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Abstract

The paper concentrates on the theory of Annihilator domination in Strong Product graphs.
The split domination in graphs was introduced by Kulli and Janakiram [4]. K. V.
Suryanarayana Rao and V. Sreenivasan have investigated some properties of the split
domination number of some product graphs and obtained several interesting results [7]. In this
paper, we have investigated some properties of the split and Annihilator domination number of
Strong Product graphs. Few significant and interesting results were studied on different graphs.

Introduction

One of the most active fields of modern mathematics is graph theory. Due
to its extensive applicability to discrete optimization issues, combinatorial
difficulties, and classical algebraic problems, graph theory has grown
dramatically during the last 30 years. It has several applications in
disciplines like as engineering, physical, social, and biological sciences,
languages, and so on. In recent years, the idea of dominance has been at the
centre of graph theory study. This is because to a number of additional
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factors that may be derived from the fundamental concept of dominance. The
NP-completeness of the fundamental dominance issues, as well as their
strong connection to other NP-completeness problems, has fueled a massive
increase in domination theory research. The extensive coverage of “Topics on
dominance in graph” in the 86th issue of the Journal of Discrete Mathematics
(1990) demonstrates that the theory of domination is a very prominent topic
of graph theory research effort. The majority of the paper’s vocabulary was
derived from sources [1], [2]. Kulli and Janakiram [4] first proposed split
dominance in graphs. They defined the split dominating set and the split
domination number, as well as a number of noteworthy conclusions for the
split domination number of various typical graphs. On tensor products of
graphs, Sampathkumar [3] discovered some interesting findings. K. V.
Suryanarayana Rao and V. Sreenivasan [5] and [8] developed split and
annihilator domination in arithmetic graphs, as well as several standard
graphs. We consider product graphs and recall the results associated to the
product graphs. K. V. Suryanarayana Rao and V. Sreenivasan [7] obtained
several interesting results on Kronecker, Cartesian and Lexico product of
graphs. Some findings on the Kronecker Product of two graphs were achieved
by Dr. P. Bhaskarudu [6]. Arithmetic Graphs of Split and Annihilator
Domination Number has been studied by P. Aparna, K. V. Suryanarayana
Rao, and E. Keshava Reddy [9].

We looked at certain properties of a Split and Annihilator domination
number of Strong product graphs, which was inspired by the research of

dominance and split domination.
Basic definitions:

Dominating set. A subset D of V is said to be a dominating set of G if

every vertexin V \ D is adjacent to a vertex in D.

Dominating number. The dominating number y(G) of G is the

minimum cardinality of a dominating set.

Split dominating set. A dominating set D of a graph G is called a split
dominating set, if the induced subgraph (V — D) is disconnected.

Split domination number. The split dominating number y4(G) of G is

the minimum cardinality of the split dominating set.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 9, July 2022



THE SPLIT AND ANNIHILATOR DOMINANCE OF STRONG ... 5471

Annihilator Domination set. The dominant set D of graph G is said to
be the Array of annihilator dominant, if the induced subgraph (V — D) is a

graph with isolated vertices or a graph with independent vertices.

Annihilator Domination Number. The annihilator domination
number v,(G) of G is the minimum cardinality of an annihilator dominating

set.

Strong Product of two Graphs. The strong product G X H of graphs
G and H is a graph such that

(1) The vertex set of G X H is the Cartesian product V(G)x V(H); and

(ii) Distinct vertices (w, ') and (v, V') are adjacent in G X H if and only
if

e u =v and u' is adjacent to V', or

e u' =0 and u is adjacent to v, or

e 1 is adjacent to v and u' is adjacent to v'.

It is the union of the Cartesian product and the Tensor product. It is also
called as Normal product or the AND product.

Regular Graph. A regular graph is a graph where each vertex has the
same number of neighbors; i.e. every vertex has the same degree. A regular
graph with vertices of degree k is called a k-regular graph or regular graph of
degree k.

