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Abstract

In this paper the concept of Pythagorean fuzzy gradation of openness and Pythagorean
fuzzy gradation of closedness are introduced and analysed.

1. Introduction

In Yager [5] introduced the notion of Pythagorean fuzzy set which has
many effective applications in natural and social sciences. A Pythagorean

fuzzy set in a non-empty set X is a pair A = (uy, v4) of a membership

function py : X — [0,1] and a non-membership function v4 : X — [0, 1]

with the condition that 0 < p42(x)+v42(x) < 1, for every x € X. In Olgun

[4] introduced the notion of Pythagorean fuzzy topological space in the sense
of Chang [1]. In Hazra, et al. [3] gave a new definition of fuzzy topology by
introducing the concept of gradation of openness of fuzzy subsets. In
Chattopadhyay, et al. [2] modified the definition of gradation function and
studied subspace of fuzzy topological spaces and gradation preserving maps.
In this paper, the concept of Pythagorean fuzzy gradation of openness is

introduced and studied.
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2. Preliminary Definitions
Definition 2.1 [4]. A Pythagorean fuzzy subset A of a non-empty set X is
a pair (uy,vy) of a membership function py : X —[0,1] and a non-
membership function v, : X — [0, 1] with the condition that 0 < p,%(x)
+v42(x) <1, for every x e X.

Definition 2.2 [4]. Let X be a non-empty set. Let A = (uy, v4) and
B = (upg, vg) be two Pythagorean fuzzy subsets of X. Then

(1) A is a subset of B or B contains A denoted by A < B or B> A if
“A_S UB and.vA > UB.

(i1) The complement of A denoted by A€ is a Pythagorean fuzzy set in X
defined by A€ = (vg, py)

(1) The  intersection of A and B is defined Dby
AN B = (min {uy, pp}, max vy, vg}).

@1v) The union of A and B is defined by
AUB = (max {uy, up}, min{vyg, vg}).

(v) The intersection of (A;) a collection of Pythagorean fuzzy subsets

el
of X, denoted by (;c.;4; is a Pythagorean fuzzy set in X defined by
NicrA; = (Ajer Ba;» Vier Va;) for each x € X and the union of (4;);.7,
a collection of Pythagorean fuzzy subsets of X, denoted by U;.;4; is a

Pythagorean fuzzy set in X defined by U;jc1A; = (Vics M4, Aier V4;):

Definition 2.3 [4]. The Pythagorean fuzzy whole set 1 is defined by
1 = (i, vj) where p;(x) =1 and vj(x) = 0, for each x € X.

Definition 2.4 [4]. The Pythagorean fuzzy null set 0 is defined by
0 = (1g, Uy) where pg(x) = 0 and vy, (x) = 1 for each x € X.

Definition 2.5 [4]. Let X be a non-empty set and let t be a family of
Pythagorean fuzzy subsets of X. If
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@1,0er
(i) For any A;, Ay €1, A; N Ay e
(iii) For a collection {4;};.; = 1, Ujes 4; €1

then 1 is called a Pythagorean fuzzy topology on X and (X, 1) is called a
Pythagorean fuzzy topological space.

Definition 2.6. Let (X, t) be a Pythagorean fuzzy topological space. Let
Y <X Let A=(uy,vq)et

Define A/Y =(ua;y,va/y) as (na;y)(2) =na(z) and (vg,y)(2) =v4(2),
forall z €Y.

Define (t/Y) = {A/Y/A € 1t} Then (1/Y) is called the Pythagorean fuzzy
subspace topology on Y and (Y, t/Y) is called a Pythagorean fuzzy subspace
of (X, 1) (or) simply Yis called a Pythagorean fuzzy subspace of X.

Definition 2.7 [4]. Let X and Y be no-empty sets, Let 6 : X - Y be a
function and let A and B be two Pythagorean fuzzy sets of X and Y

respectively. Then,
(i) The image of A under 6, denoted by 6(A) = (ng(a), Voa)) is a

Pythagorean fuzzy set in Y defined as follows: for each y € Y

_ A f 671 . i t
Moa)) = Ve l(y) mil) i (3./) is non-empty
0, otherwise

v (y) = 1 veo7l(y) vilx), if 671(y)is non-empty
o(A)VY .
0, otherwise

(ii) The pre-image of B under 0, denoted by 671(B) = (“6’1(B)’ Ue’l(B)) is

a Pythagorean fuzzy set in X defined as follows: for each x e X

g1 () = 1B (0() and 1 ) = V(O())
Definition 2.8 [4]. Let (X, ty) and (y, t9) be two Pythagorean fuzzy
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topological spaces. A mapping 6: X — Y 1is called Pythagorean fuzzy

continuous if for all A € 19, G_I(A) € 1.

