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Abstract

The aim of this paper is to establish some fixed point theorems for mappings involving
rational expressions in a complete dualistic partial metric space using a class of pairs of functions
satisfying certain assumptions. Our result extends and generalizes some well-known results of
[8], [9], [26] and [33]. We also provide examples which show the usefulness of these results.

1. Introduction

Matthews [17] introduced a new generalized metric space called partial

metric space. He established the precise relationship between partial metric
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spaces and the so-called weightable quasi-metric spaces. After this
contribution, many researchers focused on partial metric spaces (see [1],
(11], [12], [13], [14], [15], [22], [28]).

The concept of dualistic partial metric, which is more general than
partial metric, was studied by O’Neill [29] and established a robust
relationship between dualistic partial metric and quasi metric. For the more
details of fixed point results on dualistic partial metric spaces, the readers
may refer to [4], [16], [19] [20], [23], [25], [27], [28].

Das and Gupta [8] established first fixed point theorem for rational
contractive type conditions in metric space.

Theorem 1.1 (see [8]). Let (X,d) be a complete metric space, and let
T :X - X be a self-mapping. If there exist o, B € [0, 1) with a+B<1 such
that

[1 +d(x, Tx)ld(y, Ty)

1+d(x, y) (1.1)

d(Tx, Ty) < ad(x, y)+ B

forall x, y € X, then T has a unique fixed point x* e X.

Nazam et al. [26] proved a real generalization of Das-Gupta fixed point
theorem in the frame work of dualistic partial metric spaces. The main
purpose of this paper is to present some fixed point theorems for mappings
involving rational expressions in the context of complete dualistic partial
metric spaces using a class of pairs of functions satisfying certain
assumptions. Our result extends and generalizes some well-known results of
[8], [9], [26] and [33]. We also provide examples to show significance of the

obtained results involving rational type dualistic contractive conditions.
2. Preliminaries

We recall some mathematical basics and definitions to make this paper

self-sufficient.

Definition 2.1 (see [17]). Let X be a non-empty set. A partial metric on
X is a function p : X x X — [0, o) complying with following axioms, for all

x, v,z X
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(p1)x =y < plx, y) = plx, x) = p(y, )
(p2)p(x, x) < plx, )
(p3)p(x, ¥) = p(y, x);
(p4)p(x, y) < p(x, 2) + PV, ¥) - Pz, 2)
The pair (X, p) is called a partial metric space.
Definition 2.2 (see [29]). Let X be a non-empty set. A dualistic partial

metric on X is a function p* : X x X — (-0, o) satisfying the following

axioms, for all x, y, z € X

(px =y p'(x, ) = p'(x, x) = (v, ¥k

(p2)p*(x, x) < p™(x, ¥)

(p3)p" (x, ¥) = P" (v, x);

(p1)p"(x, 2)+ p™ (3, ¥) < p*(x, ¥)+ P* (3, 2)

The pair (X, p*) is called a dualistic partial metric space.

Remark 2.3. Noting that each partial metric is a dualistic partial metric
but the converse is false. Indeed, define a function p* on (-, ©) as
p(x, ) = max {x, y}, Vx, y € (—o, ). Obviously, p* is a dualistic partial
metric on (oo, ). Since p*(x, y) < 0 ¢ [0, ), Vx, y € (—o, 0) and then p*
is not a partial metric on (—oo, o). This confirms our remark. Unlike other
metrics, in dualistic partial metric p*(x, y) = 0 does not imply x = y.
Indeed, for all & > 0, p*(~k, 0) = 0 and —k # 0. The self-distance p*(x, x)
is a feature utilized to describe the amount of information contained in x.
The restriction of p* to [0, ©) is a partial metric. This situation creates a

problem in obtaining a fixed point of a self-mapping in dualistic partial
metric space. For the solution of this problem, Nazam et al. [21] introduced

concept of convergence comparison property (CCP) and established some

fixed point by using (CCP) along with axioms (p;) and (p3).
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Definition 2.4 (see [21]). Let (X, p*) be a dualistic partial metric space

and 7 be a self-mapping on X. We say that 7 has a convergence
comparison property (CCP) if for each sequence {x,} in X such that

x, —> x, T satisfies
p'(x, x) < p*(Tx, Tx) (2.1)

Example 2.5. Let X = (-, 0], X; = (-4, 0], Xy = (-0, —4]. Define a
mapping p* : XxX — (-0, 0) by p(x,y)=|x-y| if x=y and
p (x,y)=xvy if x =y. Clearly, (X, p*) is a complete dualistic partial
metric space. Consider {xn 1 2, n > 1} c X. Here

n neN
lim, ., p*(x,, -2) = p*(-2, -2) = lim,,_,, x, = -2 in (X, p*). Define
T:X—>Xby 7Tx =-1if x € Xy and 7x =0 if x € X;. For such x = -2,
observe that p*(x,x)=xvx=x=-2<0=p"(0,0)=p"(7(-2), 7(-2)).
So 7 has the (CCP).