Some results on Split domination of Product graphs [7]

Theorem 1 [7]. If G1, G2 are any two graphs, then ys|G1(k)G2]
< min[ys(G1) - | V2|, | V1| ys(G2)] (Kronecker Product of two graphs)

Theorem 2 [7]. If G1, G2 are any two graphs without isolated vertices,
then vs[G1(C)G2] < ys(G1) -| V2| (Cartesian product of two graphs)

Theorem 3 [7]. If G1, G2 are any two graphs without isolated vertices,

then vs|[GL(L)G2] < vs(G1) - | V2| (Lexico product of two graphs)

In this Paper we have concentrated on Split and Annihilator domination
of Strong Product Graphs and obtained several results.
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Split and Annihilator domination of Strong Product Graphs

e The following results are identified for Paths in Strong Product of
Graphs:

Number of vertices Split Domination | Annihilator Domination
in G and H [G(s)H] | number y4,[G(S)H] number v,[G(S)H]

1. [G(S)H] with vs[G(S)H] = 3 Y4[G(S)H] = 5(3 + 2)
3 x 3 Vertices

2. [G(S)H] with vs|G(S)H] = 8 1o[G(S)H] = 12(8 + 4)
4 x 4 Vertices

3. [G(S)H] with v4[G(S)H] = 10 14[G(S)H] = 16(10 + 6)
5 x 5 Vertices

4. [G(S)H] with v4[G(S)H] = 18 Y4[G(S)H] = 27(18 + 9)
6 x 6 Vertices

5. [G(S)H] with Y[G(S)H] = 21 14[G(S)H] = 33(21 + 12)
7 x 7 Vertices

6. [G(S)H] with v[G(S)H] = 32 14[G(S)H] = 48(32 + 16)
8 x 8 Vertices

7. [G(S)H] with vs[G(S)H] = 36 14[G(S)H] = 56(36 + 20)
9 x 9 Vertices

8. [G(S)H] with vs[G(S)H] = 50 14[G(S)H] = 75(50 + 25)
10 x 10 Vertices

And so on...

Suppose we have a G(s)H Path graph of order n xn where n > 2 then

we have investigated the following results on Split and Annihilator

Domination for Strong Product Graph.

Theorem 1. If G, H are any two path graphs with G, H, vertices
where n > 2 respectively then the Strong product of G(s)H [The Strong
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product of two graphs G and H] Satisfies the following results.
M) vs[Gs)H] < v5(G) - | Va |
(D) v5[G(s)H] < D + 1 (V1 = Dy) | x| Dy [}.

Proof. (i) Suppose G be a Path graph with n-vertices and H be another
Path graph with n-vertices

Let V(G) = {iy, w9, us, ..., u,} = Vi(say), n > 2 and

V(H) = {v, vg, U3, ..., U,} = Vo(say), n > 2

Now the Cartesian product of V(G) x V(H) is

VIG(s)H] = {1, v1), (> V), -, (W ), (g, v1), (g, V), ..., (2, vy),
(g, v1), (ug, va): -, (g, V), s (U, 1) (W, V2), s (U 0}

Let Dy ={ug, gy, > g} and Dy ={vg, Vg, ..., Vg, } are split

dominating sets of G and H respectively. Here the vertices ug , ug,, ..., ug,

are adjacent with at least one vertex in (V] — D;). Similarly the vertices

Ud;» Udy» -5 Ug, are adjacent with at least one vertex in (Vo — Dy).
Consider Dy = Dy x Vo = {ug, , ugy, ---» Ug, } X Vg, » Vdy» -++» Va, }
= {(udl ’ Ul)’ (udl s 02)’ s (udl s Un)7 (udZ ’ Ul)? (udz ’ UZ)? EEER)
(ud29 Un)7 s (udn9 Ul)’ (udn’ 02)’ SR (udn’ vn)}
is the dominating set of G(s)H as shown in figure 1.

Removal of vertex set D, in V we get the induced subgraph

(VIG(s)H] - D, ) is disconnected as shown in figure 1(a).

Suppose (i, v) is any vertex in D, then we have the first component u is
in Dl'

Let the first component u = ug for some i in D; and the second
component v is in (Vo —Dy) and will be adjacent to some vertex in

D2 = {vdl, Ud2, ey Udn}'
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For the sake of definiteness v is adjacent with Vg for some j then
(w, v) = (uq;, v) is adjacent with (uq,, vd, ). Thus D, is a dominating set.
Further we have to prove that D; is a split dominating set.

