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Abstract

In this paper, a new class of sets called Ayg-sets and Aflg-sets are introduced and

studied with corresponding examples by utilizing the notions of og-open sets and og-closed
sets. Also, several fundamental properties and theorems of such sets are investigated. Further

(A, ag)-closed sets and (A, og)-open sets are established and their interesting properties and

some characterizations are derived.
I. Introduction

Levine [2] introduced the notion of generalized closed sets in topological
spaces. Following this, many researchers introduced several variations of
generalized closed sets and investigated some stronger and weaker forms of
them. The notion of a-sets in topological spaces was introduced by Njastad [7]

and studied several fundamental properties. The complement of a-—sets
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called a-closed sets were defined and studied by Mashhour et al. [6]. The
generalized a-closed sets and a-generalized closed sets were proposed and
studied by Maki et al. [4, 5].

Maki [3] introduced the notion of A-sets in topological spaces. A A-set is
a set A which is equal to its kernel, i.e., to the intersection of all open
supersets of A. Caldas et al. [1] introduced the concept of A,-sets and
Atx-sets, which is the set equal to intersection of all a-open subsets and the

set equal to the union of all a-closed supersets respectively and studied their

fundamental properties. In this paper, we introduce two new notions namely

Agg-sets and A’;g-sets using the concept of ag-open set and ag-closed set

due to Maki et al. [4, 5]. Some fascinating properties and characterization

theorems are established. Also, the concept of (A, ag)-closed sets and
(A, ag)-open sets are introduced and their essential properties are discussed

with corresponding examples.
II. Preliminaries

Definition 2.1 [6, 7]. Let (X, t) be a topological space. A subset A of
(X, 7) is called a-open if A < int (cl(int (A4))). The complement of an a-open
set is called an a-closed set if cl(int(cl(A))) < A.

Definition 2.2 [6]. The o-closure of a subset A of a topological space

(X, 7) is the intersection of all a-closed sets containing A and is denoted by
cly(A). The a-interior of a subset A of a topological space (X, t) is the union

of all a-open sets contained in A and is denoted by int,(A).

Definition 2.3 [5]. A subset A of a topological space (X, 1) is called an
o —generalized closed set (ag—closed) if ¢l,(A) < U whenever A < U and
U is open in (X, t). The family of all ag—closed subsets of the topological
space (X, 1) is denoted by aGC(X, 1). The complement of an ag—closed set
is an ag—-open set. The family of all ag—open subsets of a topological space
(X, 7) is denoted by aGO(X, ).
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III. A, -sets and A\, -sets
Definition 3.1. Let A be a subset of a topological space (X, t). A subset
Ayg(A) is defined as A, (A)=N{M | Ac M and M € aGO(X, 1)}.

Example 3.2. Let X={a,bc} and <t={o, {a},{a,b},X}. Then
OLGO(X’ ‘C) = {(P’ {a}’ {b}a {aa b}’ {a’ C}’ X} and Aocg (A) = {(pa {a}’ {b}’ {aa b}’ {aa C}, X}

Lemma 3.3. For subsets A, B and A;(i € I) of a topological space (X, 1)
the following properties hold:

(1) A < Ay (A).

() If A < B, then A, (A) < Ay (B).
(3) Agg(Agg(A)) = Agg(A)

@) Agg(N14;/i e T}) = NA,(4;]i € I}
(5) Agg(U{4;/i € I}) 2 Uy, (4;/i € I}
(6) If A € aGO(X, 1), then A = A, (A).

Proof. (1). Let x ¢ A, (A). Then 3 an og-open set M > A< M and
x ¢ M. Hence x ¢ A andso A A, (A).

(2) Let AcB andlet x ¢ Aag(B). Then 3 an ag-open set M > B M
and x ¢ M. Now Ac B= A c Bc M and xeM:x%Aag(A). Hence
Ayg(A) € Ay (B).

(8) Since A < Ay, (A), A(A) < (Aqg(A)). Suppose x & A,,(A) then 3
an ag-open set M > A < M and x ¢ M. By Definition 3.1, A, (A) c M
and x ¢ M. Hence x ¢ (A,q(A,(A)). Therefore, (A, (A, (A)) < Ay (A)
Hence Ay, (Ayg(A)) = Agg(A).