Example 2.6 (see [21], [29]). (1) Define pj : X x X — (-, ©) by
py(x, y) = d(x, y)+b, where d is a metric on a nonempty set X and
b € (-, ) is arbitrary constant, then it is easy to check that p, verifies
axioms (p;)—(py) and hence (X, p”) is a dualistic partial metric space.

(2) Let p be a partial metric defined on a non empty set X. The function
P XxX - (-0, @) defined by p'(x,y)= plx, y) - plx, x) - p(y, )
satisfies the axioms (py)— (p;) and so it defines a dualistic partial metric on
X. Note that p*(x, y) may have negative values.

(3) Let X = (-0, w). Define p* : X x X — (-0, ) by p*(x, y) = |x - y|
if x#y and p*(x, y)= —p if x = y and B > 0. We can easily see that p* is
a dualistic partial metric on X.

O'Neill [29] established that each dualistic partial metric p* on X

generates a T topology t(p*) on X having a base, the family of p*-balls
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{Bp* (x, €)lx € X, € > 0}, where
1B (x, ) = {y e XIp"(x, y) < P"(x, x) + ¢}.

If (X, p") is a dualistic partial metric space, then the function

dp* : X x X — [0, ) defined by

dp* (x7 y) = p*(x7 y) - p*(x7 x) (22)
defines a quasi-metric on X such that t(p*) = ©(dp*) and
d’,(x, y) = max{d .(x, ¥), d .(y, x)} (2.3)
p p p

defines a metric on X.
Definition 2.7 (see [28]). Let (X, p*) be a dualistic partial metric space.

1. A sequence {x,} in X is said to converge or to be convergent if there is
a x € X such that lim,,_,., p*(x,, x) = p*(x, x). x is called the limit of {x,,}
and we write x,, — x.

2. A sequence {x,} in X is said to be Cauchy sequence if

lim,, ,,, 0o D" (%, %,,) exists and is finite.

3. A dualistic partial metric space X = (X, p”) is said to be complete if
every Cauchy sequence {x,,} in X converges, with respect to ©(p*), to a point
x € X such that p*(x, x) = lim,, ;, ., P" (%, ).

Remark 2.8. For a sequence, convergence with respect to metric space

may not imply convergence with respect to dualistic partial metric space.

Indeed, if we take B =1 and {x, = 1 ;Ln :n =1}, y < X asin Example 2.6

(3). Mention that lim,_,, d(x,, -1) = -1 and therefore, x, — -1 with

respect to d. On the other hand, we make a conclusion that x,, » —1 with
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respect to p* because lim,_ . p*(x,, 1) = lim, ., p*| x, — (-1)]

= lim,,_, .| I_Tn +1]=0 and p*(-1, -1) = -1.

Lemma 2.9 (see [28]). Let (X, p*) be a dualistic partial metric space.

(1) Every Cauchy sequence in (X, d°,) is also a Cauchy sequence in
P

(X, p*).
(2) A dualistic partial metric (X, p*) is complete if and only if the

induced metric space (X, d°,) is complete.
p

(3) A sequence {x,} in X converges to a point x € X with respect to

©(d®,) if and only if p*(x, x) = lim,,_,,, p*(x,, x) = lim,,_,,, p"(x,,, %,,)-
p

Definition 2.9 (see [26]). Let (X, p*) be a dualistic partial metric space.
A mapping 7 : X —» X is said to be a dualistic Dass-Gupta contraction if

there exist o, p > 0 and o + B < 1 such that

(Tx, Ty)| < q p'(3. Ty) 0+ p'(x, Tx)) +B | p"(x, y) | (2.4)

| p
1+ p(x, y)

Vi, y e A={x, y)e XxXIp“(x, y) # -1}.

Nazam et al. [26] studied the following fixed point theorems on dualistic

contraction of rational type.

Theorem 2.10. Let (X, p*) be a complete dualistic partial metric space.
Let T : X - X be a dualistic Das-Gupta contraction. If T satisfies (CCP).

Then T has a unique fixed point in X and the Picard iterative sequence

{T,,(x0)} with initial point x, converges to the fixed point.

