Theorem 7. For 0<S(§)<+m,0<R(E) < +x, (%) >1, the
N}
following inequality holds

()] < u lzya,,) g o [(3‘%(&)2 - () )%}

Proof.

(e’ = [ wO K, 0|

< [Tl K o) a

1 1

< U+w| ult) |2dtj2 U+w| K(ew', t) |2dtJ2
0 0

<Nl ) 2 REP -5 @) 2

Nuly,) 5 O (6P 9@ )
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9. Remarks on Theorem 8
In this theorem, we obtain the bound of the modulus the Fourier
transform of u'(¢) in Fourier number F:, and the modulus is upper bounded
by the 2 norm of u(t) multiplied by a quantity depending on Real and

Imaginary part of & plus the |«(0)| (initial data of the function in absolute

value).

Theorem 8. For 0 < (&) < +0, 0 < R(E) < +oo, the following inequality
holds:

) | <l ) 2@ VREP +3 P +]u0)]

Proof.

€)= 1w OKE D]
<| iz”;*J:wu(t)exp( _iE)dt—u(0)]
<|e’ |j0+°°| u(t)| | exp (- i&'t) | dt + | u(0)|

<Dl ) 2 @2 VRE + 3@ +[ul0)

10. Remarks on Theorem 9

In this theorem, we obtain the bound of the modulus the Fourier
transform of u'(t) in Fourier number w", and the modulus is upper bounded
by the 2 norm of u(t) multiplied by a quantity depending on Real and
Imaginary part of & plus the |u(0)| (initial data of the function in absolute

value).

Theorem 9. For 0 < 3 (&) < +0, 0 < R (&) < +o, the following inequality
holds:
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@) | <y, ) @ R EVZREP 3P +u(O)].

Proof.

i) = | O K@ o |
<| iw*j0+°°u(t)exp( W'ty dt - u(0))|

<|w' |j0+°°| wWt)| | exp (= iw't)| dt +|u(0)]|

<Nl ) 2 RENZTVRE + 3 + |u0)|

11. Remarks on Theorem 10

In theorem 10, we bound the modulus of the sum of the Fourier
transforms of the «'(t) in Fourier variables E_,* and w”. The statement of the

theorem follows below.

Theorem 10. For 0 < S (&) < 40, 0 < R (&) < +w, the following inequality
holds:

) i) | < g, | GEF + (RN NREP +36F +21u0)
Proof.

@) i) = || wOKe O [ w K Ot |
<| Jo+wu' (O)KE, t)de |+ J:wu’(t)K(w*, t)dt |

<l )2 GEN2REP - EF +u)
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ulgy, ) L REN2VREP +EF +]u)

<Dl )5 (G + @7 | REP 36 +2fu0)

12. Remarks on Theorem 11

In the Theorem 11, we bound the modulus of the product of the Fourier

transforms of ' in the Fourier numbers ﬁ* and w”. The theorem follows

below.
Theorem 11.
0 )< [l 5 GO VREP P +u0)]
(10l €7 REF P +1u0)]
Proof.
@) &) = |a(E) dw )|

s|J'O u'(t)K(E_,,t)dtHJO W ()K", £)dt |

([T o) ([Tvol Ko
V2 )T VRER + SR

<(1uliag, 5 O VREP +3EF + u0)
V2 S SC R

(Il 20062 RGP 3G + w0

13. Remarks on Theorem 12

We bound the modulus of the Fourier transform of #'(f) in the Fourier

number (¢°)". The theorem follows below.
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Theorem 12. The following estimate holds:

sin| ntan” m
| & ((g*)n)l <| (Ef)n | "L2(At+)g| é* r% \/ ( t _ll(gg(s))j +|u(0)],
sm(ntan (m j

under the following restrictions:

3(8) > 0, R(E) > 0, sin (n tan_l(%)j >0, cos(n tan_l(%)j >0,neZ".

Proof.

(=] [ e oK E Y ol
=i [ uyexp (i€ 'e)de —u(0)|
0

<€V 1 1w exp (V1) de+] ()

sin| ntan™ %
s|(a*>”|||u||L2(At+)§|a* r”‘/ [ TWDW@L

i sin(ntanl(%)

14. Remarks on Theorem 13
We bound the modulus of the Fourier transform u'(t) in the Fourier
number ij.

Theorem 13. The following estimate holds

(22 2
i (€'w)| <] u mmg% V(@R ~R(@P +]u(0)],

&
o

=

( )jz > 1.

rovided that (
b ©)
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Proof.

@ €)= | [0 OK €wode ]
i [ ule) exp (- (€ wo)de - w(0)|
<I€ [ ule) || exp (- 1wt dt + ] ()|

SNl ) L S RET 6P R +]u))

2 3P -R()
15. Remarks on Theorem 14

We bound the modulus of the Fourier transform u'(t) in the Fourier

*
number Ew .

Theorem 14. The following bound holds

i) < gy, 2 i}%; 3“;2)2 V=82 + REP +u(0)]

56 -

under the assumption that (

Proof.

i) =| [ WK, o |
= |i§w*jo+wu(t)exp (—i ew't)dt —u(0)|
<18 |[ )] exp (i &'t dt +|u(0)]|

<Nlpgn, )2 Y2 SEF+REF V=3 + RE)P +|u(0)]

~3(E)P + R ()
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16. Remarks on Theorem 15

We bound the modulus of the Fourier transform of the function

m
g(t)=1t2 u(t) Fourier variable & .

Theorem 15.

(m+1) (m+1)

| 4E) 1< ullpy, VT +D2 2 CE) 2

where meZ*.

Proof.

g&)1=1] T wOR € ot

+00 % .
S-[o 112 u()|| K (1) |dt

s(
—M (m+1)
< "u||L2(At+) Tm+1)2 2 (3(&) 2

1

j we) |2dtJ§ ( J:Ootm exp(~2 E}(a)t)dtf

0

17. Conclusions and Future Work

In this article we have derived bounds for the Fourier transform of u and
u' in various Fourier variables. We notice that the bounds involve the 2 norm

of the function u multiplied by a quantity which depends on Real and
Imaginary parts of each Fourier number. In the last theorem we obtained a
bound of the Fourier transform of a monomial times the function u. Similar
bounds can be obtained when using modified Fourier transform or

exponential transform where the Kernel function is K(&, t):a_igt,

a € (0, + o) [10], [11], [12]. This analysis will appear in future work in form of

an article.
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