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Abstract

In this paper, we define two mappings, investigate their properties and obtain some new
refinements of Minkowski’s inequality.

1. Introduction

Throughout this paper, for any given positive n(n > 2), let a; > 0,

b; >0(@=1,2,---,n), p and ¢ be two non-zero real numbers such that

p_1 + q_1 =1.If p > 1, then

1 1 1
G p n p n p
Z(ai + b )P < Zalp + Zbip . (1.1
i=1 i=1 i=1
The inequality (1.1) is equivalent to the following:
1 1
n n ; n ; n o
Z(ai +5)P < Zaip + Zbip Z(ai +5)P | . (1.2)
i=1 i=1 =1 =1
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If p <1(p # 0), then the inequalities in (1.1) and (1.2) are reversed.

The inequality (1.1) is called the Minkowshi’s inequality (see [2, 3, 6-8]).
For some recent results which generalize, improve and extend this classical
inequality, see [1, 5, 10].

To go further into (1.2), we define two mappings M; and My by
M, {(n,k)In>2k=1,2-,nnkeN > R,

1 1
k k > (k >
D p p
Z (aj; +b;;) Z i * Z by;
Jj=1

j=1 j=1
My, k)= Y 2 /

k-1 1
Cn—l -

k D
z (aij + bij )p
=1

My :{n,k)In>22 k=12 ;n keN >R,

1< <--<ip<n

1 1
$ 4 ¢ P P : P P
z(aij +b;) Zaij * Zbij
=1 j=1 j=1
My(n, k)= — :
1<i <---<ip<n Cnsk-1 k P
. Y4
2 (@i, +by)
0

The aim of this paper is to study the properties of M; and My, thus

obtaining some new refinements of (1.1).
2. Main Results

Theorem 2.1. Let a; >0,b; >0 =1,2,---,n;n>2), p and q be two

non-zero real numbers such that pi1 +q71 =1, and M; be defined as in the

first section. We write
1

F(n, k) = [i (a; + bl-)pJ qu(n, k), 1 < k < n).
i=1
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When p >1. We obtain the following results:

(1) The following finite refinements of (1.1) are hold

1
[Z (a; +bi)pjp = F(n, 1)< F(n,2) <
i=1

1

1
< Fi(n, n) = {Z ail’Jp + [Z bﬁ’]p. 2.1)
i=1

i=1

(2) For any two positive integers k,r(1<k,r<n) and any two real
numbers a>0,b>0, such that a+b =1, we get the following refinements of
(1.1)

1 1 1
n D n P n D
{Z (a; + bi)P} <aFy(n, k) +bFi(n, 1) <| D a | +| D 6P| . (22
i=1 i=1 i=1
When p <1(p # 0), the inequalities in (2.1)-(2.2) are reversed.

Remark 1. Theorem 2.1 is the finite refinements of Minkowski’s

inequality with non-repetitive sample.

Theorem 2.2. Let a;, b;, p and q be defined as in the Theorem 2.1, and

Mo be defined as in the first section. We write

Fy(n, k) = [Z (a; + bi)pJ " My(n, ).

i=1
When p >1. We obtain the following results:

(1) The following infinite refinements of (1.1) are hold

1
{i(ai + bi)p]p
i1

Fz(n, 1) < Fz(n, 2) < e

1

1 1
Fy(n, n) < - < [Zn: aip]p + [Z bipJp. (2.3)

i=1 i=1

IA
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(2) For any two positive integers k, r(k, r > 1) and any two real numbers

a>0,b>0, such that a+b =1, we get the following refinements of (1.1)

1
, 1
[Z(ai +bi)p] < aFy(n, k) + bFy(n, r) < (Z J {Zb"} . (2.4
i=1 i=1

When p <1(p # 0), the inequalities in (2.3)-(2.4) are reversed.

Remark 2. Theorem 2.2 is the infinite refinements of Minkowski’s

inequality with repetitive sample.
3. Several Lemmas

In order to prove the above theorems, we need the following two lemmas.

Lemma 3.1. Let a; >0,b; >0 =1,2, -+, n;n > 2), p and q be two non-
zero real numbers such that p_ + q_ =1. If p>1, then
1
p

S <[So) [ibﬂf

1=1

We write

=

Hl(”’? k’ a;, bl) = Z Ck_l A
1<iy <---<ipgn 11 Zb' q

We obtain the following finite refinements of (3.1)

n

Z aibi

i=1

Hi(n, 1; a;, b;) < Hy(n, 2; a;, b;)

IA

< Hy(n, n; a;, b;) = [Z J LquJ . (3.2)

1=1
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The inequality (3.1) is called the Hélder’s inequality (see [2-4, 6, 8]). If
p <1(p # 0), then the inequalities in (3.1) and (3.2) are reversed.