One of the most important ingredients of a contractive condition is to
study the kind of involved functions, like altering distance functions
introduced by Khan et al. [16] as follows.

Definition 2.11 (see [16]). A function ¢: [0, ©) — [0, o) is said to be

altering distance function if
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(al) ¢ is monotone increasing and continuous,
(a2) ¢(t) =0 <=t =0, Vt € [0, x).
Definition 2.12 (see [5]). The pair (¢, ¢), where ¢, ¢ : [0, ©) — [0, ) is
called a pair of generalized altering distance functions if
(b1) ¢ is continuous;
(b2) ¢ is non-decreasing;
(03) lim,,_,, ¢(t,) =0 = lim,,_,, ¢, = 0.

The condition (b3) was introduced by Moradi and Farajzadeh [18]. The
above conditions do not determine the values of ¢(0) and ¢(0).

Definition 2.13 (see [2]). We will denote by F the family of all pairs
(o, ¢), where ¢, ¢ : [0, ©) — [0, ) are functions satisfying the following

conditions.

(F1) ¢ is non-decreasing;
(F2) if 3t, e [0, ) such that ¢(zy) = O, then ¢, = 0 and ¢ (0) = {0}.

(F3). if {a,}, B,} = [0, ©) such that lim,_,, o, =lim, ,, B, =X
satisfying A < {B,,} and ¢(B,,) < (¢ — ¢)(a,,), Vn € N, then A = 0.

Definition 2.14 (see [33]). A pair of functions (¢, ¢) is said to belong to
the class § if they satisfy the following conditions:

1) ¢, ¢ : [0, ) — [0, w0);
(c2) if ¢, s € [0, ), @(t) < ¢(s) then ¢ < s;

(c3). if {t,}, {sp} = [0, ), lim,,_, ¢, =lim, , s, =38 and

o(t,) < &(s,), Vn e N, then & = 0.

If (¢, ¢) satisfies (F1) and (F2), then (¢, ¢ = ¢ — ¢) satisfies (c1) and (c2).
Furthermore, if (¢, ¢ = ¢ — ¢) satisfies (¢3), then (¢, ¢) satisfies (F3).

Remark 2.15 (see [33]). If (¢, ¢) € § and ¢(¢) < ¢(¢), then ¢ = 0, since
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we can take ¢, = s, t, Vn € N and by (c3), we deduce ¢ = 0.

Example 2.16. The conditions (c1)-(c3) of Definition 2.14 are fulfilled for
the functions o, ¢ : [0, ©) — [0, o) defined by
5t +1

1) o) = 1n( 5 j and ¢(t) = ln(3t1; 1), vt € [0, o).

@ o) - [ 2

j and ¢(t) = h{%), vt < [0, o).
Example 2.17 (see [33]). Let S={/:[0,00)—[0,0)I/(t,)—>1=t, —0}.
Consider the pairs of functions (1jg, ,.), /(1[o, oo))), where 7 € S and (1o, »))

is defined as
(!([0, o)) () = £(2)t, V2 € [0, ).
It is easy to check that (1[o, o), (1[0, »))) € -
Example 2.18 (see [33]). Let ¢ : [0, ©) — [0, ©) be a continuous and
increasing function such that ¢({)=0«<t=0,Vte|0, ©). Let
¢:[0,©) >[0,0) be a non-decreasing function such that

¢t)=0<=t=0,Vt €[0,0) and ¢ <¢. We make a conclusion that
(@ 0-9) e

An interesting particular case is when ¢ is the identity mapping,

® =1[p, o) and ¢ : [0, ©) = [0, ©) is a non-decreasing function such that

®(t)=0 <t =0 and ¢@) <t Vt € [0, o).

Remark 2.19 (see [33]). Let g :[0, ©) — [0, ) be an increasing
function and (¢, ¢) € . Then (g ¢, go¢) € J.

3. Main Results

In this section, using the class § functions, we give generalizations of

some fixed point theorems from the literature.
Theorem 3.1. Let (X, p*) be a complete dualistic partial metric space.
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Let T :XxX be a mapping such that there exists a pair of functions

(o, ¢) € § satisfying

ol p°(Tx. Ty)|) < max {0l p°(x, 3) ), o 2@ TN 2" (x Tw) |y g5,
1+p(x,y)

Vx, y € A. If T satisfies (CCP). Then 7 has a unique fixed point in X and

the Picard iterative sequence {7},(xy)} with initial point x, converges to the

fixed point.