Suppose (u, v) be any vertex in (V — D,), where wisin (V; - D;) and v

1s any vertex in H.

Let, w;, u; be two different components of the induced sub graph
(i - Dy) of G.

By the definition of split domination and from the definition of strong
product of graph the vertices (u;, v), (u;, v) will be different components of

(V — D,) of G(s)H.

Removal of D, from the vertex set V we obtain the induced subgraph

(V — D) is disconnected.
Thus Dj is a split dominating set of G(s)H as illustrated in figure 1(a).
Hence v,[G)H] <| D, |
and 50 1,[GE)H] < 1,(G)-| Vo |
(ii) Let D, = The Cartesian product of (V; — D;) and D,
D, = (Vi - D)} (D)
= Dy = {(ug, Vg, ) Ways v, ) s (Ways va,), (Uays va, ), (ays va, ), -
(Way» v, ) - (> Vay ) (Way s Vay): - (g, s Va, )}
be the annihilator domination set of (G(s)H — D).
Let (uaj, Udj) be any vertex in D,. Here u,, is in (V; — D) for some i
and Vg isin Ds,.
Now u,, isin (V; — D;) and will be adjacent to some vertex in D, Vd; is

in Dy and will be adjacent to some vertex in (Vo — Dy).
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Therefore (uaj, Udj) is adjacent with every vertex in (G(s)H — D).
The removal of D, from (G(s)H — D) then we obtain the graph with
isolated vertices called as annihilator domination graph.

The minimal cardinality of D, is called the annihilator domination

number.

Now total vertices we have to remove is D, = {| (V] — D) |} x {Dy} then
we obtain annihilator graph of G(s)H as illustrated in figure 1(b).

Hence v,[G(s)H] < D5 = {| (Vi = Dy) |} x {Dy}

Illustrations.

Uy ug uz N

Split dominating set of G = Dy = {1y, us}

vy va vy V4

Split dominating set of H = Dy = {v;, vs}.

By the definition of Strong product of two graphs G and H we have
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Graph of [G(s)H]

Figure 1.

The split dominating setis D, = Dy x Vo = {uy, us} x {vy, vy, Us, U4}
= {(ul’ Ul)’ (ul’ U2)7 (ul’ 03)’ (ul’ U4)7 (u3’ Ul)’ (u3’ 02)7 (u3’ 03)’ (u37 U4)} =38
is the minimal split domination set.

Now removal of D, from V we get the graph is splitted.

Graph of (V[G(s)H] - D)

g Ve ug vy Uy Vo Ug ¥y

up vy Uz vy us va Uz vy

Figure 1(a).
D, is a Split dominating set
Dy =7,(G) | Va | =2-4=8,
Hence y4[G(s)H] < v4(G)-| Vo |=2-4 =8.
Now the annihilator dominating set is D, ={(V] — D)} x{Dy}

= {ug, ug} x {v1, v3} = {(ugvy), (gus), (wgvy), (wgvs)} = 4.
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Now removal of D, from (V[G(s)H] - D) we get the graph with isolated

vertices 1.e. the graph is obtained with independent vertices is called as
annihilator domination graph of G(s)H.

Graph of (V[G(s)H] - D,)

g V4 g v4

tyg v2 uz vz
. .

Figure 1(b).
Now total vertices we have removed in Graph of G(s)H to obtain

annihilator graph is y,[G(s)H] = Dy + {| (V, = Dy) | x| Dy [} =8+2-2 =12

2.

G:

B u2 u3 Uy s

Split dominating set of G = Dy = {uy, uy}

H:

V1 Ve vy 13 Vg

Split dominating set of H = Dy = {vy, U4}.

By the definition of Strong product of two graphs G and H we have
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Graph of [G(s)H]

Figure 2.

