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Abstract 

A function  1,0: EVg   such that        2modcabgbgag   for all  GEab   

and     ,110  gg mm  where    1,0iimg  is the sum of the number of vertices and edges 

with label i and c is the constant is called totally magic cordial labeling (TMC). Here, we prove 

that        ,,,, 432 pqppp ZZZZ   join of two zero-divisor graphs and product of zero-

divisor graphs are TMC. 

1. Introduction 

Let G be a simple, finite and undirected graph. Since then many different 

types of graph labeling techniques have been investigated and over 2000 

papers have been published in this area. The reader can refer to Gallian [4] 

for a survey of labeling. 
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Definition 1.1. A function  1,0: EVg   such that 

       2modcabgbgag   for all  GEab   and     ,110  gg mm   

where    1,0iimg  is the sum of the number of vertices and edges with 

label i and c is the constant is called totally magic cordial labelling (TMC). A 

graph with a totally magic cordial labeling is called a totally magic cordial 

graph. 

Beck [3] introduced zero-divisor graph. Then Anderson and Livingston [1] 

modified it. 

Definition 1.2. Take C to be a commutative ring with non-zero identity. 

Let  CD  be set of all zero-divisors in C. Let      .0\CDCD   Now  C  

the zero-divisor graph of C, is the simple undirected graph with vertex set 

 CD  and the edges are defined as xy  where x and y are distinct vertices 

such that .0xy  

Many researchers are interested in the structure of zero-divisor graph. 

More specifically many authors studied about connectedness, diameter, girth, 

domination, Eulerian and Hamiltonian nature of it. Tamizh Chelvam et al. 

[13] proposed graph labeling related to zero-divisors in a commutative ring. 

More specifically, they obtained certain labeling for certain class of zero-

divisor graphs corresponding to finite rings. 

Based on these concepts, we give several results on TMC for zero-divisor 

graphs. Here we study the TMC of        ,,,, 432 pqppp ZZZZ   join of 

zero-divisor graphs and product of zero-divisor graphs. 

Definition 1.3. The join ,21 GG   of two graphs 1G  and 2G  is defined as 

follows:      2121 GVGVGGV   and        2121 GEGEGGE   

    .,: 21 GVvGVuuv   

2. TMC on Zero-Divisor Graphs 

Theorem 2.1. If p is a prime number with ,2p  then  pZ2  is TMC.  

Proof. Usual notation  pZ2  is the zero divisor graph of ,2pZ  where 

the prime number p satisfies .2p  Clearly     .,12,,4,22 ppZD p    
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Let     ppp vvvZV ,,, 112    and     .11:2  pivvZE pip  

Note that,    pZV p  2  and    .12  pZE p  

We define        1,0: 22  pp ZEZVg   as follows: 

  1ivg  where i is odd with ,11  pi  

  0ivg  where i is even with ,11  pi  

  ,1pvg  

  1pivvg  where i is odd with ,11  pi  

  0pivvg  where i is even and .11  pi  

Clearly,   .10  pmg  Also   .1 pmg   Thus,  pZ2  for 2p  is TMC 

with .1c  

Example 2.1.    .12,10,8,7,6,4,214  ZD  The elements are 

represented by the vertices 12,10,8,6,4,2 654321  vvvvvv  

and .77 v  A TMC labeling of  14Z  is given in Figure 1. 

 

Figure 1. 

Theorem 2.2. If p is a prime number with ,2p  then  pZ3  is TMC. 
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Proof. Here  pZ3  is the zero divisor graph of ,3pZ  where p is prime.  

Case 1. 2p  

   .4,3,26  ZD  Then the graph  6Z  is a path on three vertices. 

Obviously, it is TMC. 

Case 2. If    .6,3,3 9   ZDp  Then the graph  9Z  is a path on two 

vertices. Obviously, it is TMC. 