Proof. Let xy € X be an initial element and define Picard iterative
sequence {x,} by 7x,_; = x,, Vn € N. If there is a positive integer n; such
that x, = x,,1, then x, =x, .1 =Tx, . So x,, is a fixed point of 7. In
this case, the proof is finished. Now, we suppose that x, # x,,,1, Vi € N,

applying (3.1), we have

(P(l p*(anrl’ xn) |) = (p(l p*(Txn’ Txnfl) |)

< max {o( p"(x,,

o) g 2 Tan) 06 0" T)
1+ p (xn’ xn—l)

— max (o] p" (e, xp) | ¢ 2 Cmzt Tn) O PTG, Xy ) ) (5.2)

*
1+ b (xn’ xn—l)
Now, we can distinguish two cases.

Case 1. Consider

max (] p" (e, xpy) | ¢ PGt En) @+ D7 Cns Xnia)) )
1+ b (xn’ xn—l)

= ¢(| p*(xn’ xnfl) |) (3.3)

Due to inequality (3.2), we have

¢(| p*(xn+1a xn) D S ¢(| p*(xn’ xn—l) D (34)

Since (¢, ¢) € §, we deduce that
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| p*(anrl’ xn)l 4 p*(xn’ xnfl) |

Case 2. If

MR W AC A A [0 A MY

max {§( p*(x,, L+ p (e 2o)
n» *n-1

_ 4 P (Xn-1, %) L+ D" (Xy, %p41)) ) (3.5)

1+ p*(xn—l’ xn)

Then from (3.3), we have

xn) D < ¢(| p*(xn—l’ xn)(l + p*(xn7 xn+1)) |) (36)

(P(l p*(xn+19 "
1+ p (xn—l’ xn)

Since (¢, §) € § we get

< | p*(xn—h xn)(l + p*(xm xn+1)) |

| p*(xn’ xn+1) | *
1+ p (xn—l’ xn)

which implies that
| P*(@ni1, %) [ < | D7 (xn, 200) |-

From both cases, we conclude that the sequence { p"(x,,1,x,)|} is a
monotone and bounded below sequence of non-negative real numbers, it is
convergent and converges to a point 7, i.e. lim,_,.| p*(x,.1, x,)| =7 > 0. If
r = 0. Then we have done. Let r > 0 and denote A = {n € N|n satisfies
(3.3)} and B ={n e N|n satisfies (3.5)}. Now, we make the following
remark.

(1) If Card A = oo, then from (3.2), we can find infinitely natural
numbers n satisfying inequality (3.4) and since lim, .| p*(x,1, x,) |
= lim,,_,| p*(x,, x,1)| =7 and (¢, ¢) € §, we deduce that r = 0.

(2) If Card B = o, then from (3.2), we can find infinitely many n € N

satisfying inequality (3.6). Since (¢, ¢) € § and using the similar argument
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to the one used in case 2, we obtain

p*(xn—h xn)(1 + p*(xm xn+1)) |
1+ p*(xn—l’ xn)

| p*(xn’ xn+1)| < |

(3) for infinitely many n € N. On letting the limit as n — o and taking

into account that lim,_ .| p*(x,.1, x,)| =7, we deduce that r < %
and consequently, we obtain r = 0.
Therefore, in both cases we have
lim,, .| p"(%,41, %,) | = 0 and then lim,_,.| p*(x,41, x,)| =0. (3.7
We use (3.1) to find the self-distance p*(x,,, x,,_1), as follows:
o p*(ps %) ) = 0 P (T2 1, T 1) |)
< max {p( p"(*p 1, *p1) )
o P (1, T2 1) A+ P (%1, Tp1)) N
1+ p"(%p1, %p1)
= max {§( p"(*n-1, ¥n1) )
o 2 ) P ) .

1+ p*(xn—l’ xn—l)

Put

C = {n € Nl(P(l p*(xn’ xn) |) < ¢(| p*(xnfl’ xnfl) D}

D= fn e Nlol p"(x,, x,) ) < o 2 2n) O PGy, %)y
1+ p (xn—l’ xn—l)

By (3.8), we have Card C = o or Card D = oo. If Card C = «, then there

exists infinitely many n € N satisfying
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(P(l p*(xn’ xn) D < ¢(| p*(xnfl’ xnfl) D (39)

and since (¢, ¢) € §, we have

| p*(xn’ xn)l = | p*(xnfl’ xnfl) |

Thus, { p"(x,.1, X,) |} is a non increasing sequence of positive real numbers

and arguing like case of (3.7), we have lim,_,.| p*(x,, x,)| = 0. On the
other hand, if Card D = o, then we can find infinitely many n e N

satisfying

xn) D < ¢(| p*(xn—l’ xn)(l + p*(xn—l’ xn)) |) (3.10)