Proof of Lemma 3.1. From the definition of H;, since a simple
calculation shows that

n

Hy(n s, b) = Y aiby, (3.3)
i=1
1 1
n p (& q
Hy(n, n;a;, b;) = Zaip Zbiq : (3.4)
i=1 i=1

For k=2,3,---,n, using some elementary identity involved combinatorial

numbers, from (3.1) and (3.6) in [9], we can get

k-1
k Z a,”
Zaiip = Z szl—1 (3.5)
j=1

s e meead < i s i)

and
k-1
p
2 2 a
1<y <<y <, o o1} © fip, o g} 1=1
k-1
~(n-k+1) D D a;”, (3.6)
1 <j1<'“<]'k_1 <nm=1
respectively.

(1) When p >1, then xP is a concave function on (0, + o0) with x. Using

Jensen’s inequality of concave function (see [3, 8]), from (3.5) and (3.6), we get

1
k . k » )
207 | 2 i
. _ j=1 j=1
Hl(n’ k’ a;, bl) - Z Ck_l %
1< < <ip<n —n-1 zb' q
lj
Jj=1
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k k-1 k—
. g q p
Db bry ari
il % k-
1<i] <-+<ip, < n- s T
i) <--<ip<n n -1} < {a iR} (k- 1)Zb ]q b,.lq
j=1 1=
1
k-1 k-1 >
b, a,,”
S Z Z =1 =1
= k-1 k-1
1<j<<ip<nin, -, mp_q} iy, - i} (k B 1)0”71 brlq
=1
1
k-1 k-1 >
(n—k+1)2bjmq Zajmp
k-1 k-1
1S i< <jp-15n (k- I)Cn ! b; ¢
Jm
m=1
k-1 k-1 "
. 9q . P
b]m a]m

Il
3
:Qw"‘
o
>3
RN
= =

1<ji < <jp_15n

3

Combination of (3.3)-(3.4) and (3.7) yields (3.2).

= Hy(n, k-1; q;, b;).

3.7

(2) When p <1(p # 0), then x"/? is a convex function on (0, + ) with x.

Using Jensen’s inequality of convex function, we get the reverse of (3.7),

which implies the reverse of (3.2).

This completes the proof of Lemma 3.1.

Lemma 3.2. Let a;,b;, p and q be defined as in the Lemma 3.1. We write
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k k >
q p
Zbij Z g
. _ Jj=1 Jj=1
Hy(n, k;a;, b;) = Z =) 7
1<i <---<ip<n ~nt+k-1 b 4
A ,

If p>1, we obtain the following infinite refinements of (3.1)

n
Zaibi = Hz(n, 1; q;, bz) < H2(n, 2; a;, bl)
=1

1 1
L p( & q
< - < Hy(n, n;ai,bi)S---S(ZaipJ (Zbqu . (3.8)
i=1 i=1

If p <1(p # 0), then the inequalities in (3.8) are reversed.

Proof of Lemma 3.2. From the definition of Hj, since a simple

calculation shows that

n
Hy(n, 1305, b) = > aiby. (3.9)
=1
For k=2,3,..., using some elementary identity involved combinatorial

numbers, we have

k
iail’:ck% Z Zaijp (3.10)
n

i=1 +k-1 1<j < <ip<n j=1

and

=

D P

1<iy <<ip<n {n, -+ g} < {ip, -+ ip) \I=1

k-1
=(n+k-1) [zajmp} (3.11)

lﬁjl S'“Sjk_l <n\m=1
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(1) When p >1, then x'/P is a concave function on (0, + o0) with x. Using

Jensen’s inequality of concave function and pi1 + q*1 =1, from (3.10), we get

1
N L
n % n é n Z aip
ol o) 5
i=1 i=1 i=1 z b7
i=1
1
p

k k
n Zbijq Zaijp
[Z b J > = i (3.12)
1 1<y <-<ip<n C}’+ _1qu Zbijq

k k

Z 2’

D = Hy(n, ks a;, by).
&

[\

1gilg-~gik3n +k-

From the definition of Hy and (3.5), (3.11), we get

1
k k "
q
2.0 | 2 "
. Jj=1 J=1
H2(n’ k’ai’bi)z Z C i) A
1<y <--<ip<n “n+k-1 Zb' q
L
j=1
1
k-1 k-1 ;
q
by, a,p

> l=1 l=1
- k— k—
2 2 (k=1)Cpiha |

1y <<ip<n{n, - mp_1} < {ig, - i)
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I<p<Sjpa1<n b: 4
Jm
m=1
SN N
bjm a]m
=1 =1 .
= >, Wék—z m-1 = Hy(n, k-1;q;, b;).  (3.13)
1<jj<<jp_qy<n ~n+k-2 h. 4
Im
m=1

Combination of (3.9) and (3.12)-(3.13) yields (3.8).