The split dominating setis D, = Dy x Vo = {ug, uy} x {vy, Uy, Us, Uy, Us}

= (g, v1), (g, va), (g, U3), (g, V), (U9, U5), (g, 1), (g, Vo), (g, 3),

(44, V1), (g, vs)} = 10 is the minimal split domination set.
Now removal of D, from V we get the graph is splitted.

Graph of (V[G(s)H] - D)

ug Vs vy g vy Uy va vy
. * - . .
s vy Uz va ug vy [ U5 Vs
U3 vy uz Vo w3 vy uz vy Uz vs
L . S S

Figure 2(a).

D, is a Split dominating set
| Dy | = 1,(G)-| Va | =25 =10

Hence v,[G(s)H] < y4(G)-| V5| =2-5=10
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Now D, = {Vi - Dp)} x (Do}

= {w, ug, us§ x {vg, v3} = {(va), (Lyvy), (ugva), (ugvy), (Usvs), (Usv4)} = 6.

5479

the annihilator dominating set 1is

Now removal of D, from (V[G(s)H] - D) we get the graph with isolated

vertices i.e. the graph is obtained with independent vertices is called as
annihilator domination graph of G(s)H.

Graph of (V[G(s)H] - D,)

uy vy Uy v ug va
*

v uz vy Us Vs

iz vg tz vy U5 ¥q

Figure 2(b).
Now total vertices we have removed in Graph of [G(s)H] to obtain

annihilator graph is y,[G(s)H] = D, +{|(V; = D) |x| Dy |} =10+ 3-2 = 16.

e The following results are identified for Regular Graphs in Strong
Product of Graphs:

Number of vertices Split Domination | Annihilator Domination

in G and H [G(s)H]

number y[G(S)H]|

number v,[G(S)H]

[G(S)H] with 4 x 4

Vertices

vs[G(S)H] = 8

vs[G(S)H] = 8

Y[G(S)H] = 12

YalG(S)H] = 12

[G(S)H] with 4 x 5

Vertices

vs[G(S)H] = 10

vs[G(S)H] = 8

1a[G(S)H] = 16

a[G(S)H] = 16

[G(S)H] with 4 x 6

Vertices

ys[G(S)H] =12

YQ[G(S)H] =18
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VIGS)H] = 12 V[G(S)H) = 18
[G(S)H] with 4x7 | v,[G(S)H] = 14 vo[G(S)H] = 22
Vertices VIG(S)H] = 12 Y. [GO)H] = 22
[G(S)H] with 5 x 6 v[G(S)H] = 12 1,[G(S)H] = 24
Vertices VG(S)H] = 15 V[G(S)H] = 24

And so on...

With the above results we have investigated some significant results on
Split and Annihilator Domination of Regular graphs using Strong Product
Graph.

Theorem 2. If G and H are 2-regular graphs then the Strong product of G
and H i.e., G(S)H satisfies the following results.

0) VIGS)H] < @ra(G)-| Vo | or | Vi |- 1,(H), if both | Vi | and | V5|
are same (b) Min{ys(G)-| Vo |, | Vi |- vs(H)}, if | V1 | is odd and | Vy | is even
and Vice-versa.

() V[GS)H] < (@D, + {(Vi - Dy < (Vo — Do)} if both | Vi | and | Vs |
are even (d)D, +{(V] — Dy)x (Vs — Dy)} + Cartesian product of one of the
adjacent vertex in (V; — Dy) (or) (Vo — Dy) with Dy (or) Dy respectively, if
| Vi | is odd and | Vy | is even and Vice-versa also both | V; | and | Vo | are
odd.

Proof. Let G be a 2-regular graph with p-vertices that is V/(G)
=V; =1{x1, %9, ..., xp}, here |V} | = p and H be another 2-regular graph
with g-vertices that is V(H) = Vo = {1, ¥g, ..., J4}, Here | V] | = ¢ Suppose
Dy =v4(G) = {xg,, xq,s --» ¥q,} and Dy = v4(G) = {yq,> ¥q,> ---» Ya,} be a

split dominating sets of minimum cardinality of G and H respectively. Since
every vertex in V; — Dy and V, — D, is adjacent to a vertex in I and Dy

respectively. Also the removal of D; in G, we get the induced sub graph
(Vi — Dy) to be disconnected graph and similarly the removal of Dy in H, we
get another induced sub graph (V5 — Dy) to be disconnected graph.
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(i) To prove Split domination.