(P(l p*(xna
1+ p*(xn—l’ xn—l)

and since (¢, ¢) € §, we infer

p*(xn_l, xn)(l + p*(xn—l’ xn)) | (3.11)

| p*(xna xn)l < | *
1+p (xn—l’ xn—l)

taking the lim, ,, on (3.11) and wusing (3.7), we obtain that
lim,_,.| p*(x,, x,)| <0 and then lim,_ .| p*(x,, x,) | = 0. Thus, in both

cases, we infer that lim, | p*(x,, x = 0 and then
n— n n

lim p*(x,, x,) = O. (3.12)

n—o

We deduce from (2.2) that
dp* (xn7 xn+1) = p*(xn’ xn+1) - p*(xn’ xn)

So using (3.7) and (3.12), we get

lim d_.(x,, %,41) = 0. (3.13)

n—o P
Next step is to show that {x,} is a Cauchy sequence in (X, d°,). For this we
p

have to show that
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lim d° (x,, x,)= lUm max{d .(x,, x,,), d «(x,,, x,)} = 0.
m, n—owo pP m, n—o0 p p

Suppose on contrary that {x,} is not a Cauchy sequence, that is

Lim,, o0 dp* (%, x,,) # 0. Then given e > 0, we will construct a pair of

subsequences {x, } and {x,, } of {x,} such that n is smallest index for

which for all n, > my > k, where k£ e N

d (s Xy ) 2 € (3.14)

It follows directly that

dp* (xnk_l, Xy, ) < €. (3.15)
By (3.14) and (3.15), we have
€ < dp* (X, > %my,)
< d (X Xpy1) + e (15 Xy )
< dp* (X, > Xpy—1) + €
Taking limj_,, on both sides in above inequality and from (3.13), we obtain
}}glgo dp* (xnk, xmk) = (3.16)
Using triangle inequality, we have
d . (X, > Xy, ) < d - (> Xpy1) + d - (Xpy—15 Xy,
< dp* (X, Xpy—1) + dp* (X, —1> Xy —1) + dp* (X —15 Xy, )

and

dp* (xnk—b xmk—l) = dp* (xnk—l’ xnk ) + dp* (xnk ’ xmk—l)
< dp* (15 Xy, ) + dp* (X > Xy, )+ dp* (g, > Xy, —1):

Taking the limit as & — o in the above two inequalities and using (3.13)
and (3.16), we get
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]}E)r;o dp* (15 Xpmy—1) = € (3.17)
Now applying contractive condition (3.1), for Xy, # Xy, W have
o P (> %y, ) ) = 0 D7 (T 15 Ty 1) |)
< max {§( p*(*ny-1> Xmy—1) D

p*(xnkfl’ Txnkfl)(]- + p* (xmkfl’ Txmkfl ))

1+ p*(‘xmk—l’ Txmk—l)

¢ D

= max {¢( p* (%, -1, %pyy—1) |

(3.18)

p*(xnkfl’ xnk)(]- + p* (xmkfl’ Xmy, )) |)}

1+ p*(xmkfl’ xmk - 1)

¢
Let us put
E= {n € Nl(P(l p*(xnk ’ xmk)l) < (I)(l p*(xnkfl’ xmkfl) |)}

p*(‘xnkfl’ xnk )(1 + p*(xmkfl’ xmk ))

1+ p*(xnkfl’ xmkfl)

F ={n e Nlo( p" (@, %m, ) ) < ¢( -

By (3.18), we have Card E = «© or Card F = . Let us suppose that Card

E = oo, then there exists infinitely many k € N satisfying

O P™ (> Xy, ) ) < O P (15 Xge-1) ) (3.19)

and since (¢, §) € §, by letting the limit as k& — oo, we have
. * . *
]}1_1)1;' p (xnk ’ xmk)l < ]}E;I}Dl p (xnk—b xmk—l) |

In the view of (3.16) and (3.17), we get ¢ = 0 a contradiction. On the other
hand, if Card F =, then we can find infinitely many %k € N satisfying
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p*('xnkfl’ xnk )(1 +p*(xmk71’ xmk ))

; I 320
1+ p (xnk—l’ xmk—l)

o 2" (), Xy, ) ) < 4|

and since (o, ¢) € §, we infer

p*(xnkfl’ xnk )(1 + p*(xmkfl’ xmk ))

