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Abstract 

The First Entire Zagreb Index (FEZI) of a (molecular) graph is defined as the sum of the 

squares of degree of all the vertices and edges in the specified graph. The exact formulae for the 

FEZI of various forms of transformations of path graph are established in this paper. 

1. Introduction 

Chemical graph theory is a field of mathematical chemistry that applies 

graph theory to create and analyze chemical structures and networks. The 

structure of a chemical compound or network is represented in this context by 

a graph, in which points represent atoms and connecting lines reflect 

chemical structural bonds. A topological parameter for a structure is a 

numeric quantity obtained from the graphical representation of that 

structure. It is used to investigate the relative structure’s physical and 

chemical qualities. According to graph theory, this numeric parameter is 

graph invariant, which implies it is unaffected by how the structure is 

represented graphically. TIs are used to predict relationships between 

molecules, such as quantitative structure-property relationships (QSPR), 

quantitative structure-activity relationships (QSAR), and biological activity. 

As a result, assessing the lower/upper bounds of these invariants could have 

a substantial impact on mathematics and bioactivity modeling. We direct 
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readers to refer [2], [3] for a full literature assessment. Molecular graphs are 

connected graphs with nodes (vertices) and edges (edges) that represent 

atoms and chemical bonds, respectively. The node and edge sets of a graph X 

are denoted by the notations ( )XV  and ( ),XE  respectively. The degree of a 

vertex a is denoted by ( )ad  (the degree of an edge is denoted by ( ),ed  the 

minimum and maximum degrees are denoted by ( )X  and ( ),X  

respectively, and the open neighbourhood of a in X is denoted by ( ).XaN  We 

direct readers to [10] for any concepts or notations not covered here. The first 

and second Zagreb indices [7] are determined by the following formulas:  

( ) ( ) ( ) ( ) 
( )( )

 
 

+==

XVa XEab

XbdXadXadXM 2
1  (1) 

( ) ( ) ( )

( )



=

XEab

XbdXadXM .2  (2) 

The Zagreb indices are well-known TIs which have already been studied 

extensively. 

There have been several versions of these TIs published and their 

properties and uses were examined in the recent study. For example, vertex 

degree based topological index was introduced in [6] and is defined as  

( ) ( )  ( ) ( )
( )( )

 
 

+==

XVa XEab

XbdXadXadXF .223  (3) 

It was studied in detail by Furtula et al. [4] and named as F-index 

(forgotten topological index). Milicevic et al. [9] presented an edge-based 

topological index called the first reformulated Zagreb index, which is defined 

as:  

( ) ( ) ( ) ( )( )
( )( )

 
 =

−+==

XEe XEabe

XbdXadXedXEM 22
1 2  (4) 

where ( ) ( ) ( ) 2−+= XbdXadXed  denotes the degree of the edge .abe =  

Alwardi et al. [1] introduced the First Entire Zagreb Index (FEZI) as FIRST  

( ) ( )

( ) ( )




=

XEXVa

e XadXM



2
1   (5) 
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where the degree of a vertex/edge u in X is denoted by ( ).Xad  See [8], [12], 

[13] for more information on topological descriptors and their applications. 

Ghalavand [5] developed the relationship between the reformulated Zagreb 

indices and the original Zagreb indices. In addition, numerous inequalities 

associated to these indices involving various graphs have been demonstrated.  

2. Results and Discussions 

Using new graphical transformations, we have several explicit 

expressions of the FEZI of path graphs and we will refer to X as a graph 

throughout this section. The graph whose vertex set is ( ) ( )XEXV   and in 

which two vertices are adjacent if and only if they are adjacent or incident in 

X is called the total graph ( )XT  of X. Wu and Meng [11] introduced some 

new graphical transformations that widen the total graph concept. Let 

( )EVX ,=  be a graph, and ba,  are two elements ( ) ( ).XEXV   The 

associativity of p and q is defined as + if they are adjacent or incident, and - if 

they are not. Assume that xyz  is a three-permutation of the set  ., −+  If 

both p and q are in ( )XV  (resp. both p and q are in ( ),XE  or one of p and q is 

( )XV  while the other is ( )),XE  we say that p and q correspond to the first 

term x (resp. the second term y or the third term z) of X. As a result, one can 

generate eight graphical transformations because there are eight distinct 3-

permutations of ., −+  Figure 1. shows the eight distinct transformations of 

path .4P  It should be noted that +++X  is just total graph ( ),XT  and −−−X  is 

the complement of ( ).XT  For computing the FEZI, we initially present 

certain lemmas as necessary preliminaries in order to derive our major 

results. These two lemmas are straightforward but fundamental from the 

definitions of ( ) ( )XMXM 21 ,  and ( ).XF  
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Figure 1. Eight distinct transformation of path graph .4P  

Lemma 2.1 [1] [5]. For any simple graph X. 

