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Abstract 

In this paper, a new class of sets called sets-g  and sets-
 g  are introduced and 

studied with corresponding examples by utilizing the notions of open-g  sets and closed-g  

sets. Also, several fundamental properties and theorems of such sets are investigated. Further 

  closed-, g  sets and   open-, g  sets are established and their interesting properties and 

some characterizations are derived.  

I. Introduction 

Levine [2] introduced the notion of generalized closed sets in topological 

spaces. Following this, many researchers introduced several variations of 

generalized closed sets and investigated some stronger and weaker forms of 

them. The notion of -sets in topological spaces was introduced by Njastad [7] 

and studied several fundamental properties. The complement of sets  
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called -closed sets were defined and studied by Mashhour et al. [6]. The 

generalized -closed sets and -generalized closed sets were proposed and 

studied by Maki et al. [4, 5]. 

Maki [3] introduced the notion of sets-  in topological spaces. A set-  is 

a set A which is equal to its kernel, i.e., to the intersection of all open 

supersets of A. Caldas et al. [1] introduced the concept of sets-  and 

sets,-
  which is the set equal to intersection of all -open subsets and the 

set equal to the union of all -closed supersets respectively and studied their 

fundamental properties. In this paper, we introduce two new notions namely 

sets-g  and sets-
 g  using the concept of open-g  set and closed-g  set 

due to Maki et al. [4, 5]. Some fascinating properties and characterization 

theorems are established. Also, the concept of   closed-, g  sets and 

  setsopen-, g  are introduced and their essential properties are discussed 

with corresponding examples. 

II. Preliminaries 

Definition 2.1 [6, 7]. Let  ,X  be a topological space. A subset A of  

 ,X  is called -open if    .intintA Acl  The complement of an -open 

set is called an closed-  set if     .int AAclcl   

Definition 2.2 [6]. The -closure of a subset A of a topological space  

 ,X  is the intersection of all -closed sets containing A and is denoted by 

 .Acl  The interior-  of a subset A of a topological space  ,X  is the union 

of all -open sets contained in A and is denoted by  .int A  

Definition 2.3 [5]. A subset A of a topological space  ,X  is called an 

 generalized closed set  closedg  if   UAcl   whenever UA   and 

U is open in  ., X  The family of all closedag  subsets of the topological 

space  ,X  is denoted by  .,  XGC  The complement of an closedag  set 

is an openag  set. The family of all openag  subsets of a topological space 

 ,X  is denoted by  .,  XGO  
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III. sets-g  and sets-
 g  

Definition 3.1. Let A be a subset of a topological space  ., X  A subset 

 Ag  is defined as    MAMAg  |  and  .,  XGOM   

Example 3.2. Let  cbaX ,,  and     .,,,, Xbaa  Then 

          XcababaXGO ,,,,,,,,   and           .,,,,,,, XcababaAg   

Lemma 3.3. For subsets BA,  and  IiAi   of a topological space  ,X  

the following properties hold:  

(1)  .AA g   

(2) If  ,BA   then    .BA gg     

(3)     .AA ggg     

(4)      .IiAIiA igig      

(5)      .IiAIiA igig      

(6) If  ,,  XGOA  then  .AA g   

Proof. (1). Let  .Ax g  Then   an open-g  set MAM   and  

.Mx   Hence Ax   and so  .AA g  

(2) Let BA  and let  .Bx g  Then   an openg  set MBM   

and .Mx   Now MBABA   and   .AxMx g  Hence 

   .BA gg    

(3) Since       ., AAAA ggg    Suppose  Ax g  then   

an openag  set MAM   and .Mx   By Definition 3.1,   MAg   

and .Mx   Hence    .Ax agag   Therefore,      .AA gagag    

Hence     .AA gagag    

(4) Suppose that  IiAx iag    then  .
00 ig AxIi   

Therefore,   an openg   set MAiM  0  and .Mx   Now 



 S. SUBHALAKSHMI and N. BALAMANI 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 1, November 2021 

302 

MAA ii 
0

  and .Mx   Thus,   .IiAx ig     Hence 

     .IiAIiA igig     

(5) From (1),  .igi AA   From (2),     
Ii Ii

igigii AAAA
 

  .  

