Advances and Applications in Mathematical Sciences
Volume 21, Issue 2, December 2021, Pages 715-721

© 2021 Mili Publications, India

I-STATISTICAL CONVERGENCE IN PARANORMED
SPACE

S. MAHESWARI and A. PANDI RANI

Department of Mathematics

P. S. R. Engineering College
Sivakasi-626140, Tamil Nadu, India
E-mail: mahesseeni92@gmail.com

Associate Professor of Mathematics
Post Graduate and Research
Department of Mathematics

G. Venkataswamy Naidu College
Kovilpatti-628501, Tamil Nadu, India
E-mail: raniseelan_92@yahoo.co.in

Abstract

In this paper, we deal with the ideal statistical convergent and ideal statistical Cauchy
sequence in paranormed spaces. Let I < 2V be a non-trivial ideal in N. A sequence x = (xp) is

said to be [I-statistically convergent to & in (X,g) if for every £>0 and
3>0, {n e N: %| {k<n:glxp-¢)<el = 6} el. & is called (g,I)- Statistical limit of the

sequence (xp) and we write (g, )—stlimx;, =&. We discuss some properties of these concepts

and some inclusion relations between the spaces.

1. Introduction

The notion of statistical convergence was introduced by Fast [1] and
Steinhaus independently in the same year 1951 and since then several
generalizations and applications of this notion have been investigated by
various authors. In [2], Kostyrko et al. introduced the concept of I-
Convergence of sequences in a metric space and studied some properties of

2020 Mathematics Subject Classification: 40G15.
Keywords: I-Convergent, I-Cauchy, I-Statistical convergent, I-Statistical Cauchy.
Received May 17, 2021; Accepted June 7, 2021



716 S. MAHESWARI and A. PANDI RANI

such convergence. Note that I-Convergence is an interesting generalization of
statistical convergence. The notion of ideal statistical convergence and ideal

statistical Cauchy sequence are introduced in ag-normed space [3].

Motivated by this fact, in this paper, the notion of ideal statistical
convergence and ideal statistical Cauchy sequence in paranormed space and

some important results are established.
2. Definitions and Preliminaries

Definition 2.1. A paranorm is a function g : X — R defined on a linear

space X such that for all x, y, z € X.

@) g(x)=0if x = 0.

(i) g(-x) = g(x)

(i) g(x +y) < g(x)+g(y)

(v) If (a,) is a sequence of scalars with o, —>ag(n—>o) and
x,,aeX with x,, — a(n — ) in the sense that g(x,, —a) - 0(n — ),
then a,x, — aga(n — ») in the sense that g(a,x, —aga)—>0(n—>x). A
paranorm g for which g(x) = 0 implies x = 0 is called a total paranorm on

X, and the pair (X, g) is called a total paranormed space.

Definition 2.2. A family I < 27 of subsets of a non empty set Y is said
to be an ideal in Y if 1)) oe I, (i) A, Bel imply AUBel, (i)
Ael, Bc Aimply Bel.

Definition 2.3. Let X be a non empty set. A family of subsets I — 2N s
called a filter on Xif and only if 1) ¢ ¢ I, (i1) A, B € I imply A, B e I, (iii)
Ael, Ac Bimply Bel.

Definition 2.4. An ideal I is called non trivial if I # ¢ and X ¢ 1.

The filter I ={X - A: A e I} is called the filter associated with the
ideal I.

A nontrivial ideal I < 2" is called an admissible ideal in X if and only if
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I>o{{x}:xeX}.
Let I; be the family of all finite subsets of N. Then I, is an admissible
ideal in N and I-convergence coincides with the usual convergence.
Definition 2.5. A sequence (x}, ) is called Statistically convergent to

L in a paranormed space (X,g) if for each &>0,

lim %| {k<n:g(x,—L)>e}|=0.Itis written by g(st)—limx; = L.