Case 3. 3p  

Then           .,,,13,,6,32, 11213 
  pp vvuupppZD   

Also, the edge set is     .11:, 213  pivuvuZE iip  Therefore, 

   13  pZV p  and    .223  pZE p  

We define the labeling        1,0: 33  pp ZEZVg   as follows:  

    ,0,1 21  ugug  

  1ivg  where 11  pi  with i be odd;  

  0ivg  where i is even with ,11  pi  

  11 ivug  where i is odd with ,11  pi  

  02 ivug  where i is even with ,11  pi  

  02 ivug  where i is odd with ,11  pi  

  12 ivug  where i is even with .11  pi  

Clearly,       .21310  pmm gg  Hence,  pZ3  for 2p  is TMC 

with .1c  

Theorem 2.3. If p is a prime number with ,2p  then  pZ4  is TMC. 

Proof. Here  pZ4  be a zero divisor graph of ,4pZ  where p is prime. 

Case 1. 2p  
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   .6,4,28  ZD  The graph  8Z  is a path on three vertices. So it is 

TMC. 

Case 2. 3p  

We partition the vertex set of  pZ4  as    3211 ,,3,2, uuupppV   

and         ,,,,,122,,12,12,,4,2 11212  pp vvvvpppV   

., 12 pv  The edge set is     ,,,,, 111141214  ppp vuvuvuvuZE   

,,,,,,,,,,,,, 4323231221212322212221 vuvuvuvuvuvuvuvuvuvu pppp    

.,,,, 2231313  ppp vuvuvu   Therefore,    124  pZV p  and 

   .444  pZE p  

Define        1,0: 44  pp ZEZVg   as: 

  ,11 ug  

  ,12 ug  

  ,03 ug  

  0ivg  where i is odd with ,11  pi  

  1ivg  where i is even with ,11  pi  

  1ivg  where i is even with ,121  pip  

  0ivg  where i is odd with ,121  pip  

  ,11 ivug  where i is even with ,221  pi  

  ,03 ivug  where i is even with ,221  pi  

  ,02 ivug  where i is odd with ,11  pi  

  ,02 ivug  where i is even with ,11  pi  

  02 ivug  where i is even with ,121  pip  

  02 ivug  where i is odd with .121  pip  

Clearly,   230  pmg  and   .131  pmg  Hence,  pZ4  for 2p  is 

TMC with .1c  
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Theorem 2.4. Let p and q be two distinct primes with 2p  and .qp   

Then the zero divisor graph  pqZ  is TMC. 

Proof.   pqZV   is partitioned into 1V  and 2V  where 

     1211 ,,,1,,3,2,  quuupqpppV   and 

     .,,,1,,3,2, 1212  pvvvqpqqqV   

The edge set is    1: VuuvZE iijpq   and ,11,2  pjVvj  

.11  q  

Therefore,        211  qppqZV qp  and   pZE 4  

   .11  pq  

Define        1,0:  pqpq ZEZVg   as follows: 

  1jvg  where j is odd with ,11  pj  

  0jvg  where j is even with ,11  pj  

  1iug  where i is odd with ,11  qi  

  0iug  where i is even with ,11  qi  

for 11  pj  and ,11  qi  

  1ijuvg  where i and j are odd; 

  0ijuvg  where i is odd with j is even; 

  0ijuvg  where i is even with j is odd; 

  1ijuvg  where i and j are even. 

Clearly       .2110  pqmm gg  So  pqZ  for qp   is TMC with 

.1c  

3. TMC on Join of Zero-Divisor Graphs 

Theorem 3.1. If p is a prime number with ,2p  then    42 ZZ p   is 

TMC. 
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Proof. Take    .42 ZZG p   Then     ppGV ,12,,4,2    

   xuuZxx p,,,2: 14    and    :,, xuxuuuGE pipi  

.11  pi  Note that,   1 pGV  and   .12  pGE   

The function      1,0: GEGVg   is: 

    ,1,0  xgug p  

  1iug  where i is odd with ,11  pi  

  0iug  where i is even with ,11  pi   

  0piuug  where i is odd with ,11  pi   

  1piuug  where i is even with ,11  pi   

  1xug i  where i is odd with ,11  pi  

  0xug i  where i is even with ,11  pi  

  .0xug p  

Note that,     2130  pmg  and     .2131  pmg  Hence 

   42 ZZ p   for 2p  is TMC with .1c  

Theorem 3.2. If p is a prime number with ,2p  then    92 ZZ p   is 

TMC. 