(4) Suppose that x ¢ NAyg(A;/i € I)} then iy el >x e Ay(4,)
Therefore, 3 an og—open set M > Aijyc M and x¢ M. Now
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NA, c Ay, cM and x¢M. Thus, x¢&A,(WA/iel}) Hence
Aog(A4; /1 € I}) = N{Agg(A; /i € D)}

(5) From (1), A; € Ay (4;). From (2), A; < iLEJIAi = Ae(4) Aag(iLEJIAi )-
Hence A, (U1{4;/i € I}) 2 UiA . (4;/i € T)}.

(6) By Definition 3.1 and by (1), A = A, (A)

Remark 3.4. In Lemma 3.2, the reverse inclusion of (4) is not true as

seen from the following example.

Example 3.5. Consider X and t as in Example 3.2. Let A;, A, and A,
respectively be {a, b}, {b,c} and X Then A, (NA4;)=1{} and
N Aug(4) = fa, b). Hence Agg(NiAi/i < 1)) 2 NAqg(4;/i € D),

Remark 3.6. In Lemma 3.2, the reverse inclusion of (5) is not true as

seen from the following example.

Example 3.7 Let X={a,b¢} and =t={o {a}, X}. Then
Aye(A) = {o, {a}, b}, {c}, {a, b}, {a, ¢}, X}. Let A and A, respectively be {b}
and {c}. Then A,WUA)=X and UAy(A;)=1bc}. Hence
Aag(U A/ < 1) & Ul g (4;/i < D).

Definition 3.8. Let A be a subset of a topological space (X, t). A subset
Nyg(A) is defined as AL (A) =U{N/N < A and N € aGC(X, 1)}.

Example 3.9. Let X ={a,b,¢} and =t=1{o {a, b}, X}. Then
GGC(X, T) = {(P, {C}’ {a’ C}, {b’ C}7 X} and Atxg(A) = {(\D7 {C}, {b’ 0}9 {a’ C}’ X}

Lemma 3.10. For subsets A, B and A;(i € I) of a topological space
(X, 1) the following properties hold:

(1) A c N (A).
@) If A < B, then N,y (A) c N,y (B).
(8) Nog(Nog(A)) = Ayg(A).
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(@) Nog({A; /1 € T)) = N{Ag(A; /i € D)}
(B) Nog(U14;/i € I}) 2 Ui, (4;/i e D)}
6) If A € aGC(X, 1), then A = K, (A).

(7) Agg(A°) = (A4 (A))

Proof. (1) to () are obvious.

(1) (Ae(A)) =(U{N/Nc A and N € aGC(X, 1)) = N{N°/A° < N°
and N° e aGO(X, 1).. Let N° =M. Then M e oaGO(X, 1). Therefore,
(A (A)" =N{M/ A° € M and M € aGO(X, 1)} = Aby(A°).

Remark 3.11. In Lemma 3.10 the reverse inclusion of (4) and (5) are not

true as seen from the following example.

Example 38.12. Let X ={a,b,c,d} and =t={o {a, b}, X}. Then
aGC(X, 1) = {o, {c}, {d}, {a, ¢}, {a, d}, {b, ¢}, {b, d}, {c, d}, {a, b, ¢}, {a, b, d},
{a, ¢, d}{b, ¢, d}, X} = A (A).

Let A;, A, and A; respectively be {a,d}, {a, b, ¢} and X. Then
Noo(N{ A;/i € T}) = ¢ and ﬂ{A*OLg(Ai/i e I)} = {a}. Hence A’ixg(ﬂ{Ai/i el})

Let A, A,, A; and A, respectively be {a}, {b}, {d} and {a, b}. Then
AUl A;/i e I}) = {a, b, d} and UiALe(A; /i e I)}) = {d}. Hence
AU A;fi e I}) ¢ UlN (4 /i € I)).

Definition 3.13. A subset A of a topological space (X, t) is called

aA,g-set if A=A, (A). The setof all A,,-sets is denoted by A, (X, 1).