3. Main Result

Definition 3.1. Let I < 2" be a non trivial ideal in N. A sequence (x}, )

of (X, g) is said to be I-Convergent to x( if for each e >0, the set
Ale)={ke N:g(x, —x9)>¢e} el =xq is called the (g, I)limit of the

sequence (x, ) and we write (g, I)—limx,, = x;.

Definition 3.2. Let I < 2" be a non trivial ideal in N. A sequence (x}, )
is said to be I-Statistically Convergent to § in (X, g), if for every ¢ > 0 and
every 8>0,{neN:1/n|{k<n:g(x,-€)=28 el ¢& is called (g, I)

Statistical limit of the sequence (xj ) and we write (g, I)— st limx;, = &.

Theorem 3.3. If (x},) be a sequence such that (g, I)— st limx;, = & then

£is determined uniquely.

Proof. If possible let the sequence (x;,) be (g, I) statistically
convergent to two different numbers &; and &g. That is for any

€>0,8 >0 we have
Al:{neN;l|{kgn;g(xk—gl)ZS}|<5}6F(1)
n

and
Ay ={neN:1/n{k<n:glx,-8&)=c¢}| <8 e F(I)

Therefore A; N Ag # 0, since A; N Ag € F(I). Let m € A; ) Ay and take
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. g(§13— &) 0,

g(xp, —E9)=e}|<d, for maximum %k <m will satisfy g(x, —&)<¢e and

SO l| {k<m:g(xp -&)=2¢€}| <8 and l| {k<m:
m m

g(xp —E9)<e for a very small &>0. Thus we must have
{k<m:g(x;, —E9)>e}N{k<m:g(x) —E9)<e}#¢, which is contradiction as

the neighbourhood of &; and &, are disjoint. Hence theorem is proved.

Theorem 3.4. Let I be an admissible ideal. Then for any sequence
(x3), (g, I)-limx;, =& implies (g, I)—stlimx;, = E.

Proof. Let (g, I)-stlimx;, =&. Then for each ¢ >0 and & >0
Ale)={keN:g(x, -€¢)=>¢e}el, so for  every e>0 and

5> O{n e N: l| {k<n:g(x,-&)=¢}> 6} is a finite set and therefore
n

belongs to I, as I is an admissible ideal. Hence (g, I)— st lim X;, = Z. But

converse is not true.

Example 3.5. Take I =1p. The sequence (x;) where

_ 1,2
X, = {O n=k%keN (g, I)- Statistically convergent to 1. But (x;) is

1 otherwise

not (g, I)- Convergent.

Theorem 3.6. Let I be an admissible ideal. Then for any sequence

(x), st —limx;, = & in paranormed space implies (g, I)— st limx;, = E.

Proof. Similar to proof of theorem 3.4. But converse is not true.

Example 3.7. Let (g, I) = be the class of A = N that intersect a

finite number of A;'s where N:U;O:lAj and A; NA; =¢ for i # j. Let

x, :% and so lim g(x, —0)=0. Put ¢, = g(x, —0) for n e N. Now

define a sequence (y, ) by y, = x;if n € Aj. Let n > 0. Choose y € N such
that &, <m. Then A(n)={neN:g(y,-0)>njcA; UAyU...UA, eC. Now,

{(k<n:g(yp-0)=2ntc{neN:g(y,-0)=n}. That is l|{k£n:
n

Advances and Applications in Mathematical Sciences, Volume 21, Issue 2, December 2021



I-STATISTICAL CONVERGENCE IN PARANORMED SPACE 719

g(yr-0)=n}|<{neN:g(y, —0)=n}. Sofor any & >0 {n eN: %| {k<n:

gk -0z} |28 cfneN:gly,-0)=n et Therefore (y,) is ¢

statistically convergent to 0. But (y,,) is not statistically convergent.