Proof. Take    .92 ZZG p   The vertex set 

    ppGV ,12,,4,2       .,,,,6,3:, 19 yxuuZyxyx p   The 

edge set is    .11:,,,,,  pixyyuxuyuxuuuGE ppiipi  Therefore, 

  2 pGV  and   .3pGE   

The mapping      1,0: GEGVg   is: 

      ,0,1,1  pugygxg  

  1iug  where i is odd with ,11  pi  

  0iug  where i is even with ,11  pi  
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  0piuug  where i is odd with ,11  pi   

  1piuug  where i is even with ,11  pi   

  1xug i  where i is odd with ,11  pi  

  0xug i  where i is even with ,11  pi  

  1yug i  where i is odd with ,11  pi  

  0yug i  where i is even with ,11  pi   

      .1,0,0  xyfyufxug pp  

From the above labeling, we get     .1210  pmm gg  Hence 

   92 ZZ p   for 2p  is TMC with .1c  

Theorem 3.3. If p is a prime number with ,2p  then    62 ZZ p   

is TMC. 

Proof. Take    .62 ZZG p   Let     ppGV ,12,,4,2    

   zyxuuZzyxzyx p ,,,,,4,3,2:,, 16    and 

   .11:,,,,,,,,  piyzxyzuzuyuyuxuxuuuGE pipipipi  Therefore, 

  3 pGV  and   .14  pGE  

Define      1,0: GEGVg   as follows: 

        ,0,0,1,1  zgygxgug p  

  1iug  where i is odd with ,11  pi  

  0iug  where i is even with ,11  pi  

  1piuug  where i is odd with ,11  pi  

  0piuug  where i is even with ,11  pi  

  1xug i  where i is odd with ,11  pi  

  0xug i  where i is even with ,11  pi  

  0yug i  where i is odd with ,11  pi  
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  1yug i  where i is odd with ,11  pi  

  0zug i  where i is odd with ,11  pi  

  1zug i  where i is even with ,11  pi  

          .0,1,0,0,1  xygyzgzugyugxug  

Observe that,     2550  pmg  and     .2351  pmg  Hence 

   62 ZZ p   for 2p  is TMC with .1c  

Corollary 3.1. If p is a prime number with ,2p  then    42 ZZ p   

is TMC. 

Proof. Take    .4
2 ZZpG   Clearly G is isomorphic to the graph 

 .2pZ  Hence   42  nGV  and   .6nGE   By using the labeling 

given in Theorem 2.1, it is easy to verify that     .110  gg mm  Hence 

   4
2 ZZp   for 2p  is TMC with .1c  

Theorem 3.4. If p is a prime number with ,2p  then    6
2 ZZp   

is TMC. 

Proof. Take    .6
2 ZZpG   The vertex set is 

     611 4,3,2:,,,, ZzyxzyxuuGV p   

 .,,,,, 11 zyxuu p   The edge set is    :,,,, yzxyzuyuxuGE iii  

.11  pi  Therefore,   2 pGV  and   .13  pGE  

The map      1,0: GEGVg   is: 

      ,0,1,1  zgygxg  

  1iug  where i is odd with ,11  pi  

  0iug  where i is even with ,11  pi  

  1xug i  where i is odd with ,11  pi  

  0xug i  where i is even with ,11  pi  
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  1yug i  where i is odd with ,11  pi  

  0yug i  where i is even with ,11  pi  

  0zug i  where i is odd with ,11  pi  

  1zug i  where i is even with ,11  pi  

    .0,1  yzgxyg  

Clearly,   pmg 20   and   .121  pmg  Hence    6
2 ZZp   for 

2p  is TMC with .1c  

Theorem 3.5. If p is a prime number with ,2p  then    9
2 ZZp   

is TMC. 