1. ( ) ( ) ( ).111 XEMXMXM e +=  

2. ( ) ( ) ( ) ( ) ( ).234 211 XFXMXMXEXM e ++−=  

Theorem 2.1. The FEZI of +++
nP  is given ( ) ( )++++++ = nn

e PFPM1  

( ) ( ) ( ) ( nqrrrPqMPrMPEM nnn 4043672
211 −+++++−+ +++++++++  

) ( ) ( ) ( ) ( ) .14252392222 2222 +−+−−−−++−−+ rpqqpprqqrqpqp  

Proof. Let +++= nPX  be a ( )54,12 −− nn  graph with the degree 

sequence ( )pqr ,,  where == pr ,  and .3=q  Here ( ) 12 −= nXV  and 

( ) .54 −= nXE  Using definition (5), we have  

( ) ( )
( ) ( )




=

XEXVa

e XadXM



2
1  
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( ) ( )( ) ( ) ( )( )
( )( )

 
 

−+++=

XEab XEab

XbdXadXbdXad 22  

21 DD +=  

where 1D  and 2D  are the sums of the terms that come next to them in that 

order. Edge partitions can be classified into four types depending on the 

degrees of the end vertices of each edge in X. 321 ,, EEE  and .4E  The first 

type is such that qdpd ba == ,  for ( ),XEabe =  the second type is such 

that rdpd ba == ,  for ( ),XEabe =  the third type is such that 

rdpd ba == ,  for ( ),XEabe =  and the fourth type is such that 

rdd ba ==  for ( ).XEabe =  There are p edges in the first and second 

types, r edges in the third type, and rqn −− 34  edges in the fourth type, as 

indicated in Table [1]. 

Table 1. Edge partition of .+++nP  

( )ba dd ,  where ( )XEab   Number of edges 

( )qp,  p 

( )rp,  p 

( )rq,  r 

( )rr,  rqn −− 34  

Now ( ) ( )( ) ( ) ( )( ) ( ) ( )( )( )  
  

+++++=

1 2 3

1

Eab Eab Eab

bdadbdadbdadD  

( ) ( )( )


++

4Eab

bdad  

( ) ( ) ( ) ( ) ( ).234 rrqnrqrrppqpp −−++++++=  

Also  ( ( ) ( ) )  = 
−+=

4

1

2
2 2

i Eab i
bdadD  

( ) ( ) ( ) ( ) ( ) .2234222 2222
−−−+−++−++−+= rrqnrqrrppqpp  
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We acquire the desired result by adding 1D  and 2D  together. After 

simplification, we get ( ) ( ) ( ) ( )++++++++++++ −+= nnnn
e PrMPEMPFPM 111  

( ) ( ) ( )92222404367 222
2 −++−−+−+++++ +++ rqqrqpqpnqrrrPqM n  

( ) ( ) ( )22 142523 +−+−−− rpqqqp  

where ( ) ( ) ( )
( )



+++ −++==

XVu
an rnqpdPM ,522 2222

1  

( ) ( ) ( ) ,3422 2
2 rrqnprqrpqPM n −−+++=+++  

( ) ( ) ( ) 333 522 rnqpPF n −++=+++  and 

( )  ) ( ) ( ) ( ) .234142 2222
2 +−−++++=+++ rrqnrrqPEM n  

Theorem 2.2. The FEZI of 5, −−− nPn  is given by ( )−−−n
e PM1  

( ) ( ) ( ) ( ) ( ) ( )344
2

45 2
121 −−−+++= −−−−−−−−−−−− nnrPEMPF

s
PMPM nnnn  

( ) ( ) ( ) ( ) trntssrrmnkn
n

k

n

m
316121622 2221

4

1

5
−−−−−+−−+−+ 

−

=

−

=
 

.488828
3

222

s

t
srrrrsst −−+−+−  

Proof. Let −−−= nPX  be a ( )672,12 2 +−− nnn  graph with the degree 

sequence ( )rst ,,  where 52,62 −=−= nsnr  and .42 −= nt  Here 

( ) 12 −= nXV  and ( ) .672 2 +−= nnXE  Using definition (5), we have 

( ) ( )
( ) ( )




=

XEXVa

e XadXM



2
1  

( ) ( )( ) ( ) ( )( )
( )( )

 
 

−+++=

XEab XEab

XbdXadXbdXad 22  

21 DD +=  

where 1D  and 2D  are the sums of the terms that come next to them in that 

order. There are three different forms of vertex partitions based on the 

degrees of the end vertices of each edge in 21,: VVX  and .3V  The first type 
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is such that rda =  for ( );XVu   the second type is such that sda =  for 

( )XVu   and the third type is such that tda =  for ( ).XVu   Similarly, edge 

partitions can be classified into six types depending on the degrees of the end 

vertices of each edge in ,,,: 321 EEEX  and .,, 654 EEE  The first type is 

such that rdd ba ==  for ( );XEabe =  the second type is such that 

sdrd ba == ,  for ( );XEabe =  the third type is such that tdrd ba == ,  

for ( );XEabe =  the fourth type is such that sdd ba ==  for ( );XEabe =  

the fifth type is such that tdsd ba == ,  for ( )XEabe =  and the sixth type 

is such that tdd ba ==  for ( ).XEabe =  There are ( ) ( )34 −− nn  

( ) ( ) 
−

=

−

=
−+−+

1

4

1

5

n

k

n

m
mnkn  edges in the first type, ( )144 −n  edges in 

the second type, ( )124 −n  edges in the third type, and one edge in the fourth 

type, two edges in the fifth type and one edge in the sixth type as indicated in 

Table [2]. 