Case (a). When |V | =|V,| (Number of vertices in both graphs are
equalie., p =q).

Now Dy ={(xg,, y1), (x> Y2 )b - (Xq s Yo ) (Xa,> 1) (Xa, > ¥2) s (X, s Vg )
(x> 21) (xgy, Yo) ooy (g, o) ooy (g 1) (xg, Y2)-oos (xg, 5g) 18 a
dominating set of G(S)H Suppose (u, v) be any vertex of (V — D) in
G(S)H. Here u is adjacent with at least one vertex in {xg , Xg,, ..., Xg } as
this is dominating set of G being its.

Split dominating set and suppose v is adjacent with some vertex y; in H.
Thus (u, v) is adjacent with (xg,, ¥;) in Dy.

Therefore D, is a dominating set.

Further we have to prove D, is split dominating set as follows.

Let, x;, x; be any two vertices in (V; — Dy). If, y, y; are two non-
adjacent vertices in H then the two vertices (x;, y;) and (xj, y;) will be two

different components in the induced subgraph (V — D,) in G(S)H.

Therefore D, is a Split dominating set of G(S)H as shown in the figure
3(a).

In this case we can also choose

Dy = {(x1, ya, ) (o1, Yap): s (615 3a, ), (X2, gy ) (%25 Yay )y -os (%25 3a,),
(3, ¥, ) (¥3, Y, ) - (¥3, Yg, ) -oos (ps Yy ) (x5 ¥y ) oes (5 ¥, -

Similarly with the same argument as we have proved D, is Split

dominating set here also it can easily proved that D; is split dominating set.

Thus choose either D, (or) Dj; in this case.

Hence v,[GS)H] < (@),(G)-| Vo | or | Vi |-vy(H). if [Vi|=| V5] as

illustrated in figure 3(a).
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Case (b). When | V; | is odd and | Vj | is even and vice-versa
D = YS(G)X Vo =Dy xVy = {(xd19 y1)7 (xdl’ yZ)’ cees (xdl’ yq)9 (xd27 y1)9

2’ ""’xz’ q? 3? b 3’ 9 3’ q?"'? r’ b
(Xdy»> Y2 ) s Xdys Vo) (Ko Y1) (K> Y2 ) ooos (Xggs Vg ) -oos (Xg s 21)

(xdr’ y2)7 EEER) (xdr9 yq)}'

Similarly by the same argument like in case (a), it can be easily shown
that D, is a Split dominating set of G(S)H as illustrated in figure 4(a).

Also we have
Dy =| Vi |xys(H) = | V1 | x Dy = {(x1, yg, ) (%15 Yap s s (%1, Ya, )
(x27 yd]_ ), (x27 ydz )7 [ER) (x27 yds )9 (x37 ydl )’ (x37 yd2 )9 [ER) (.'X:3, yds)’ cee

(xp, Ya, )’ (xp’ de)’ EE) (xp’ yds)}'

Similarly by the same argument like in case (a), it can be easily shown
that D} is a Split dominating set of G(S)H as illustrated in figure 4(a).

Hence v,[G(S)H] < Min{D,, D,}

< 15[GS)H] < Min{ys(G)-| Vo |, | Vi |- v5(H)}, if | V7 | is odd and | Vs, | is

even and Vice-versa.
(ii) To prove Annihilator domination.

Case (c). When | V] | and | V; | are even (i.e., p and g are even)
We have D, = {(Vi — Dy) x (Vs - Dy)}
= {(xq) Xags s Xay, ) % Vay> Yags > Ya, )}
{(tays Yoy ) oy Yag ) s (Kays Ya, ) Fags Yoy ) Kags Yag ) s (ays Yay, ):
s (X, s Yay ) (X, s Yag s s (X, s Ya, )}

where D, is called as annihilator dominating set of (V — D,) as

1llustrated in figure 3(b).