Proof. Take    .9
2 ZZpG   Let     11 ,,  puuGV  

   yxuuZyxyx p ,,,,6,3:, 119    and    :,, xyyuxuGE ii  

.11  pi  Therefore,   1 pGV  and   .12  pGE  

Define      1,0: GEGVg   as follows: 

    ,0,1  ygxg  

  1iug  where i is odd with ,11  pi  

  0iug  where i is even with ,11  pi  

  0xug i  where i is odd with ,11  pi  

  1xug i  where i is even with ,11  pi  

  0yug i  where i is odd with ,11  pi  

  1yug i  where i is even with ,11  pi  

  .0xyg  

Note that,     2130  pmg  and     .2131  pmg  Hence  2Zp  

 9Z  for 2p  is TMC with .1c  
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Theorem 3.6. If p is a prime number with ,2p  then    6
2 ZZp   

is TMC. 

Proof. Take    .6
2 ZZpG   Then G is a graph obtained from the 

graph    6
2 ZZp   by deleting the edges xy  and yz  and adding an edge 

.xz  By using the labeling given in Theorem 3.4 and   ,0xyg  we get 

  pmg 20   and   .21 pmg   Hence    6
2 ZZp   for 2p  is TMC with 

.1c  

Theorem 3.7. If p is a prime number with ,2p  then    9
2 ZZp   

is TMC. 

Proof. Let    .9
2 ZZpG   Then G is isomorphic to a graph 

obtained from the graph    9
2 ZZp   by deleting an edge .xy  By using 

the labeling given in Theorem 3.5, we get     2130  pmg  and 

    .2131  pmg  Hence    9
2 ZZp   for 2p  is TMC with .1c  

Theorem 3.8. If p is a prime number with 3p  and 1m  is an 

integer, the join graph    4
2 ZmZp   is TMC. 

Proof. Take    .4
2 ZmZpG   Take    ,,,, 121  puuuGV   

mvvv ,,, 21   and    .1,11: mjpivuGE ji   Therefore, 

  1 mpGV  and    .1 pmGE  

Define      1,0: GEGVg   as follows: 

  1iug  where i is odd with ,11  pi  

  0iug  where i is even with ,11  pi  

  1jvg  where j is odd with ,11  mj  

  0jvg  where j is even with ,11  mj  
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for 11  pi  and ,11  mj  

  1jivvg  where i and j are odd; 

  0jivug  where i odd with j even; 

  0jivug  where i even with j odd; 

  1jivug  where i and j are even. 

Table 1.  .3mod2,1,0p  

Nature of m  0gm   1gm  

 6mod3,5,1m    22 mpp    2mpp   

 6mod0,4,2m    21 mpp    21 mpp  

Hence, Table 1 shows that G is TMC with .1c  

Corollary 3.2. If p is a prime number with ,2p  then    4
2 ZZp   

is TMC. 

Proof. Note that,    .44 ZZ   By Theorem 3.1,    4
2 ZZp   is 

TMC with .1c  

Corollary 3.3. If p is a prime number with ,2p  then    42 ZZ p   

is TMC. 

Proof. Clearly    .44 ZZ   By Theorem 3.1,    42 ZZ p   is TMC 

with .1c  

Theorem 3.9. If p is a prime number with ,2p  then    92 ZZ p   

is TMC. 