Theorem 3.9. Let I be an admissible ideal. Then for each subsequence of
(x,) is (g, I)-statistically convergent to & then (x,) is also

(g, I)-statistically convergent to E.
Proof. Suppose (x, ) is not (g, I)- statistically convergent to &, then
there exists ¢ >0 and 8>0A:{neN:%|{k£n:g(xk—§)28}26}

¢ I. Since I is an admissible ideal so A must be an infinite set. Let

A={ny <ng <...<np}. Let (y,,)=x,, for meN. Then (y,,),,cy 1s @
subsequence of (x,,) which is not (g, I)-statistically convergent to & Which

is a contradiction.

Hence the theorem is proved. But converse is not true. We can easily

show this from example 3.5.
Definition 3.10. A sequence x = (x, ), .y of elements of X is said to be

(g, I)"- Statistical convergent to & e X if and only if there exists a set
M={m <mg <...<my, <..} e F(I) such that st — lim g(x,,k — &) = 0.

Theorem 3.11. If (g, I)" —stlimx, = & then (g, I)—stlimx, = &.

Proof. Let (g, I)" —stlimx, =& By assumption there exists a set
Bel such that for M =N/B={m <mg<..<my<..} we have
g(st)—limx,,;, =& That is 1/n| {m, <n: g(x,;, —&)=¢}|=0. So for
any 8>0,{neN:1/n|{m, <n:glx,, —&) =¢c}|=28el, since I is an
admissible ideal. Now A(e, 8)={neN:1/n| {k<n:g(x, -&)=2¢| =3}
cBU{neN:1/n{k<n:g(x,, —-£&)=¢}|28}el. Thatis (g, I)-stlimx, =&

But the converse may not be true.

Example 3.12. From example 3.7, we have & —stlimy, = 0. Suppose
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that ¢" —stlimy, =0. Then there exists a set B e such that for

M=N/B={m <mg <...<my <..., we have g(st)—limy,,; =0. By

definition of ¢ there exists a g € N such that B<| J? A;. But Ag,y © M.

So for infinitely many my €Ay | {my, €Agsy 1 8(Ymp —0)2n} |=2_(q+1) >0
for 0<n<1/(g+1). That is |{my, € Agiq : &(Vmr —0) =2} | = 0 which

contradicts to g(st)—lim y,,, = 0. Hence ¢* — st limy, # 0.

Definition 3.13. A sequence (x,) is said to be I-statistically Cauchy

sequence in (X, g) if for every &> 0,8 >0, there exists a number
N = N(e) such that {n eN:%| {k:g(xp—xpn)=¢}] 25}6 I. Tt can be written
as (g, I)- statistically Cauchy.

Theorem 3.14. A sequence (xj;) in a paranormed space (X, g) is

(g, I)-statistically convergent if and only if it is (g, I)- statistically Cauchy.

Proof. Assume that st —limx;, =& Then for each & >0, the set
A(e)={k <n: g(x; — &)= ¢/2} has density zero. That is §(A(g)) = 0. This
implies that 8(N/A(g)) =6({k < n: g(xp —&) > ¢/2}) = 0. Let m,n¢ A(e),
then g(x,, —x,) < e Let B(g)={k<n:g(x,, —x,)<e}, for a fixed m ¢ A(g).
Then N/A(e) < B(g). Hence 0 = 8(N/A(g)) <3(B(g))= 0. This imply
8(N/B(g))=0. Then for any &5>0 we have N/B(g)={k<n:
g(x,, —x,) > ¢} > 8}. This implies that (x,) is (g, I) statistically Cauchy
sequence.

Conversely let as assume that (x;) is (g, I)-statistically Cauchy
sequence, but not (g, I)-statistically convergent in (X, g). Then we have

m € N such that 8(A(g)) =0 where A(¢)={ne N: g(x,, —x,,)> ¢} and
8(B(g)) =0 where B(g)={n e N : g(x, — &) > ¢/2}, that is 5(B°(g)) = 0.
g(x,, —&) < ¢e/2 then g(x, —x,,) < g(x,, —&) < &. Therefore 5(A°(g)) = 0.

This implies that 8(A(e)) # 0, which is a contradiction, since (x,) was
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(g, I)-Statistically Cauchy. Hence (x,) must be (g, I) Statistically

convergent.
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