Let (u, v) be any vertex in D,. Here u is not adjacent with any vertex in

Xays %ay» > ¥a, } = (Vi = Dy) as this is a annihilator dominating set of G

Advances and Applications in Mathematical Sciences, Volume 21, Issue 9, July 2022
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and v is not adjacent with any vertex in {y4,, Yay» ---» Ya,, } = (Vo — Do) as
this is a annihilator dominating set of H.

< (4, v) is not adjacent with (x,,, yaj) in D,.

Thus D, is Annihilator dominating set of (V — D).

The removal of D, in (V — D;), then we get the induced sub graph to be

annihilated graph.

From the main vertex set of G(S)H, we have to delete D, as well as a D

then we obtain induced sub graph is annihilated graph as illustrated in figure
3(b).

Hence (4[G(S)H] < D, + {(Vi - D) x (Vy — Do)}, it | Vi | = | Vy | = even
Case (d). When |V |=odd, |V, |=even and Vice-versa also |V |
= | V2 | = odd.
Take D = Dy, + D,,, now we have to prove that D, is annihilator

dominating set of G <V -D, > H,

where Dy, + {(V; — Dy) x(Vy — Dy)} and D,, = Cartesian product of one
of the adjacent vertex in (V; —Dy) (or) (Vo —Dy) with Dy (or) Dy
respectively.

Similar argument as we discussed in case(c) is used to prove D, is an

annihilator dominating set, still we will not get the induced subgraph is

annihilated graph because either |V, | or | V5 | are odd or both |V} | and
| Vo | are odd that is G (or) H or both G and H contains odd number of

vertices as illustrated in figure 4(b). In this situation, we have to take the

cartesian product of one of the adjacent vertex in (V; —Dy) or (V5 — Dy)

with Dy or Dj respectively.

Now we prove that I, is annihilator dominating set.

We have D, = {(xq,) % (Ya,» Ydy> Ydg> > Ya, )}
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= {(xai > ydl )’ (xai ’ ydg )’ (xai ’ yds )7 EEE) (xai ’ yds )}

Suppose (u, v) be any vertex in Daz. Here v is not adjacent with at least

one of the vertex in (yq,, ¥dy» Ydys --» Ya,) as this is a split dominating set of

H.
< (4, v) is not adjacent with (x,, yaj) in Dy, .
Therefore D, is one of the annihilator dominating set of D).
Now the annihilator dominating set of V — D, is Dy = Dy, + Dy, .
The removal of D), in (V — D,) then we obtain the induced sub graph to

be annihilated graph.

Also from the main vertex set of G(S)H we delete D, and D), then we
get the induced sub graph of G(S)H is annihilated graph as shown in figure
4(c).

Hence v,[G(S)H]< D, +{{(V; — D;) x (V5 — Dy)} + Cartesian product of
one of the adjacent vertex in (V; —Dy) (or) (Vo — Dy) with Dy (or) Dy
respectively, if |V;| is odd and |V | is even and Vice-versa also both

Vi=1Vs| = odd
Hence the theorem.
Illustrations.
G:W|=4

U2

Y3

Split dominating set of G = D} = {i, ug}
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H:|Vy|=4

V2

V3

Split dominating set of H = Dy = {vg, U4 }.

By the definition of Strong product of two graphs G and H we have

Graph of [G(s)H]

Figure 3.
The split dominating set is D} = D; x Vo = {uy, ug} x {vy, vg, Ug, U4}
= W), (o), (yvs), (wyvy), (gvy), (gve), (ugvs), (ugvy)} = 8 is the minimal

split domination set.

Now removal of D, from V we get the graph is splitted.
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Graph of (V[G(s)H] - D)

Ug Vo Lg vy
Lg V3 g Vg

Ug Vg w2
Ug g Uavg

Figure 3(a).
D, is a Split dominating set
Dyl =7(G) | Vo | =24 =5,
Hence 1,[G(S)H] < 1,(G)-| Va | =24 = 8
Now the annihilator dominating set is D, = Dg+{(V; — D)}
< {Vo = Do} = {ug, ug} > fv1, v3} = {(ugvy), (ugu3), (wgvr), (wgv3)} = 4.