Example 3.14. Let X = {a, b, ¢} and 1 = {9, {a}, {a, b}, {a, ¢}, X}. Then
aGO(X, 1) = {¢, {a}, {a, b}, {a, c}, X}. Therefore, A,,-sets are ¢, {a}, {a, b},
{a, ¢}, X.

Lemma 3.15. For a topological space (X, t) the following properties hold:
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(1) Xand pare A -sets.
(2) If Ais an ag—open set, then A is a A, -set.
() Ayg(A) isa A,g-set.
(4) Every intersection of A,-sets isa A,,-set.

Proof. (1) is obvious.

(2) Let A € aGO(X, t). Then by Lemma 3.3 (6), A = A,,(A). Therefore,

Alsa Ayg-set.

(8) Ayg(A) is the smallest ag-open set containing A. Since A, (A) is
ag-open and from (2), A, (A) isa Agg-set.

(4) Let A;(i € I) be a family of A,,-sets in (X, 1). Then A; = A, (4)),
for all i1el. Let A=N4;. Then by Lemma 33 (4),
Agg(A) = Agg(N A;) € N(Agg(4;)) = NA; = A. Therefore, A,.(A) < A. Also
from Lemma 3.3 (1), A < A, (A). Therefore, A = A, (A). Hence every

intersection of A,,-sets isa A,-set.

Remark 3.16. In general finite union of A,-sets need not be a A ,-set
as seen from the following example.

Example 3.17. Let X = {a, b, ¢} and 1 = {g, {a}, X}. Then A, - sets are
@, {a}, {b}, {c}, 1a, b}, {a, ¢}, X. Here {b} and {c} are A, -sets but their
union {b ¢} isnota A, - set.

Definition 3.18. A subset A of a topological space (X, 1) is called a

Ayg-set if A = Al (A). The set of all Aj,-sets is denoted by A7, (X, 7).

Example 3.19. Consider (X, 1) as in Example 3.14. Then Aj.-sets are
¢, {b}, {c}, {b, ¢}, X.

Theorem 3.20. For a topological space (X, t) the following properties
hold:
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(1) X and g are A ,-sets.

(2) If Ais an ag—closed set, then A is a A,,-set.
(3) Ayg(A) isa A, -set.

(4) Every union of A,,-sets is a A,,-set.

(5) A subset Aisa Azg-set if A isa Agyg-set.
Proof. Proofs of (1) to (4) are similar to Lemma 3.15.

(5) Let A° be a A

wg-set.  Then AL (A°) = A“.

(Nog(A) = (A%)" = (AGg(A9))" = A By Lemma

(Agg(A°)) = A = Ayg(A) = A Hence Aisa A -set.

3.10

305

Therefore,

(),

Remark 3.21. In general finite intersection of A[,-sets need not be a

A’;g-set as seen from the following example.

Example 3.22. Consider (X, t) as in Example 3.17. The Ay, - sets are

@, b}, {c}, {a, b}, {b, ¢}, {a, ¢}, X. Now {a, b} and {a, c} are Ay, -sets but

their intersection {a} isnota A%, - set.

ag
Proposition 3.23. For a topological space (X, t)

(1) Every A,-set isa A,gq-set.

(2) Every A, -set is a Nyg-set.

Proof. (1) A (A)=NM/Mect* and Ac M}=0NC

Ayg(A) =NM/M € aGO(X, 1) and Ac M} =ND.
CcD=NMDcNC=A,AcAA)=A By Lemma
A < Ay (A). Hence Aisa A,,-set.

(2) 1s similar to (1).
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Definition 3.24. Let (X, t) be a topological space. Then the ag-closure
of A is denoted by aGCI(A) is defined by aGCI(A) = {E/E € aGC(X, 1)
and A c E}.

Lemma 3.25. Let (X, 1) be a topological space and let x, y € X. Then
y € Ay ({x}) iff x € aGCI({y}).