Proof. Take    .92 ZZG p   Clearly G is isomorphic to a graph 

obtained from the graph    92 ZZ p   by deleting an edge .xy  By using 

the labeling given in Theorem 3.2, we get   120  pmg  and   .21 pmg   

Hence    92 ZZ p   for 2p  is TMC with .1c  
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4. TMC on Product of two Zero-Divisor Graphs 

Theorem 4.1. If p is a prime number with ,2p  then the product graph 

   42 ZZ p   is TMC. 

Proof. Take    .42 ZZG p   Then G is isomorphic to the graph 

 .2pZ  By using the labeling given in Theorem 2.1, it is easy to verify that 

    .110  gg mm  Hence    42 ZZ p   is TMC with .1c  

Theorem 4.2. If p is a prime number with ,2p  then    92 ZZ p   is 

TMC. 

Proof. Take  pZG 2  and  .9ZH   Let 

      pp uuuuppGV ,,,,,12,,4,2 121    and    6,3HV  

 ., yx  Now       piyuxuHGV ii  1:,,,  and  HGE   

                .11:,,,,,,,,,,,,  piyuxuyuyuxuxuyuxu pppipiii  

Then the number of vertices is p2  and that of edges is .23 p  

Define      1,0: GEGVg   as: 

    ,0,,0,  xufyug pp  

  1, xug i  where i odd with ,11  pi  

  0, xug i  where i even with ,11  pi  

  1, yug i  where ,2,1i  

  0, yug i  where ,13  pi  

    1,, yuxug ii  where ,1i  

    0,, yuxug ii  where ,2i  

    0,, yuxug ii  where i odd with ,13  pi  

    1,, yuxug ii  where i even with ,13  pi  

    0,, xuxug ip  where i odd with ,11  pi  
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    1,, xuxug ip  where i even with ,11  pi  

    0,, yuyug ip  where ,2,1i  

    1,, yuyug ip  where ,13  pi  

    .1,, yuxug pp  

Clearly     2150  pmg  and     .2151  pmg  Hence 

   92 ZZ p   for 2p  is TMC with .1c  

Theorem 4.3. If p is a prime number with ,2p  then the product graph 

   62 ZZ p   is TMC.  

Proof. Let  pZG 2  and  .6ZH   Let 

      pp uuuuppGV ,,,,,12,,4,2 121    and    4,3,2HV  

 .,, zyx  Then         pizuyuxuHGV iii  1:,,,,,  and  HGE   

                   ,,,,,,,,,,,,,,, zuzuyuyuxuxuzuyuyuxu pipipiiiii  

        .11:,,,,,,  pizuyuyuxu pipi  Therefore,   pHGV 3  

and   .35  pHGE  Define      1,0: GEGVg   as follows:  

      ,1,,0,,0,  zuxugyug ppp  

  1, xug i  where i odd with ,11  pi  

  0, xug i  where i even with ,11  pi  

  1, yug i  if ,11  pi  

  1, zug i  where i odd with ,11  pi  

  0, zug i  where i even with ,11  pi  

    1,, yuxug pp  where i odd with ,11  pi  

    0,, yuxug ii  where i even with ,11  pi  

    1,, zuyug ii  where i odd with ,11  pi  

    0,, zuyug ii  where i even with ,11  pi  
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    0,, xuxug ii  where i odd with ,11  pi  

    1,, xuxug ip  where i even with ,11  pi  

    0,, yuyug ip  if ,11  pi  

    1,, zuzug ip  where i odd with ,11  pi  

    0,, zuzug ip  where i even with ,11  pi  

        .0,,,1,,  zuyugyuxug pppp  

Note that,   140  pmg  and   .241  pmg  Hence    62 ZZ p   

for 2p  is TMC with .1c  

5. Conclusion 

We have proved that      ppp ZZZ 432 ,,   and  pqZ  are TMC 

graphs. We have proved that the join graphs    ,42 ZZ p   

                 222 ,,,, 646292 ppppp ZZZZZZZZZ   

                 ,,,,, 96449 2222 ZZZZZZZmZZ
pppp

  

       6242 , ZZZZ pp   and    92 ZZ p   are TMC graphs. 

Also, we have proved that        6242 , ZZZZ pp   and 

   92 ZZ p   are TMC graphs. We further investigating total 3 sum 

cordial labeling on zero divisor graphs. 
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