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Abstract

Let G be a simple, undirected and non trivial graph with p vertices and g edges. For any

integer k> 2,1e Zj,, there exists an injective function f:V(G)—> {[%} [%} +1, [%}

+1+1, [g} + k, [g} +k+1, [g} +hk+1+1, ..., [%} +k(p-1)} such that for every edge
(e = uv) € E(G), the mapping f* : E(G) - Zj, defined by f*(e = uv) = (f(u + f(v)))(mod K) = 1
is a constant mapping. The function fis called a Mod (k) vertex magic labeling of G. A graph G is

called Mod (k) vertex magic graph if it admits a Mod (k) vertex magic labeling. In this paper, we
prove that Quadrilateral Snakes, Double Quadrilateral Snakes are Mod (k) vertex magic graphs.

1. Introduction

In this paper, all the graphs are simple, connected and undirected graph
G = (V(G), E(G)) with the vertex set V(G) and edge set E(G) and

|V(G)| = p and | E(@)] = ¢.

The concept of graph labeling introduced by A. Rosa in 1967. A labeling of

a graph G is a mapping that carries a set of graph elements usually vertices
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and edges into a set of numbers, usually integers. Many kinds of labeling
have been studied and an excellent survey of graph labeling can be found in
[2]. The concept of labeling of graphs has gained a lot of popularity in the
area of graph theory. This graph labeling is very useful in mathematical
models for a wide range of applications such as X-ray, Crystallography,
Coding theory, Cryptography, Astronomy, Circuit design, Radar,
Communication networks design, and Database Management [2].

In P. Sumathi and B. Fathima [3] defined as a Mod(k) vertex magic
labeling and Mod(k) vertex magic graph. Let G be a simple, undirected and

non trivial graph containing p vertices and q edges.

For any integer %k > 2,1 € Z;, there exists an injective mapping

f:V(G)a{[g}, [§}+l, E}zu, [g} , [g} kel [§}+k+l+1,...,

[g} + k(p —1)} such that for every edge (e = uv)e E(G), the mapping

f* 1 E(G) —> Z;, defined by f*(uv)=(f(u)+f(v))(modk)=1 is a constant
mapping. The function f is said to be a Mod(k) vertex magic labeling
(MVML(E)) of G. A graph G is called Mod(k) vertex magic graph if it admits
a Mod(k) vertex magic labeling.

In this paper, we study the Mod(k) vertex magic labeling of
Quadrilateral Snakes, Double Quadrilateral Snakes.

2. Preliminaries
In this section, we provide the basic definitions and notations related to
this paper.
Definition 2.1. A quadrilateral snake @, is obtained from a path
Uy, Ug, ..., Uy, by jolning u;, u; .1 to new vertices v; and w; respectively and

adding edges v;w; for i =1,2,..., n—-1. That is every edge of a path is
replaced by a cycle C4[7]

Definition 2.2. A double quadrilateral snake D(Q, ) is obtained from

two quadrilateral snakes that have a common path [7].
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3. Main Results

In this section, the existence of Mod(k) vertex magic labeling of

Quadrilateral Snake graphs are established.
Theorem 3.1. Quadrilateral Snake Q,, admits MVML(k) for all n > 2.

Proof. Let G = (V(G), E(G)) be a Quadrilateral Snake graph @, where
VG ={y; :1<i<niU{y; :1<i<n-1JUfw; :1<i<n-1} and
EG)={u;uj1 :1<i<n-1}U{u;v;:1<i<n-1}U{y;qw; :1<i<n-1}

IN

U{v;w; :1<i<n-1}. It has 3n -2 vertices and 4n—4 edges.

Case (i). k£ 1s odd.

Define the function f:V(G)—> {[g} [g} +1+1, [g} +k, [g} +h+1

+1, ..., [g} +k(3n —1)} in the following table.

Table 3.1.1. Vertex labeling of @,, when & is odd.

.. (R koo
i is odd _2_+2(3L 3)
0<I<k-2
.. AN
f(w;) iis even 5 +§(3l—4)+l+1
) (%] .
l=Fk-1 1<i<n §+k(3l—3)
(k] k.
i is odd _§_+§(31—3)+l+1
0<I<k-2
(k] k.
f(v;) iis even _§_+§(3L—2)
A
l=k-1 1<i<n-1 _§_+§(3z—2)
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.. (k] koo
i is odd _2_+2(3l 1)
0<I<k-2
.. (k] ko,
f(w;) i is even B} +§(3z—2)+l+1
. [k ] .
l=Fk-1 1<i<n-1 §+k(3z—1)

Therefore, f is an injective mapping. The sum of the labels of the vertices
incident with (e = uv) € E(G) are computed in the following table.

Table 3.1.2. The sum of the labels of the vertices in ,, which are incident
with an edge (e = uv) when k is odd.