Proof (Necessity). Let y € A ,({x}). Then y € M, whenever x € M,
where M is og-open. Suppose x ¢ aGCI({y}) then 3 an oag-closed set
N>{y} < M and x ¢ N. This implies x € X - N and y ¢ X — N, where
X - N € aGO(X, ). Take X — N = M then M € aGO(X, t)> x € M and
y ¢ M. This is a contradiction and hence x € aGCI({y}).

(Sufficiency) Let x € aGCI({y}). Then x € N, whenever y € N, where
Nis ag-closed. Suppose y ¢ A, ({x}) then 3 an oag-open set M > {x} ¢ M

and y¢ M so that ye X —M and x ¢ X — M. Take X - M = N then
N eaGC(X,t)>ye N and x ¢ N. This is a contradiction and hence

¥ € Agg({x}).

Theorem 3.26. For any two points x and y in a topological space (X, 1)

the following statements are equivalent:

(1) Agg({}) # Agg ({)):
(2) aGCl({x}) # aGCI({y}).

Proof. (1) = (2) Let A, ({x}) # A, ({y}). Then 3z e X 52z e A, (x})
but z ¢ A, ({y}). By Lemma 3.25, x e aGCI({z}) and y ¢ aGCl({z})
= aGCl({x}) < aGCl({z}) and {y}NaGCI({z}) = ¢. Thus y ¢ aGCl({x}).
Since {y} = aGCI({y}), aGCl({x}) # aGCIL({y}).

(2) = (1) Let aGCI({x}) # aGCIl({y}). Then Iz € X 5> z € aGCl({x}) and
z ¢ aGCI({y}). By Lemma 325, x e A.,({z}) but y ¢ A, ({z}). Since
x € Ay (l2) and A ({z}) =N{M/M € aGO(X, 1) and z e M} we get
x € M whenever z € M, where M is ag —open — (i). Since, y ¢ A, ({2}), 3
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an og —open set M >z e M but y ¢ M. Letitbe M, — (i1). By (i) and (ii),
x € M, and y ¢ M, and therefore y ¢ A, ({x}). Hence A, (ix}) # A, ({}).

Proposition 3.27. Let (X, t) be a topological space and A € aGO(X, 7).
Then A,z(A) ={x € X | aGCI({x}) N A # o}.

Proof. Let A € aGO(X, 1) and let x € A, (A). Since A € aGO(X, 1) by
Lemma 3.15 (2), A = A,(A). Also x e aGCl({x}) = aGCl({x}) N A # ¢.
Conversely, let x e X > aGCI({x})(N A # ¢. Suppose x ¢ A,.(A) then
AM e aGOX, 1) 5> Ac M and x ¢ M. Let ye aGCIl({x}) A. Since
y € aGCl({x}), by Lemma 3.25, x € A,.({y}). Therefore, for every ag—open
set M >{y}c M, xe M. Since ye A and A c M, y e M, where M is an

og —open set in (X,7). Hence x € M. This is a contradiction and hence
x € Ayg(A).

IV. (A, ag)-Closed Sets

Definition 4.1. A subset A of a topological space (X, t) is called a
(A, ag)-closed setif A =T C, where T'is a A,,-set and Cis an a-closed
set. The family of all (A, og)-closed sets is denoted by AaGC(X, ).

Example 4.2. Let X =1{a,b, ¢} and 1= {0 {a, b}, {X}}. Then
AaGC(X, 1) = {o, {a}, {b}, {c}, {a, b}, X}.

Proposition 4.3. Every a-closed set is a (A, ag)-closed set but not
conversely.

Proof. Obvious.

Example 4.4. Consider (X, t) as in example 4.2. Here {a} is a

(A, ag)-closed set but not a-closed.

Proposition 4.5. Every A (resp Ayg)-set is a (A, ag)-closed set but not

conversely.
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Proof. Let A be a Ag(resp. Ayg)-set. Then A= ANX where A is a
A, (resp. A,z )-set and Xis an a-closed set. Therefore Ais a (A, ag)-closed set.

Example 4.6. Consider (X, t) as in example 4.2. Here {c} is a

(A, ag)-closed set but not a A,(resp A, )-set.

Proposition 4.7. Every ag-open set is a (A, ag)-closed set but not
conversely.