Hence      .IiAIiA igig     

(6) By Definition 3.1 and by (1),  .AA g  

Remark 3.4. In Lemma 3.2, the reverse inclusion of (4) is not true as 

seen from the following example.  

Example 3.5. Consider X and  as in Example 3.2. Let 21, AA  and 3A  

respectively be    cbba ,,,  and X. Then    bAig    and 

   ., baAig   Hence      .IiAIiA igig      

Remark 3.6. In Lemma 3.2, the reverse inclusion of (5) is not true as 

seen from the following example.  

Example 3.7. Let  cbaX ,,  and   .,, Xa  Then 

            .,,,,,,,, XcabacbaAg   Let 1A  and 2A  respectively be  b  

and  .c  Then   XAig    and    ., cbAig   Hence  

     .IiAIiA igig      

Definition 3.8. Let A be a subset of a topological space  ., X  A subset 

 Ag

  is defined as    ANNAg    and  .,  XGCN   

Example 3.9. Let  cbaX ,,  and   .,,, Xba  Then 

        XcbcacXGC ,,,,,,,   and         .,,,,,, XcacbcAg    

Lemma 3.10. For subsets BA,  and  IiAi   of a topological space 

 ,X  the following properties hold:  

(1)  .AA g

   

(2) If ,BA   then    .BA gg




    

(3)     .AA ggg
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(4)     .IiAIiA igig  



    

(5)      .IiAIiA igig  



    

(6) If  ,,  XGCA  then  .AA g

  

(7)     cg
c

g AA 
   

Proof. (1) to (6) are obvious.  

(7)      ANNA
c

g    and    cccc
NANXGCN  ,  

and  .,  XGON c  Let .MN c   Then  .,  XGOM  Therefore, 

    MAMA cc
g    and    ., c

g AXGOM 
   

Remark 3.11. In Lemma 3.10 the reverse inclusion of (4) and (5) are not 

true as seen from the following example.  

Example 3.12. Let  dcbaX ,,,  and   .,,, Xba  Then 

                    ,,,,,,,,,,,,,,,,,,,, dbacbadcdbcbdacadcXGC 

     .,,,,, AXdcbdca g

   

Let 21, AA  and 3A  respectively be    cbada ,,,,  and X. Then 

    IiAig   and     .aIiAig   Hence   IiAig    

Let 321 ,, AAA  and 4A  respectively be      dba ,,  and  ., ba  Then 

    dbaIiAig ,,   and     .dIiAig   Hence 

     .IiAIiA igig  



    

Definition 3.13. A subset A of a topological space  ,X  is called 

a set-g  if  .AA g  The set of all sets-g  is denoted by  .X, g  

Example 3.14. Let  cbaX ,,  and       .,,,,,, Xcabaa  Then 

        .,,,,,,, XcabaaXGO   Therefore, sets-g  are    ,,,, baa  

  .,, Xca  

Lemma 3.15. For a topological space  ,X  the following properties hold:  
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(1) X and  are .-setsg   

(2) If A is an openag  set, then A is a .-setg   

(3)  Ag  is a .-setg  

(4) Every intersection of setsg -  is a .-setg   

Proof. (1) is obvious.  

(2) Let  .,  XGOA  Then by Lemma 3.3 (6),  .AA g  Therefore,   

A is a set.-g  

(3)  Ag  is the smallest open-g  set containing A. Since  Ag  is 

open-g  and from (2),  Ag  is a set.-g  

(4) Let  IiAi   be a family of sets-g  in  ., X  Then  ,igi AA   

for all .Ii   Let .iAA   Then by Lemma 3.3 (4), 

       .A AAAA iigigg     Therefore,   .AAg   Also 

from Lemma 3.3 (1),  .AA g  Therefore,  .AA g  Hence every 

intersection of sets-g  is a set.-g  

Remark 3.16. In general finite union of sets-g  need not be a set-g  

as seen from the following example.  