1 +p*(xnk—1’ xmk—l)

|p*(xnk’xmk)| S|

Taking the limit as £ — o and in the view of (3.13) and (3.16), it follows that
€ <0 and we reach a contradiction. Therefore, in both the possibilities, we

reach a contradiction and therefore lim,, , . dp* (%, Xy, ) =0. Similarly we
can prove that lim,, ,, .. dp* (%, x,) = 0. Hence lim,, , ., d;* (x,,, x,,) =0,
which ensures that {x,} is a Cauchy sequence in (X, d;* ). Since (X, p*) is
a complete dualistic partial metric space, by Lemma 2.9(2), (X, d;*) s a

complete metric space. Thus, there exists v e (X, d®,) such that x, > v as
p

n — oo, that is lim,,_, dp* (x,,v)=0 and by Lemma 2.9 (3), we know that

p (v, v) = lim p*(x,, v) = lim p*(x,, x,,) (3.21)
n—oo n—oo

Since, lim,,_,, dp* (x,, v) =0, by (2.2), (3.7) and (3.12), we have
p (v, v) = lim p*(x,, v) = lim p*(x,, x,,) = O. (3.22)
n—oo n—oo

This shows that {x,} is a Cauchy sequence converging to v € (X, p*). We
are left to prove that v is a fixed point of 7. Suppose that 7v = v. Now

applying contractive condition (3.1) and Lemma 2.9(3), we have
Tx,)1+p"(v,7v))
1+p*(x,,v)

o( p*(Tv, Txn)l)ﬁmaX{d)(l P (.5,)]).9( £ (. I)}- (3.23)

Denote
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G ={n e Nlo( p"(Tv, Tx,) ) < o p* (v, x,) }

H = {n e Niol| p"(Tv, Tx,)|) < o 2 ns TE) A+ P70 T0) 1),
1+ p'(x,, v)

We have Card G = or Card H = w. If Card G = o, then there exists
infinitely many n € N such that

o p"(Tv, Tx,) |) < o P* (0, x,) [) (3.24)
and since (¢, ¢) € F, by taking the limit as n — oo, we have
lim| p*(7v, Tx,)| < lim| p*(v, x,,) |-
n—oo n—o
To simplify our consideration, we will denote the subsequence by the same
symbol {7x,} Since 7x, =x,,; and x, > ve X, this means that

limsup p*(v, x,,) > 0 and consequently lim, ,, x,,; =v. We infer

| p*(7v,v)| <0 and then | p"(Zv,v)| =0. On the other hand, if Card

H = oo, then we can find infinitely many n e N, such that

Tx,) 1+ p*(v, Tv)) )

+ P (x5, V)

Since (¢, ¢) € 3, 7x,, = x,,1 and lim,_,, x,, = v, on letting limit as n — o,

ol p*(Tv, Tay)| < 4 2 %n: (3.25)

we have

p*(xn’ xn+1)(1 + p*(U, TU)) |

3.26
1+ p*(x,, v) ( )

lim | p*(7v, %,,41) | < lim |
n—0 0

In the view of (3.7), arguing like above, we conclude that | p"(Tv, v)| =0.
Therefore, in both the cases, we obtain |p*(Z7v,v)|=0 and then
p"(Tv, v) = 0. Since 7 has (CCP), we get

0 =p*(v, v) < kp*(7Tv, Tv) (3.27)
On the other hand, by axiom (pj) we have
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p (v, v) < p*(v, Tv) + p*(Tv, v) - p*(Tv, Tv)
which implies that
p"(Tv, Tv) < 0. (3.28)
The inequalities (3.27) and (3.28) imply that p*(7v, 7v) = 0. Thus
p (Tv, Tv) = p*(v, v) = p*(v, Tv). (3.29)

By using axiom (p;), we have 7v = v and hence v is a fixed point of 7.
Finally, we will prove the uniqueness of the fixed point. Suppose that

v* e X is another fixed point of 7 such that v # v*. Now using contractive

condition (3.1), we get

o p*(, v")|) = o p*(Tv, Tv")|)

< max {d’(l 2@, ) ) §( p (v, 7)1 + p* (v, Tv")) D}
1+ p*(v, v")

= max {q)(l p*(v, U*) |), ¢(| p*(v, U*)(i + pi(U, v)) D}
1+p (U, v )

= max {§(| p"(v, v") |). ¢(0)}. (3.30)

If max{®( p*(v, v*) ), ®0)} = ¢( p*(v, v*)|), in this case from (3.30),
o p*(, v*)]) < o( p*(v, v*)|). Since (¢, ¢) € T and by Remark 2.18, we
deduce that | p*(v, v*)| = 0. Similarly, if max{$( p"(v, v*)|), $(0)} = $(0),
then from (3.30), o( p*(v, v*)|) < $(0). We infer that | p*(v, v™)| <0 and
then | p*(v, v*) | = 0. Hence in the both possibilities, | p*(v, v*) | = 0 and
then p*(v, v*) =0. Thus p*(v, v*) = p*(v, v) = p*(v", v*), by using axiom
(p7), we have v =0v" and hence v is a unique fixed point of 7. This

completes the proof.