Now removal of D, from (V[G(s)H]— D,) we get the graph with isolated
vertices 1.e. the graph is obtained with independent vertices is called as

annihilator domination graph of G(s)H.
Graph of (V[G(s)H] - D,)

upvg Az
L] -

ug Vo Uy g
L] -

Figure 3(b).
Now total vertices we have removed in Graph of G(s)H to obtain

annihilator graph is
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ValG()H] = Dy + { (i = Dy) x| (Vo - Dy) |} = 8+2-2 =12
G: V=5

U2

iy

Split dominating set of G = D; = {1, us}

H:|Vy|=6

Split dominating set of H = Dy = {vy, U3, U5}

... 5487

By the definition of Strong product of two graphs G and H we have
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Graph of [G(s)H]

v 2V2 o vg

u
~ AN

SO W
(S %
N
-m".)’
G

Figure 4.

The split dominating set is D, =D, xVy = {u, us}

x {vl’ Ug, U3, Uyg, Us, UG}'

That is V — Dg = {(qv1), (tyve), (tyvs), (tyvy), (vs), (usvr), (usve), (usvs),
(usv4), (usvs), (usvg)} = 12 is the minimal split domination set.

Now removal of D, from V we get the graph is splitted.
Also we have D}, = | V| | x Dy = {uy, ug, us, uy, us} x {v;, vs, vs} = 15.
Now we have to choose Min{y,(G)-|Vs |, | Vi |- v.(H)} = {12, 15} = 12.

We consider D, = Dy x Vo = {uy, ug} x {vy, vg, U3, U4, Us, Ug}.
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Graph of (V[G(s)H] - D)

Ug iy Ug g

uavg
Ha V2
Figure 4(a).
D, is a Split dominating set
| Dy | = v4(G)-| Vo | = 2.6 =12.
Hence 1,[G(S)H] < Minfy,(G)-| Vo |, | Vi | vo(HD)}
Now the annihilator dominating set is
Da = DS + [{<‘/1 - Dl>} x {<‘/2 - D2>} = DS + {u27 Uy, u5} x {UZ’ Uy, UG}
= Da = DS

+{(ugv), (uguy), (ugvg), (ugvs), (tgvy), (tegve), (usv2), (Usvs), (usv6)}] = Ds + 9

g Vg Usvg
& Py
@ 9
g vy usvy
P ®
e -
L5 1y ug ¥y
o
L @
¥y g .“2 v3

Figure 4(b).
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Now removal of D, from (V[G(s)H] - D,), we will not obtain the graph

with isolated vertices. Therefore we need to delete some other vertices in

(VIG()H] - D,)
Hence the annihilator dominating set is
Dy = Ds +[{(Vi = Dy)i x{(Vo = Do)l + [(Vi — Dy) x Dy] = Dg
+ [{ug, uy, us} x {va, v, va ]+ [y x fvr, vs, vs}]

:>Da=DS

+{(ugvy), (ugvy), (ugvg), (1gv2), (wgvy), (ugve), (Usv2), (Usvs), (s06)s (1gvr),

(uqv3), (w4v5)} = Dg +12

Graph of (V[G(s)H] - D,)

g U5 Vs
° °

U5 v3 Uz
° °

U5 vq ‘UQ V3

Figure 4(c).

l.e. the graph is obtained with independent vertices is called as annihilator
domination graph of G(S)H.

Now total vertices we have removed in Graph of G(S)H to obtain
annihilator graph is

D, = D +[{(Vi — D)} x {(Va = Dy)}] + [(Vi - Dy x Dy] = 12 412 = 24.

Hence

YolG(S)H] < D, + {{(V} — Dy) x (Vo — Dy)} + Cartesian product of one of
the adjacent vertex in
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(Vi = Dy) (or) (Vo — Dy) with Dy (or) Dy respectively,
If | Vi | isodd and | V5 | is even and Vice-versa.

Theorem 3. If G be a regular graph and H be another regular graph then
Strong product of G and H i.e. G(S)H is also a regular graph.