Example 3.17. Let  cbaX ,,  and   .,, Xa  Then sets-g  are  

          .,,,,,,,, Xcabacba  Here  b  and  c  are sets-g  but their 

union  cb  is not a set.-g  

Definition 3.18. A subset A of a topological space  ,X  is called a 

set-
 g  if  .AA g


  The set of all sets-

 g  is denoted by  .,  Xg   

Example 3.19. Consider  ,X  as in Example 3.14. Then sets-
 g  are 

      .,,,,, Xcbcb   

Theorem 3.20. For a topological space  ,X  the following properties 

hold:  
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(1) X and  are .-setsg

  

(2) If A is an closedg  set, then A is a set.-
 g   

(3)  A
 g  is a .-setg


  

(4) Every union of setsg -
  is a set.-

 g  

(5) A subset A is a setg -
  if cA  is a .-setg  

Proof. Proofs of (1) to (4) are similar to Lemma 3.15. 

(5) Let cA  be a set.-
 g  Then   .cc

g AA   Therefore, 

        .AAAA
cc

g
cccc

g  



  By Lemma 3.10 (7), 

      .AAAA g
cc

g    Hence A is a set.-
 g  

Remark 3.21. In general finite intersection of sets-
 g  need not be a  

set-
 g  as seen from the following example.  

Example 3.22. Consider  ,X  as in Example 3.17. The sets-
 g  are 

          .,,,,,,,,, Xcacbbacb  Now  ba,  and  ca,  are sets-
 g  but 

their intersection  a  is not a set.-
 g  

Proposition 3.23. For a topological space  ,X  

(1) Every set-  is a .-setg  

(2) Every set-
  is a .-setg


  

Proof. (1)    
  MMA   and  CMA   and 

     ,XGOMMAg   and  .DMA   Further, 

    .AAACDDC g    By Lemma 3.3 (1), 

 .AA g  Hence A is a set.-g  

(2) is similar to (1). 
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Definition 3.24. Let  ,X  be a topological space. Then the closure-g  

of A is denoted by  AGCl  is defined by      ,XGCEEAGCl   

and .EA   

Lemma 3.25. Let  ,X  be a topological space and let ., Xyx   Then 

  xy g  iff   .yGClx   

Proof (Necessity). Let   .xy g  Then ,My   whenever ,Mx   

where M is .open-g  Suppose   yGClx   then   an closed-g  set 

  MyN   and .Nx   This implies NXx   and ,NXy   where 

 .,  XGONX  Take MNX   then   MxXGOM  ,  and 

.My   This is a contradiction and hence   .yGClx   

(Sufficiency) Let   .yGClx   Then ,Nx   whenever ,Ny   where 

N is .closed-g  Suppose   xy g  then    an open-g  set   MxM   

and My   so that MXy   and .MXx   Take NMX   then 

  NyXGCN  ,  and  .Nx   This is a contradiction and hence 

  .xy g  

Theorem 3.26. For any two points x and y in a topological space  ,X  

the following statements are equivalent:  

(1)      .yx gg     

(2)      .yGClxGCl    

Proof.    21   Let      .yx gg    Then   xzXz g  

but   .yz g  By Lemma 3.25,   zGClx   and   zGCly   

     zGClxGCl   and      . zGCly   Thus   .xGCly   

Since           ., yGClxGClyGCly   

   12   Let      .yGClxGCl   Then   xGClzXz   and 

  .yGClz   By Lemma 3.25,   zx g  but   .zy g  Since 

  zx g  and       ,XGOMMzg   and Mz   we get 

Mx   whenever ,Mz   where M is  openg  (i). Since,      ,zy g  
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an openg   set MzM   but .My   Let it be xM (ii). By (i) and (ii), 