3. Pythagorean Fuzzy Gradation of Openness

Definition 3.1. Let X be a non-empty set. A mapping G : PYF(X) - I is

said to be a Pythagorean fuzzy gradation of openness on X iff the following
conditions are satisfied:

(PYFGO1) G(0)=¢@)=1
(PYFGO2) G(A;)>0,fori=1,2,....,m
G(N7L, A;))>0
(PYFGO3) G(A;)>0,1 e A
GUper 4) >0
The pair (X, ) is called a Pythagorean fuzzy gradation space.

Definition 3.2. Let (X, G) be a Pythagorean fuzzy gradation space. Then

the Pythagorean fuzzy topology on X induced by G is given by
1(G) = {A € PYF(X)/G(A) > 0}.

Definition 3.3. Let G; and G9 be two Pythagorean fuzzy gradations of
openness on X. Then G; > Gq if G;(A) = Go(A) for all A e PYF(X).

Definition 3.4. Let (X, G;), (Y, G5) be two Pythagorean fuzzy gradation

spaces. Thenamap 06 : X — Y is called

(1) A Pythagorean fuzzy gradation preserving map, if
Go(A) < G1(0671(A)), for each A e PYF(Y).

(2) A Pythagorean fuzzy strongly gradation preserving map, if
Go(A) < G1(0671(A)), for each A e PYF(Y).

(3) A Pythagorean fuzzy weakly gradation preserving map, if
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Go(A) > 0 = G,(671(A)) > 0, for each A e PYF(Y).

Definition 3.5. Let X be a non-empty set. A mapping § : PYF(X) —» I

is said to be a Pythagorean fuzzy gradation of closedness on X iff the
following conditions are satisfied:

(PYFGC1) F(0)=g(1)=1
(PYFGC2) J(4;)>0,fori=1,2 ...,m
= F(UT, 4) >0
(PYFGC3) F(4;) > 0, for L e A
= F(Mea Ar) > 0.

Definition 3.6. Let (X, G) be a Pythagorean fuzzy gradation space and
A € PYF(X). Then G -closure of A, denoted by Gcl(A) and is defined as
Gel(A) = B € PYF(X), 3g(B) > 0, B o A}.

Note: From the definition it follows that
() g(Gel(A)) >0

(ii) For every A, B € PYF(X), A o B implies that Gel(A) o Gel(B).

Definition 3.7. Let X be a non-empty set. A mapping G, : 2* > I is

said to be crisp gradation of openness on X iff the following conditions are
satisfied:

() Gu(0) = G.(X) =1

(i) G.(4;)>0,i=1,2,....,m
= G.(N74 4;) >0

(iii) Gu(A4;) > 0, for 1 € A

= Gu(Upen 4) >0
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Therefore (X, G,.) is crisp gradation space. Then the topology on X
induced by G, is ©(G,) = {4 € 2% / G.(A) > 0.

Definition 3.8. Given A = 2% define A = (ug v4) as py : X — [0, 1]
such that ps(x) >0, if x € A and ps(x) =0, if x ¢ A and vy : X — [0, 1]

such that wvy(x)>0, if xeA and wvy(x)=0, if x ¢ A Therefore
A e PYF(X).

Definition 3.9. Let G : PYF(X) — I be a Pythagorean fuzzy gradation

of openness on X. Define G, : 2° — I such that G,(A) = G(A). Then G, isa

crisp gradation of openness on X.

Theorem 3.10. Let G be a Pythagorean fuzzy gradation of openness on X
and Fg : PYF(X) > I be a mapping by Fg(A)=G(A®). Then Fg is a
Pythagorean fuzzy gradation of closedness on X.

Proof. Let G be a Pythagorean fuzzy gradation of openness on X.

To prove: §¢ is a Pythagorean fuzzy gradation of closedness on X.
@ $g(0) = G(0°) = G(i) =1

Fgd) = 9(i) = G(0) = 1
Therefore §g(0) = §(1) =1
() FgU, A) =G, A

= (N7, (4)) >0

Sg(UfL, 4;) >0

(i) Fg(Mrea A1) = G(Mhen A)°

= G(Ujen (42)) >0
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F(Myen 4) >0

Therefore §g is a Pythagorean fuzzy gradation of closedness on X.

Theorem 3.11. Let § be a Pythagorean fuzzy gradation of closedness on

Xand Gz : PYF(X) — I be a mapping defined by Gz(A) = F(A®). Then Gz
is a Pythagorean fuzzy gradation of openness on X.