(2) When p < 1(p # 0), then x"? is a convex function on (0, + o0) with x.

Using Jensen’s inequality of convex function, we get the reverse of (3.12) and
(3.13), which implies the reverse of (3.8).

This completes the proof of Lemma 3.2.
4. Proof of Theorems

Proof of Theorem 2.1. From the definitions of M; and Fj since a

simple calculation shows that
1 1
1 p 1 p
Fi(n, n) = [ aipJ + (Z bip] , 4.1)
1=1 i=1

P
. (4.2)

Fy(n. 1) = {Z (a; + b»p}
i=1

For k =1, 2, ---, n, from the definitions of M; and H;, we have
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L 1
k k ) A e
D P D
Z(aij +bi;) Zaij + Zbij
- Jj=1 Jj=1 j=1
Ml(n’ k) - Z Ckfl 1
1< <-<ip<n n-1 A ;
Z(al] + bl )p
j=1
1
4 p
PACEZ NI
- Jj=1 j=1
1<ty <---<ip < n—
e Z(%’j +b;)°
Jj=1
1
p
Z(aij + ;)" Zbi;
Jj=1 j=1
* Z Ckf% k
1<t <+ <ip < n—
n<-<ip<n Z(aij + bij )p
j=1

= Hy(n, k; a;, (a; +b;,)P 1) + Hy(n, k; b;, (a; +b;)P7L).
(1) When p > 1, then x7? is a concave function on (0, + o) with x. For
k=238, -, n, from (4.3) and (3.2), with a simple calculation, we get
My(n, k) > My(n, k-1). (4.4)
From (4.4) and the definition of Fj, since a simple calculation shows that
Fi(n, k) > Fi(n, k -1). (4.5)
Combination of (4.1)-(4.2) and (4.5) yields (2.1)

For any two positive integers k,r(1 <k, r <n) and any two real
numbers a > 0,b >0, such that a+b =1 From (2.1), with a simple

calculation, we obtain (2.2).
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(2) When p <1(p # 0), then x"/? is a convex function on (0, + o) with x.

Using Jensen’s inequality of convex function, we get the reverse of (4.4) and
(4.5), which implies the reverse of (2.1)-(2.2).

The proof of Theorem 2.1 is completed.

Proof of Theorem 2.2. From the definitions of My and Fy, we have

1
" P
Fy(n, 1) = | D (a; + ;)7 | . (4.6)
=1
For £ =1,2, -+, from the definitions of My and H,, with a simple

calculation, we get

1 1

. Y . P . P

Z(alj + blj) Zalj + Zblj

- j=1 j=1 j=1

MZ(n9 k) - Z Ck_l I
1< <-<ip<n n+k-1 B =

[Z (a; +b; )p]

j=1

- Z jlek—l L = (4.7)

|

= Hy(n, k; a;, (a; + ;)P 71) + Hy(n, k; b;, (a; + ;)P
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(1) When p > 1, then x"? is a concave function on (0, + o) with x. For

k=23, ..., from (4.7) and (3.8), with a simple calculation, we get
Mz(n, k —1) < MZ(TL, k) < .-

1 1

n

1
p ; N p P N P ¢
< Zai + Zbl Z((li +bi) . (48)
i=1 i=1

i=1

From (4.8) and the definition of F;, since a simple calculation shows that

n

P 12 D
Fy(n, k-1)< Fyln, k) < < | D a” [ +| Y 57| . (4.9)
i=1 i=1

Combination of (4.6) and (4.9) yields (2.3).

For any two positive integers k, r(k, r > 1) and any two real numbers
a>0,b>0, such that a + b =1. From (2.3), with a simple calculation, we

obtain (2.4).

(2) When p < 1(p # 0), then x"? is a convex function on (0, + o) with x.
Using Jensen’s inequality of convex function, we get the reverse of (4.8) and

(4.9), which implies the reverse of (2.3)-(2.4).

The proof of Theorem 2.2 is completed.
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