xMx   and xMy   and therefore   .xy g  Hence      .yx gg     

Proposition 3.27. Let  ,X  be a topological space and  .,  XGOA  

Then       .|  AxGClXxAg   

Proof. Let   ,XGOA  and let  .Ax g  Since   ,XGOA  by 

Lemma 3.15 (2),  .AA g  Also       . AxGClxGClx   

Conversely, let    . AxGClXx   Suppose  Ax g  then 

  MAXGOM  ,  and .Mx   Let    .AxGCly   Since 

  ,xGCly   by Lemma 3.25,   .yx g  Therefore, for every openg  

set   ., MxMyM   Since Ay   and ,, MyMA   where M is an 

openg   set in (𝑋,𝜏). Hence .Mx   This is a contradiction and hence  

 .Ax g  

IV.   Closed-αgΛ,  Sets 

Definition 4.1. A subset A of a topological space  ,X  is called a 

  closed-, g  set if ,CTA   where T is a set-g  and C is an closed-   

set. The family of all   closed-, g  sets is denoted by  .,  XGC  

Example 4.2. Let  cbaX ,,  and     .,,, Xba  Then 

          .,,,,,,, XbacbaXGC    

Proposition 4.3. Every closed-  set is a   closedg -,   set but not 

conversely.  

Proof. Obvious.  

Example 4.4. Consider  ,X  as in example 4.2. Here  a  is a 

  closed-, g  set but not closed.-  

Proposition 4.5. Every   setresp g -   is a   closedg -,   set but not 

conversely. 
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Proof. Let A be a   .-.resp setg   Then XAA   where A is a 

  set-. gresp    and X is an -closed set. Therefore A is a   closed-, g  set.  

Example 4.6. Consider  ,X  as in example 4.2. Here  c  is a 

  closed-, g  set but not a   .-setresp g   

Proposition 4.7. Every openg-  set is a   closedg -,   set but not 

conversely. 

Proof. Let A be an open-g  set. Then by Lemma 3.15 (2), A is a set.-g  

Then XAA   where X is a set-g  and A is an -closed set. Therefore A 

is a   closed-, g  set. 

Example 4.8. Consider  ,X  as in example 4.2. Here  c  is a 

  closed-, g  set but not an open-g  set. 

Proposition 4.9. Every   closed-,   set is a   closedg -,   set but not 

conversely. 

Proof. Obvious.  

Example 4.10. Let  dcbaX ,,,  and   .,,, Xba  Then  

  closed-,   sets are             Xdbacbadcbadc ,,,,,,,,,,,,,  and     

  closed-, g  sets are                  ,,,,,,,,,,,,,,, dbcbdacabadcba  

          .,,,,,,,,,,,,,, Xdcbdbadcacbadc  Here  cb,  is a   closed,  g  

set but not   .closed,    

Remark 4.11. The above discussion is exhibited in the following diagram.  

 

Theorem 4.12. For a subset A of a topological space  ,, X  the following 

statements are equivalent. 
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(1) A is a   closedg ,  set.  

(2)  ,AClTA    where T is a .-setg  

(3)    .AClAA g     

Proof.     21    Let ,CTA   where T is a set-g  and C is an 

closed-  set. Now, CA   and C is     .closed- CCClACl    There 

for   CACl   and   .AAClTCT    Hence  ,AClTA    

where T is a .set-g  

   32   Let  ,AClTA    where T is a .set-g  Now, TA   and T 

is a     .- TTAset ggg    Thus,   TAg   and 

      .AAClTAClAA g     Hence    .AClAA g     

   13   Since  Ag  is a  AClg  ,set-  is closed-  and 

   ,AClAA g    by Definition 4.1 we have A is a   closed-, g  set.  

Definition 4.13. A subset A of a topological space  ,X  is said to be 

  open,  g  if the complement of A is   .closed,  g  In other words, a 

subset A of a topological space  ,X  is called   open,  g  if ,CTA   

where T is a setg -
  and C is an open  set.  

Theorem 4.14. For a subset A of a topological space  ,X   the following 

statements are equivalent:  

(1) A is   ., openg   

(2)  ,int ATA    where T is a set.-
 g  

(3)    .intA AA g 

    

Proposition 4.15. For a subset  IiAi   of a topological space  ,X  the 

following properties hold good:  

(1) If iA  is   closedg ,  for each ,Ii   then  IiAi   is  

  ., closedg   
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(2) If iA  is   openg ,  for each ,Ii   then  IiAi   is 

  ., closedg   

Proof. (1) Let iA  be a   closed,  g  set for each .Ii   Therefore, for 

each  Ii  a ig Tset-  and an closed-  set 
Ii

iiiii ACTAC


 .  