Proof. Let A be an ag-open set. Then by Lemma 3.15 (2), Ais a Agg-set.
Then A = A1 X where Xisa A,,-set and A is an a-closed set. Therefore A
isa (A, ag)-closed set.

Example 4.8. Consider (X, t) as in example 4.2. Here {c} is a

(A, ag)-closed set but not an ag-open set.

Proposition 4.9. Every (A, a)-closed set is a (A, ag)-closed set but not

conversely.

Proof. Obvious.

Example 4.10. Let X ={a,b,¢,d} and == {p, {a, b}, X}. Then
(A, a)-closed sets are o, {c}, {d}, {a, b}, {c, d}, {a, b, ¢}, {a, b, d}, X and
(A, ag)-closed sets are o, {a}, {b}, {c}, {d}, {a, b}, {qa, ¢}, {a, d}, {b, ¢}, {b, d},
{c, d}, {a, b, ¢}, {a, ¢, d}, {a, b, d}, {b, ¢, d}, X. Here {b, ¢} is a (A, og)—closed
set but not (A, a)—closed.

Remark 4.11. The above discussion is exhibited in the following diagram.

a — closed

A 4

g — set (A, ag) — closed

T

‘ (A, @) — closed ‘

Theorem 4.12. For a subset A of a topological space (X, 1), the following

Ag

statements are equivalent.
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(1) Aisa (A, ag)—closed set.
(2) A=TNCl,(A), where Tisa A,q-set.
(3) A = Ay (A)N CL,(A).

Proof. (1)= (2) Let A=TNC, where T'is a Ay,-set and C is an
a-closed set. Now, A < C and Cis a-closed = CI,(A) < Cl,(C) = C. There
for Cl(A)c C and TNCoTNCL(A) oA Hence A =T Cl(A),

where T'is a A, -set.

(2) = (3) Let A =T NCl,(A), where Tisa A,,-set. Now, A < 7 and T
is a  Agset = A(A) S A (T)=T. Thus, A,(A)cT and
A < A (A)NCL(A) € TNCL(A) = A Hence A = A, (A) N CL,(A)

(8) = (1) Since A, (A) is a Agg-set, Cl,(A) is a-closed and
A = A, (A)N CL,(A), by Definition 4.1 we have A is a (A, ag)-closed set.

Definition 4.13. A subset A of a topological space (X, t) is said to be
(A, ag)—open if the complement of A is (A, ag)—closed. In other words, a
subset A of a topological space (X, 1) is called (A, ag)-open if A=TUC,
where T'is a Aj,-set and Cis an o—open set.

Theorem 4.14. For a subset A of a topological space (X, t) the following
statements are equivalent:

(1) Ais (A, ag)-open.
(2) A =T Uint,(A), where T'is a A, -set.
(3) A = N (A) Uint,, (A)

Proposition 4.15. For a subset A;(i € I) of a topological space (X, 1) the
following properties hold good:

1) If A is (A, ag)—closed for each iel, then N{A;/i eI} is
(A, og)—closed.
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2 If A, is (A, ag)open for each iel, then U{A;/iel} is
(A, og)—closed.

Proof. (1) Let A; be a (A, ag) — closed set for each i € I. Therefore, for
each ie I3 a A,g-setT; and an o-closed set C; > A; =T; NC;. (4

el
= (@ NEC)=(NT)N(C;) By Lemma 3.15 (4), NT; is a A,g-set and
iel iel iel el
NC; is an a-closed set. Therefore, A, is the intersection of a A ,-set and
iel iel

an o—closed set. Hence N4, is (A, ag)—closed.
iel

(2) Let A, be a (A, ag)-open set for each i € I. Then X - A; is

(A, ag)—closed and X-UA =N(X-4;). Therefore by (1) U4, is
iel iel el
(A, og)—open.

Definition 4.16. If A is a subset of the topological space (X, t), then a
point x € X is called (A, ag)— cluster point of A if for every (A, ag)— open
set U containing x, AN U # ¢. The set of all (A, og)-cluster points is called
the (A, ag)-closure of A and is denoted by (A, ag)CI(A).