Proof. Let § be a Pythagorean fuzzy gradation of closedness on X.

To prove Gy is a Pythagorean fuzzy gradation of openness on X.
@ G5(0) = F(0°) = 3() =1
Gz(1) = 3@) = 3(0) =1
Therefore Gz(0) = Gz(1) =1
) Gz(NL Ap) = F(N7y 4)°
=3(UL (4))>0
Therefore Gz (N7, 4;) > 0
(i) Gz(Upea 4s) = FUsen 42

= F(Mrea (4.)) >0
Therefore Gz(Upcp 4;) >0
Therefore Gz is a Pythagorean fuzzy gradation of openness on X.

Theorem 3.12. Let G, § be a Pythagorean fuzzy gradations of closedness
and openness respectively on X. Then Gz, =G, §g.= 3.

The proof is follows from Theorem 3.1, Theorem 3.2.

Theorem 38.13. Let (X, G) be a Pythagorean fuzzy topological space.
Then
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@) Gel(0) =0
(i) Gel(A) o A
(iii) Gel(A; U Ag) = Gel(A;) U Gel(Ay)
(iv) Gel(Gel(A)) = Gel(A)
Proof. (i) and (ii) are obvious.
(iii) Let A;, Ay € PYF(X)
From (ii), it is clear that Gcl(4;) o Ay and Gel(As) o Ag
Gel(A)) U Gel(Ay) o Ay U A,
By the definition of Pythagorean fuzzy gradation of closedness,
Fg(A)>0,i=1,2
= Fg(Gel(A)) U Gel(Ay)) > 0
Since Fg(Gel(Ay)U Gel(Ag)) > 0 and Gel(A;) U Gel(Ay) o Ay U Ay, then
Gel(A;)U Gel(Ag) o Gel(Ay U Ay), ..., (1)

Now to prove Gel(4) U Ag) o Gel(Ay) U Gel(Ay)
We know that, 4] = A; U Ay and Ay < A U A,

= Gel(A;) < Gel(Ay U Ay) and Gel(Ay) < Gel(4q, Ay)

= Gel(A) U Gel(Ag) < Gel(A U Ay)
That is Gel(A U Ag) 2 Gel(A1) U Gel(Ag), ..., (2)
From (1) and (2),
Gel(Ay U Ag) = Gel(A;) U Gel(As).
Proof of (iv) is obvious.

Theorem 3.14. Let (X, G) be a Pythagorean fuzzy topological space.
Then for each A € PYF(X), 3g(A) > 0 iff A =Gcl(A).
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Proof. Let (X, G) be a Pythagorean fuzzy gradation space.
Assume Fg(A) > 0, for each A € PYF(X).

To prove: A = Gcl(A)

Gel(A) = N{B < PYF(X)/3;(B) > 0, B o A}

= A (since Fg(A) > 0, then A is a member of the above collections

and every member contains A)

Therefore Gel(A) = A.
Conversely, assume Gcl(A) = A, ..., (1)
To prove: Fg(A) >0

From the definition of G-closure of A, Gcl(A) = N{B e PYF(X),

It is clear that Fg(Gcl(A)) > 0
= Fg(A) > 0 (since by (1))
Hence proved.
Theorem 3.15. Let {Gy;k =1, 2, ..., n} be a finite family of Pythagorean

fuzzy gradation of openness on X. Then G = ﬂ’,;:lg . is a Pythagorean fuzzy

gradation of openness on X.
Proof. Let {Gy;k =1, 2,..., n} be a finite family of Pythagorean fuzzy

gradation of openness on Xand G = }_,G;,
To prove: Gis a Pythagorean fuzzy gradation of openness on X.
@ 6(0) = N}, Gx(0)
= G1(0) A G3(0) A .. £ G, (0)
=1
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(since for each {G;;k =1, 2, ..., n} is (PYFGO1))
6(1) = M1 Gr ()
= GA) A Go(1) A ... A G, (1)
=1
(since for each Gp; k=1, 2, ..., n is (PYFGOL))
1) G(A;) = ME_1Gr(4;), for i =1 tom
= G(A) A Go(A) A "G (A, for i =1,2,....m

G(A;))>0, for i=12..,m (since for each G.(4;)>0, for
1=1,2 ... mand k=12, ...,n)

= g(ﬂ;'il Ai) = Z:lgk(ﬂ;zl Ai)
= G1(N7L, A) A Ga(Ny Ai) A A Gu(NTL) Ay)
= G(N7*; A;) > 0 (since for each Gr(N7L; 4;) >0,k =1,2,...,n)
(111) g(Ax) = Z:lgk(Ak ), fOI' Are A