Proof. Let G be a k; -regular graph and H be another kg -regular graph
then

deg(y;) = ky, Vu; € V; and deg(v;) = kg, ¥ vj € Vy

Let (u,v;) be any vertex in G(S)H then deg(y;,v;)=
2[deg(w;) - deg(v;)] = 2 ky - ko

Thus every vertex in G(S)H is of degree 2kky ie. G(S)H is 2kk,-

regular graph.

For example. Let G is a 2-regular graph and H is also a 2-regular graph.
Suppose the vertex set is G = {u, ug, ..., up} where |G|=p and

H = {v, vy, ..., vy} where | H| = q

du;)=2,Vu; € G where i =1,2,3,..., p

dv;) =2, Vv; € H where j=1,2,3,..., q.

Let (u;,vj) be any vertex in G(S)H then deg(y,vj)=
2[deg(1;) - deg(v;)] = 2[2- 2] = 8.

Therefore every vertex in G(S)H is having a degree 8 as shown in the
figure 5.

Hence G(S)H is 8-regular graph.

Illustration.

G: 2-Regular Graph with order |G| =5
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U
</\ U
Ug q
Here deg(y;) = 2 where i =1, 2, 3,4, 5

H: 2-Regular Graph with order | H | = 6

Here deg(v;) = 2 where j =1,2,3,4,5,6.

By the definition of Strong product of two graphs G and H we have
[G(S)H] is a 8-Regular Graph with order | G(S)H | = 30

Figure 5.

Here deg(;, vj) = 8 where i =1,2,3,4,5 and j=1,2 3, 4,5,6.
Hence deg(u;, v;) = 2[deg(y;) - deg(v;)] = 2[2 - 2] = 8.

Thus G(S)H is 8-regular graph.
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Theorem 4. If G and H are two regular graphs then G(S)H satisfies the

following results
(i) deg(x;, y;) = 2[deg(x;) - deg(y;)]
() | Vosym | =1 Ve x| VH |

Proof. (i) Suppose deg(x;) = p and deg(y;) = ¢ this means that x; is
adjacent with vertices xy, x9, x3, ..., X, In G and y ; 1s adjacent with vertices

Y1s Y25 ¥3s --e» Yg 0 H.
Let the vertex in strong product of G and H be (x;, y;)
(x;, y;) is adjacent with the vertex set
{Cer, 71 (1, v2), o5 (1, yg )5 (2, 1), (2, Y2, -oes (2, Dg)s ey (R 1)
(xp, Y2) ooy (Xps Vg )

If any vertex (xg, y;) not adjacent with (x;, y;) in G(S)H. Since x; is

not adjacent with xj, if & > 1.
Similarly y; is not adjacent with y; if [ > j.
Hence deg(x;, y;) = 2[deg(x;) - deg(y;)]
(ii) Suppose G, H be two graphs
Let G = {xy, X9, ..., xp} and H = {y1, ¥9, ..., Yp}-
Sothat | Vg |=p and | Vg | =q.
Now the Cartesian product of G and H of strong product is
Vas)r = G = H ={(x1, y1), (x1, y2), -, (21, Yg )5 (2, 31), (%2, ¥2), -,

(%2, Yg ) --» (Xp, 1) (Xp, Y2)s ..oy (xp, ¥g)}  contains ‘pg’ number of

vertices as illustrated in Figure 5

Hence | Vasyg | = | Vo | x| Ve [(- p-q = pq)
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Conclusion

The study of product graphs has provided us with enough stimulus to get
some in-depth understanding of the graphs’ different characteristics. It is
anticipated that the inspiration gained from this examination of product
graphs will serve as a starting point for further study. With the use of graph
theory, we can easily create a simple technique for generating a graph with a
specified cardinality of the split and annihilator dominating set. It’s also
wonderful to see how a graph with a certain dominance number may be
extended in a systematic, straightforward way without altering the
domination number. This may be used for a variety of purposes, including
eradicating pests in agriculture, controlling viruses that cause epidemic
diseases, and maintaining confidentiality while sharing information. This
may be attributed, in part, to the rising significance of computer science and
its relationship with the graph theory.
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