Lemma 4.17. For subsets A, B and A;(i € I) of a topological space
(X, 1) the following properties hold:

1) (A, 0g)CUA) = N{K/A < K and K is (A, ag)—closed }.
@) (A, 0g)Cl(e) = ¢ and (A, ag)CLX) = X.

3)If A B, then (A, ag)Cl(A) < (A, ag)CI(B).

@) A < (A, og)CLA).

() (A, Otg)Cl(_UI(Ai )= _UI((A, 0g)CU(A;)).

6) (A, Otg)Cl(_ﬂI(Ai )= N (A, 0g)CI(A))).

(7) (A, ag)CI(A, 0g)CIU(A)) = (A, ag)CI(4;).
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Proof. (1) Let x ¢ (A, ag)CI(A). Then 3 a (A, ag)-open set U containing
x> ANU = ¢. Take K =U°, then K is (A, ag)-closed. Also A < K and
x ¢ K. Therefore, x ¢ N{ K/A < K and K is (A, og)-closed} and hence 3 a

(A, og)-closed set K>x ¢ K and A c K. Take K° =U, then U is a
(A, og)-open set containing x > AU = ¢ = x is not a cluster point of A
Thus, x ¢ (A, ag)CI(A). Hence (A, 0g)Cl(A)=({K/Ac K and K is
(A, ag)—closed}.

(2) Obvious.

(3) Let x ¢ (A, 0g)Cl(B). Then 3 a (A, ag)open set U containing
x>BNU=¢. Since Ac B, ANU = ¢ and thus x is not a (A, og)-cluster
point of A. Therefore, x ¢ (A, ag)CI(A). Hence (A, ag)CI(A) < (A, ag)CI(B).

(4) Let x ¢ (A, ag)CI(A). Then x is not a (A, ag)-cluster point of A which
=3 a (A, ag)open set U containing x > ANU =¢ = x ¢ A. Hence
A c (A, ag)CL(A).

(5) Since A; < U(4;), (A, 0g)Cl(A;)c (A, ag)Cl(UA;)= U(A, ag)CI(4;)
el iel iel

< (A, ag)CUU4;)).

(6) Since < [)(4;) < A;, (A, 0g)CI([) A)) < (A, ag)Cl(4;)

el el
= (A, 02)CU(((4) = (A, ag)CU(A;)).
el el

(7) By (3) and (4), (A, ag)CI(A) < (A, ag)CI(A, ag)CI(A)). Conversely,
x € (A, 0g)CI((A, ag)CI(A)) then x is a cluster point of (A, ag)CI(A) = for
every (A, ag)-open set U containing x, (A, ag)Cl(A)NU # ¢. Let
ye (A 0g)Cl(A)NU. Then Y is a cluster point of A = for every
(A, og)-open set M containing y, AN M # ¢. Since U is a (A, ag)open set
and yeU, ANU # o. Therefore, x € (A, ag)CI(A). Hence
(A, 0g)CIU(A, 0g)CI(A)) = (A, ag)CI(A).
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Proposition 4.18. A is (A, oag)-closed iff A = (A, ag)CI(A).

Remark 4.19. From Lemma 4.17, we get (A, ag)—closure is a closure

operator.

Remark 4.20. The following example shows that generally the reverse

inclusion of Lemma 4.17 (5) and (6) are not true.

(A,

(A,

(A,

(A,

(1]
(2]
(3]
[4]
(5]
(6]

(7]

Example 4.21. Let X = {qa, b, ¢} and t = {0, {a, b}, X}.

Let A =¢, Ay ={a} and A ={c}. Then U(Ai) ={a, ¢} and

el
ocg)Cl(U(Ai ) ={a, b,c}.  But, U((A, 0g)CIl(4;)) = {a, ¢}.  Thus,
el el
ag)CUJ(4) ¢ [J (A, ag))ClU(4))).
el iel

Let A ={a,b} and A, =1{b,c}. Then N(4,)={} and
iel

ocg)Cl(ﬂ (4;)) = {b}; But, ﬂ(A, ag)Cl(4;) = {a, b}. Thus,
el el
ag)Cl(((4;) 2 (A, ag)CU(A)).
el iel
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