= gl(Al) A gz(A;\‘) VANPRVAN gn(A)\‘), for A € A

G(4,)>0, for LeA (since for each Gp(4,)>0, for AeA,
k=12 ...,n)

= GUsen A2) = N5 1GrUjen 45)

= G1(Urea A) A GalUpen A) Ao A GpUpca Ar)

G1(Usen 4;) > 0 (since for each Gp(Ujep 4) >0, k=12, ..., n)

Therefore G ﬂ',;:l G 1is a Pythagorean fuzzy gradation of openness on

Theorem 3.16. Let (X, G,), (Y, G,) be two Pythagorean fuzzy topological
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spaces and 0 : X — Y be a function. Then the following are equivalent:

(i) 0 is a Pythagorean fuzzy weakly gradation preserving map
(i) 0(Gcl(A)) < Gel(6(A)), for A e PYF(X).
Proof. Suppose (i) holds then for each A € PYF(X).
071(Gel(0(A)) = 07N {B e PYF(Y)/35,(B) > 0, B = 0(A)}]
= 0[N {B e PYF(Y)/35,(67"(B)) > 0, B 2 6(A)}]
> N1{071(B) e PYF(X)/J5,(071(B)) > 0, 07'(B)) = (67'(A))}
> N{o~(B) e PYF(X)/3g,(67(B) > 0, 67'(B) 2 A}
071 (Gel(B(A)) = Gel(A)
(Gel(6(A))) = 6(Gel(A)), for every A e PYF(X)
Therefore (i) = (ii)
To prove: (i) = (@)
Suppose (ii) holds, that is 8(Gcl(A)) = Gel(6(A)) for all A € PYF(X)
From the theorem, weve for each B e PYF(Y), Go(B)> 0
= §g,(B°) > 0 iff Gel(B°) = BC.
Since, 0(Gel(071(B))) = Gel(6(6~1(B%))) < Gel(B¢) = B¢
0(Gel(07'(B)) < B°

Gel(0671(B%)) < 671(B°)
Hence,

§6,(071(B) >0

= 3g,(071(B)F >0
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= Gi1((07(B)) >0
= G,(671(B)) > 0, for every B € PYF(Y).

Therefore 0 is a Pythagorean fuzzy weakly gradation preserving map.

Theorem 3.17. 0: (X, G;) = (, G3) is a Pythagorean fuzzy weakly
gradation preserving map iff 0 :(X, ©(G;)) > (Y, ©(Gy)) is a Pythagorean

fuzzy continuous.
A e 1(Gy)
= G5(A)>0
= G1(67'(4) > 0
= 071(4) e 1(G)
Therefore 0 : (X, 1(G;)) = (Y, ©(Gg)) is a Pythagorean fuzzy continuous.

Conversely, assume 0 : (X, ©(G;)) = (Y, 1(G3)) is a Pythagorean fuzzy

continuous.

To prove: 0 : (X, G;) — (¥, Go) is a Pythagorean fuzzy weakly gradation

preserving map.
Go(A) >0
= A e 1Gy)

= 67'(A) e 1(Gy)

= G1(677(4)) > 0

Therefore 0 : (X, G;) — (Y, G9) is a Pythagorean fuzzy weakly gradation

preserving map.

Theorem 3.18. For A e 2!, A c[0,1] = I, define A; = (“AI’ UAI) as

wy, 1> [0, 1] and vy L - [0, 1] such that uAI(x) = A, for every x € X
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and Vi, (x) = 0, for every x € X. Therefore A; ¢ PYF(I).

Let G be a Pythagorean fuzzy gradation of openness on X. Define

G). : 27 > I such that (G;),(A) = G(A;). Then (Gp), is a crisp gradation

of openness on X.

Theorem 3.19. Given A e PYF(I), where py:I1—[0,1] and
vg : I > [0,1] Fix o el Define (Ay) < I such that A, ={uy (o)},

I' 571 bea crisp gradation of openness on I. Define

singleton set. Let G, : 2
Gy : PYF(I) »> I such that G,(A) = G.(A,) Then G, is Pythagorean fuzzy

gradation of openness on X.

Theorem 3.20. Let G, : 2l 57 bea crisp gradation of openness on 1.
Let X be any non-empty set. Fix x € X, define G, : PYF(X) — I such that
G, (A) = G.({pa(x)}). Then G, is a Pythagorean fuzzy gradation of openness
on X.

Theorem 3.21. Let G : PYF(X) — I be a Pythagorean fuzzy gradation of
openness on X. Let G, : PYF(X) — I such that G.(A) = G(A®). Then G, isa

Pythagorean fuzzy gradation of openness on X.
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