       
Ii Ii Ii

iiii CTCT
  

 .  By Lemma 3.15 (4), 
Ii

iT


 is a set-g  and 


Ii

iC


 is an closed  set. Therefore, 
Ii

iA


 is the intersection of a set-g  and 

an closed  set. Hence 
Ii

iA


 is   .closed,  g  

(2) Let iA  be a   open,  g  set for each .Ii   Then iAX   is 

  closed,  g  and  
Ii

i
Ii

i AXAX


 .  Therefore by (1) 
Ii

iA


 is 

  .open,  g  

Definition 4.16. If A is a subset of the topological space  ,, X  then a 

point Xx   is called   clusterg ,  point of A if for every   openg ,   

set U containing ., UAx   The set of all   cluster,  g  points is called 

the   closure-, g  of A and is denoted by    ., AClg  

Lemma 4.17. For subsets BA,  and  IiAi   of a topological space 

 ,X  the following properties hold:  

(1)      KAKAClg  ,  and K is   ., closedg    

(2)      Clg,  and     ., XXClg   

(3) If ,BA   then        .,, BClgAClg    

(4)    ., AClgA   

(5)          
Ii Ii

ii AClgAClg
 

 .,,   

(6)          
Ii Ii

ii AClgAClg
 

 .,,   

(7)          .,,, iAClgAClgClg   
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Proof. (1) Let    ., AClgx   Then   a   open-, g  set U containing 

. UAx   Take ,cUK   then K is   .closed-, g  Also KA   and 

.Kx   Therefore,  KAKx    and K is   closed-, g  and hence   a 

  closed-, g  set KxK   and .KA   Take ,UK c   then U is a 

  open-, g  set containing xUAx    is not a cluster point of A 

Thus,    ., AClgx   Hence      KAKAClg  ,  and K is 

  .closed,  g   

(2) Obvious.  

(3) Let    ., BClgx   Then   a   open-, g  set U containing 

. UBx   Since  UABA ,  and thus x is not a   cluster-, g  

point of A. Therefore,    ., AClgx   Hence        .,, BClgAClg    

(4) Let    ., AClgx   Then x is not a   cluster-, g  point of A which 

  a   open,  g  set U containing .AxUAx    Hence 

   ., AClgA   

(5) Since               
Ii

i
Ii Ii

iiii AClgAClgAClgAA
 

 ,,,,  

   
Ii

iAClg


 .,  

(6)  Since           
Ii Ii

iiii AClgAClgAA

 

 ,,,  

         
Ii Ii

ii AClgAClg

 

 .,,  

(7) By (3) and (4),          .,,, AClgAClgAClg   Conversely, 

     AClgClgx  ,,  then x is a cluster point of      AClg,  for 

every   open,  g  set U containing     .,,  UAClgx   Let 

    ., UAClgy   Then Y is a cluster point of A  for every 

  open-, g  set M containing ., MAy   Since U is a   open-, g  set 

and .,  UAUy   Therefore,    ., AClgx   Hence 

          .,,, AClgAClgClg   
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Proposition 4.18. A is   closedg -,   iff    ., AClgA    

Remark 4.19. From Lemma 4.17, we get   closure,  g  is a closure 

operator. 

Remark 4.20. The following example shows that generally the reverse 

inclusion of Lemma 4.17 (5) and (6) are not true.  

Example 4.21. Let  cbaX ,,  and   .,,, Xba   

Let  aAA  21 ,  and  .3 cA   Then    
Ii

i caA



 ,  and 

      
Ii

i cbaAClg



 .,,,  But,      
Ii

i caAClg



 .,,  Thus, 

        .,,  
Ii Ii

ii AClgAClg

 

  

Let  baA ,1   and  .,2 cbA   Then    
Ii

i bA


  and 

      
Ii

i bAClg



 ;,  But,      
Ii

i baAClg



 .,,  Thus, 

         
Ii Ii

ii AClgAClg

 

 .,,  
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