U=U;j,V=Ujy 1<i<n-1 | Rk@Bi-1)+1
u=u;,v=y; 1<i<n-1 R(3i-2)+1
0<I<k-2 U=Uj 1, V=W; 1<i<n-1 k(3i)+1

fw)+f(v) U=U;,0=w; 1<i<n-1 | k@Bi-1)+1
U=u;,v=u 1<i<n-1 | R(6i-8)+k-1
I=k-1 u=u;,v=y; 1<i<n-1 k(6i-5)+k-1
U=y, U=W; 1<i<n-1 | k(Bi-1)+k-1
u=v;,v=w; 1<i<n-1 k(6i-3)+k-1

Hence f*(uv) = (f(u)+ f(v))(mod k) = I, the induced mapping f* is a
constant mapping. Thus fis a MVML(k)- Q, admits MVML(k) if k is odd.
Case (ii). % is even.

Define  the  function f:V(G) > {[g} [g} +1 E} tk [g} Tkt
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..., [g] + k(3n —1)} in the following table.

Table 3.1.3. Vertex labeling of @,, when £ is even.

1=0 1<i<n [§}+k(3i—3)
f(w;) 1<l<h-1 i is odd [g:l+§(3l—3)
y AT
iis even |:§:|+§(3l 4)+1
k .
=0 1<l<n-1 |:§:|+k(31—2)
k]l k.
f(v;) i is odd [§]+§(3z—3)+z
1<I<k-1
k k.
i is even [§}+§(3L—2)
k .
=0 1<l<n-1 [E}ﬂ-k(&—l)
k k.
f(w;) i is odd {5}5(&—1)
1<l<k-1
y AR
i is even |:§:|+§(3L 2)+1

Hence f is an one-to-one mapping. The sum of the labels of the vertices

incident with (e = uv) € E(G) are computed in the following table.
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Table 3.1.4. The sum of the labels of the vertices in @,, which are incident

with an edge (e = uv) when k is even.

U=,V =Uj] 1<i<n-1 k(6i - 2)
U=1uj,v=U; 1<i<n-1 k(6i - 4)
1=0 U=Ujy),V=Ww; 1<i<n-1 k(6i)
fw)+f(v) u=Uvj,0=uw 1<i<n-1 k(6i-2)
U=, U=Uj 1<i<n-1 k(3i-1)+1
0<i<k-2 U=u;,v=y; 1<i<n-1 R(3i-2)+1
U=ujy,0=w; 1<i<n-1 R(3i-1)+1
U=vj,v=w; l<i<n-1 k(3i-1)+1

According to the definition of MVML(k), the induced mapping [~ is a

constant mapping.

Thus fis a MVML(k) for G. @, admits MVML(k) if k is even.
Hence Quadrilateral Snake ,, admits MVML(k) for all n > 2.

Illustration 1. Qg is a Mod(3) vertex magic graph for [ = 1 is shown in

Z‘712 13* ’_ 18§
\/
VTV

15 24

figure 1.

Figure 1.
Theorem 3.2. Double Quadrilateral Snake D(Q, ) admits MVML(k) for

all n > 2.
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Proof. Let G = (V(G), E(G)) be a Double Quadrilateral Snake D(Q,)
where V(G)={u; :1<i<n}U{v; :1<i<n-1}U{w; :1<i<n-1}U{';:1<i<n -1}
Uw';:1<i<n-1} and E(G)={uu;,;:1<i<n-1}U{yv; :1<i<n-1}U{y;qw;,
1<i<n-U{pw;:1<i<n-1jU{ywv;:1<i<n-1jU{yjwiq:1<i

<Sn-1U{w;:1<i<n-1}. Ithas 5n—4 vertices and 7n—7 edges.

Case (i). k£ is odd.

Define the function f :V(G)— {[g} [g} Fl+1, [g} R [g} kA4,

[g + k(5n — 3)} in the following table
Table 3.2.1. Vertex labeling of D(Q,,) when k is odd.
0<I<k-1]i1=1 g
(k] k..
iis odd i 2l Ei-
0<l<k-9 iisodd 7 =1 _2_+2(l )
flu;)
i is even §+§(5i—8)+l+1
l=Fk-1 1<i<n §+§(5i—7)
i is even §+§(5i—5)+l+1
0<I<k-2
(k] k..
f(;) iis even B} +§(51—4)
. (] .
l=Fk-1 1<i<n-1 3 + k(51— 4)
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.. (k] k..
i is odd _§_+§(5z 3)
0<I<k-2
.. (k] k..
fw;) i 1s even B) +§(5l—4)+l+1
(%] .
l=k-1 1<i<n-1 §+k(5z—3)
.. (k] k..
i is odd _§_+§(5l 1)+1+1
0<I<k-2
. .. (R k..
f(v;') i1s even _§_+§(5z)
. (k] .
l=k-1 1<i<n-1 §+k(5z)
R A
i is odd _§_+§(5z—1)
0<I<k-2
: .. RA
f(w;") i 1s even B) +§(5L—2)+l+1
(] .
l=Fk-1 1<i<n-1 §+k(51—1)

Therefore f is an injective mapping. The sum of the labels of the vertices

incident with (e = uv) € E(G) are computed in the following table.