From Theorem 3.1 we obtain the following corollaries.
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Corollary 3.2. Let (X, p*) be a complete dualistic partial metric space.
Let T : X — X be a mapping such that there exists a pair of functions
(¢, ¢) € T satisfying

o( p*(Tx, Ty)|) < o( p"(x, ¥) |) (3.31)

Vx, y € X. If T satisfies (CCP). Then 7 has a unique fixed point in X and

the Picard iterative sequence {7"(xy)} with initial point x,, converges to

the fixed point.

Corollary 3.3. Let (X, p*) be a complete dualistic partial metric space.
Let T :X — X be a mapping such that there exists a pair of functions
(¢, ¢) € § satisfying

o '(Tx, Ty)| < o 2TV EP T, .82
1+p(x, )

Vx, y € A. If T satisfies (CCP). Then T has a unique fixed point in X and

the Picard iterative sequence {T"(xq)} with initial point x(, converges to the

fixed point.

Taking into account Example 2.21, we have the following corollary.

Corollary 3.4. Let (X, p*) be a complete dualistic partial metric space.
Let T:X — X be a mapping such that there exists two functions
¢, ¢ : [0, ©) — [0, ) satisfying

o( p*(Tx, Ty)| < max {o(| p*(x, ¥)| - ¢( p"(x, y) ).

(3.33)

of P (v, Ty) (1*+ P’ (x, Tx)) I~ ol P (y, Ty) (1*+ P’ (x, Tx)) 0}
1+p (x, y) 1+p"(x, y)

for all x, y € X, where ¢ is an increasing function and ¢ is a non-decreasing
function and they satisfy o) = d()=0 if and only if t =0 and ¢ is
continuous with ¢ < ¢o.Vx, y € X. If T satisfies (CCP). Then T has a

unique fixed point in X and the Picard iterative sequence {T"(xq)} with
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initial point x, converges to the fixed point.
Corollary 3.4 has the following consequences.

Corollary 3.5. Let (X, p*) be a complete dualistic partial metric space.
Let T :X — X be a mapping such that there exists two functions

¢, ¢ : [0, ) — [0, ) satisfying the same conditions as in Corollary 8.4

o p"(Tx, Ty) ) < ¢( P (x, ¥) | = ¢ p*(x, ) ]) (3.34)
forall x, y e X. If T satisfies (CCP). Then T has a unique fixed point in X
and the Picard iterative sequence {T"(xq)} with initial point x(, converges

to the fixed point.

Corollary 3.6. Let (X, p*) be a complete dualistic partial metric space.

Let T:X — X be a mapping such that there exists two functions
¢, ¢ : [0, ) — [0, ) satisfying the same conditions as in Corollary 3.4.

o p*(Tx, Ty)|) < o 20TV (1*+ p'(x, Tx)) |
1+ p°(x, y)

o Py, Ty) (1 + pllx, Tx))
ol . )
1+p(x, y)

(3.35)

forall x, y e X. If T satisfies (CCP). Then T has a unique fixed point in X

and the Picard iterative sequence {T"(xq)} with initial point x(, converges

to the fixed point.

Remark 3.8. The main result of [26] is Theorem 2.10. Notice that the
rational contractive condition appearing in this theorem

| 0 (T, Ty) | < of TN D@ TR | gy e gy
1+p(x, )

for any x, y € A, where a, B > 0 and a +p <1 implies that

| 0" (Tx, Ty)| < (a + B)max {¢| D0 TN+ P T |y iy ) |}
1+p (x, )

Advances and Applications in Mathematical Sciences, Volume 19, Issue 12, October 2020



1260 ANIL BAKHRU, MANOJ UGHADE and RICHA GUPTA

Smax{(wﬁ)l PO TR T) p*<x,y>|}
1+p (x,)

This condition is a particular case of the contractive condition appearing in
Theorem 3.1 with the pair of functions (¢, ¢) € § given by ¢ = 1[0, ) and

¢ = (a+[3)1[0, o) Therefore, Theorem 2.10 is a particular case of the
following corollary and considered as an extension and generalizations of

Theorem 2.10 in the setting of complete dualistic partial metric spaces.