Table 3.2.2. The sum of the labels of the vertices in D(®Q,) which are

incident with an edge (e = uv)when & is odd.

U=u, U= Ui k(5i—4)+1

f(u)+ f(v) U =1uj,v=y;

k(5i-5)+1
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u=ug,v=w; | 1<i<n-1 | k(Bi-2)+1
0<I<k-2 u=v;,v=uw; 1<i<n-1 k(5i—4)+1
u=u;, v =y 1<i<n-1 | k(Bi-3)+I
u=up,v=w' | 1<i<n-1 k(5i —2) +1
u=uj,v=uw 1<i<n-1 | k(Bi-1)+!
U=upv=1upy 1<i<n-1 k(10i-9)+ k-1
U=uj,v=y; 1<i<n-1 | k(10i-11)+k-1
I=k-1 U=Uj1, U= w; 1<i<n-1 | kQ0i-5)+k-1
u=0;,v=w; 1<i<n-1 k(10i—7)+ k-1
u=u;,v="U0 1<i<n-1 RQ0i-T)+ k-1
U=Uj1, V=W 1<i<n-1 k(10i-3)+ k-1
u=u,v=w 1<i<n-1 R10i-1)+ k-1

Hence f*(uv) = (f(u)+ f(v))(mod k) = I, the induced mapping f* is a
constant mapping. Thus fis a MVML(k) for G. D(Q,,) admits MVML(k) if k
is odd.

Case (ii). % is even.

Define the function f:V(G)—> {[ﬂ [g}u, E]w E}mu,...,

[g} + k(5n — 3)} in the following table.
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Table 3.2.3 (i). Vertex labeling of D(®,,) when k is odd.
0<lI<k-1 1 =1 _%_
. [k .
=0 1<i<n §+k(5l—7)
f(w;)
i, . .
0<l<h-1 iisodd, i #1 _2_+2(5Z 7)
.. (k] k..
i is even 2] +§(5l—8)+l
[k .
=0 1<i<n-1 §+k(5z—4)
(k] k..
f(v;) iis odd 3 +§(5z—5)+l
0<lI<k-1
.. (k] k..
i is even _2_+2(5z—4)

Table 3.2.3 (ii). Vertex labeling of D(®,,) when & is odd.

1=0 1<i<n-1 §+k(5i—3)
(k] k..
f(w;) i is odd 3 +§(5l—3)
1<I<k-1
.. (B k..
i is even _§_+§(5z—4)+l
, . [ k] .
f(v}) =0 1<i<n-1 Bl + k(51)
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A
iis odd _§_+§(5l—1)+l
1<[<k-1
.. (R k..
i 1s even _§_+§(51)
} (k] .
1=0 1<i<n-1 §+k(5z—1)
' .. R A
fw}) i is odd _§_+§(5L—1)
1<[<k-1
.. (R k..
iis even _§—+§(5z 2)+1

Hence f is an one-to-one mapping. The sum of the labels of the vertices

incident with (e = uv) € E(G) are computed in the following table.

Table 3.2.4. The sum of the labels of the vertices in D(®Q,) which are

incident with an edge (e = uv) when k& is even.

u=u;,v=u, [1<i<n-1 [k(10i-8)
u=u;,v=v; 1<i<n-1 |k10:-10)
=0 u=ujq,v=w; [1<i<n-1 |k10i-4)
u=v,v=w; [1<i<n-1 [k(10i-86)
f(w)+ f(v)
u=u;,v=u0 1<i<n-1 |k(10i-6)
U=ujq,v=wj |[1<i<n-1 |[k(10i-2)
u=vi,v=w, |1<i<n-1 |k@100)
u=u;,v=ujy (1<i<n-1 |R(Bi-4)+I]
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U=1u;,v=u; 1<i<n-1 |k(Bi-5)+1
1<I<k-1 |u=ujq,v=w; |[1<i<n-1 |kGBi-2)+1
u=v,v=w; [1<i<n-1 |k(Bi-4)+I
u=u;,v=u 1<i<n-1 |k(Bi-3)+1
u=uj,v=w1<i<n-1 |k(Bi-2)+1
u=v,v=w: [1<i<n-1 |k(Bi-1)+1

According to the definition of MVML(k), the induced mapping f* is a
constant mapping. Thus fis a MVML(k) for G. D(Q,,) admits MVML(k) if k

1s even.

Hence Double Quadrilateral Snake D(Q,) admits MVML(k) for all

n=>2.

Illustration 2. A Double Quadrilateral Snake D(Q5) with MVML(4) for

[ = 2 is shown figure 2.

Uy 184U, qu-i 35 Us
20 \iaz 30/'{ \‘LE 4(_]"F
v g Wy v W
Figure 2.

4. Conclusion

In this paper we have discussed that Quadrilateral snake graphs are
Mod(k) vertex magic graphs. Analogues work can be carried by us for other

families also.
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