Corollary 3.9. Let (X, p*) be a complete dualistic partial metric space.
Let T : X — X be a mapping such that

|p*<7xjy>|£max{(a+m| PGNP T () p (e, y>|} (3.3
L+ p ()

for any x, y € X, where a,B >0 and a+B < 1. If T satisfies (CCP). Then

T has a unique fixed point in X and the Picard iterative sequence {T"(x)}

with initial point x(, converges to the fixed point.

Observations 3.10.

1. If in Corollary 3.9, we put a+B=c and

(v, Ty)1 + p*(x, T .

max{| p(y y)(* p (x, Tx)) ] p*(x, 9) |
1+ p (x, )

Theorem 2.3 of Oltra and Valero [28].

} =| p*(x, y)|, then we get

2. In Corollary 3.9, if we replace the range of p* by [0, ®), put o +f = ¢

nd s {| PO T+ p e T | | ey |}=|p*<x, )1, then we
1+p(x, )

get fixed point theorem of Matthews [17].

3. If we set p*(x, x) = 0, Vx € X and replace the range of p* by [0, ),

in Theorems 3.1, we retrieve corresponding theorems in metric spaces (see

(8]).

4. If we set p*(x, x) € [0, ), Vx, y € X in Theorems 3.1, we retrieve
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corresponding theorems in partial metric spaces (see [33]).

Taking into account Example 2.20, we have the following corollary.

Corollary 3.11. Let (X, p*) be a complete dualistic partial metric space.

Let T : X — X be a mapping such that there exist ¢ € S (see Example 2.20)
satisfying

o p"(Tx, Ty) |) < max{t( p"(x, ) )| p"(x, ¥) |,

f(l P (7, Ty)(1+p’ (x,Tx)) |J P Ty)(A+p (. Tx)) v (g g7
1+p"(x,y) 1+p"(x,y)

for all x, y e A. If T satisfies (CCP). Then T has a unique fixed point in X

and the Picard iterative sequence {T"(xq)} with initial point x(, converges

to the fixed point.

Following Corollary is a generalization of main result of Geraghty [9].

Corollary 3.11. Let (X, p*) be a complete dualistic partial metric space.

Let T : X — X be a mapping such that there exist ¢ € S (see Example 2.20)
satisfying

o p"(Tx, Ty) ) < ¢ p*(x, y) | P"(x, )| (3.39)
forall x, y e X. If T satisfies (CCP). Then T has a unique fixed point in X

and the Picard iterative sequence {T"(xq)} with initial point x(, converges

to the fixed point.
4. Examples

In this section, we give an example in support of our main result.

Example 4.1. Let X = (-, 02. Define p*: X xX — (-, ) by
p (x, y) = max {x;, y;} where x = (x;, y;) and y = (xq, y9). It is easy to
check that (-, 0F, p*) is a complete dualistic partial metric space. Define

T : (=0, 0> = (~oo, OF by T« = x2, Vx e (—, OF. Since
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max {x;, y;} < max{%, y_21} = p*(x, y) < p*(Tx, Ty), Vx, y € (~oo, OF.
Hence 7 satisfies (CCP). Define ¢, ¢:[0, ©) - [0, ©) as follows:

o(t) =In (%) and o(t) = In (%), vt € [0, ©). Clearly, (¢, ¢) € 5. We

shall show (3.1) is satisfied. Without loss of generality, assume that x; < y;.

Then we have

* 5| p"(Tx, Ty) | +1
(P(|p(Tx,Ty)|):1n{ | p( - y) | J
XY h2% 1
. 5|p(2’2)|+1 - In M
- 12 = 5

= ln(i| 1 |+i)
24 12

On the other hand,

. 3 p*(x, 1 3 1
o b, ) ) = h{%} S22l (B 1 )

Al M
(I)(l p*(y’ Ty)(1 +p*(x, Tx)J = ¢ | 2 (1 " 2j _ (l Y12+ %) 0
1+ p*(x, y) I+ 41+ y1)
2+ 1)
|—32( U |41
_ d+x)
=1n| 12

[ AnCAx) [+ 41+ |
24 '

Combining the observations above, we get
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* 5 1 3 1
o(p™(Tx, Ty)|) ln(ﬂ| i |+Ej = ln(ﬁ| » |+ﬁ)

< 3 1 3y (2+xy) | +4| 1+ |

< max{ln (ﬁl n |+E)’ ln( 1 124 1 )}

o {cb(p*(x, ¥ D, 4’(1)*(% 2 (1: P, Tx) J}
1+p(x, )

Thus all the conditions of Theorem 3.1 are satisfied. Hence 7 has a fixed
point, indeed v = (0, 0) is a fixed point.
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