Now ( ) ( ) ( )  
  

++=

1 2 3

222
1

Vu Vu Vu

adadadD  

( )XMtssr 1
222 22 =++=  

and 

( ) ( ) ( ) ( )( ) ( )1442234
1

4

1

5

2
2 −+−−+−+−−=  

−

=

−

=
nrmnknnnD

n

k

n

m
 

( ) ( ) ( ) ( ) ( ) ( )22222 22222221242 −+−++−+−+−+−+ ttsstrnsr  

( ).1 XEM=  

Table 2. Edge partition of .−−−nP   

( )ba dd ,  where ( )XEab  Number of Edges 

( )rr,  ( ) ( ) ( )
−

=
−+−−

1

4
34

n

k
knnn  

( )
−

=
−+

1

5

n

m
mn  

( )sr,  144 −n  
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( )tr,  124 −n  

( )ss,  1 

( )ts,  2 

( )tt,  1 

We acquire the desired result by adding 1D  and 2D  together. After 

simplification, we get ( ) ( ) ( ) ( )−−−−−−−−−−−− ++= nnnne PF
s

PMPMPM
2

45 21
1  

( ) ( ) ( ) ( ) ( ) 
−

=

−

=

−−− −+−+−−−+
1

4

1

5
2

1 344
n

k

n

mn mnknnnrPEM  

( ) ( )
s

t
srrrrstsrtntssrr

3
222222 488828316121622 −−+−+−−−−−−+−  

where ( )
( ) 

−−− ++==
XVu an tssrdPM ,22 2222

1  

( ) ( ) ( ) ( ) ( ) ( )rsnrmnknnnPM

n

k

n

m

n 14434 2
1

4

1

5

2 −+













−+−+−−=  

−

=

−

=

−−−  

( ) ,2124 22 tstsrtn +++−+  

( ) 333 22 tssrPF n ++=−−−  and 

( ) ( ) ( ) ( ) ( )













−+−+−+−−=  

−

=

−

=

−−−
1

4

1

5

1 2

13
34

n

k

n

n

n nmnknnnPEM  

( ) ( ) ( ) ( )













−+−+−+−−−  

−

=

−

=

1

4

1

5

134348

n

k

n

n

nmnknnnr  

( ) ( ) ( ) ( )













−+−+−+−−+  

−

=

−

=

1

4

1

5

228344

n

k

n

n

nmnknnn  

         24724438216528 2 −+−++−+−−−− nsnrsstnrtntns  

 .322 2 −+ nt  
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Theorem 2.3. The FEZI of −++
nP  is given by ( ) ( )−++−++ = nn

e PMPM 11  

( )
( ) ( )  xyxyyxnnPM

y

PF
n

n 2444854 222
2 −−−+++−+++ −++

−++

 

( ) ( ) ( ) ( ) ( ) ( ) .238448453
3

2

y

x
nynynxn +−−−−−+−−+  

Proof. Let −++
nP  be a graph with the degree sequence ( )yx,  where 

1−= nx  and .ny =  Here ( ) ( )12 −=−++ nPV n  and ( )−++nPE  

.12 −−= nn  Edge partitions are classified into three types based on the 

degrees of the end vertices of each edge in 21,: EEPn
−++  and 3E  are 

indicated in Table [3].  

Table 3. Edge partition of .−++nP   

Edge partition ( )ba dd ,  Number of edges 

( )xx,  53 −n  

( )yx,  852 +− nn  

( )yy,  4−n  

Using definition (5) we have  

( ) ( )

( ) ( )


−++−++

−++−++ =

nn PEPVa

nn
e PadPM



2
1  

( ( ) ( )) ( ( ) ( ) )

( )( )

 
−++ −++ 

−++−++−++−++ −+++=

n nPEab PEab

nnnn PbdPadPbdPad 22  

Simplification using Table [2], we get ( ) ( )
( )

y

PF
PMPM n

nn
e

−++
−++−++ += 11  

( ) ( )   ( ) ( )xnxyxyyxnnPM n 84532444854 222
2 −−+−−−+++−++ −++  

( ) ( ) ( ) ( )
y

x
nynyn

3
2 23844 +−−−−−+  where ( ) ( ) 2

1 2 xnPM n +=−++  

( ) ( ) ( ) ( ) ( ) 222
2

2 48553,3 ynxynnxnPMyn n −++−+−=−+ −++  and ( )−++nPF  

( ) ( ) .32 33 ynxn −++=  
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Theorem 2.4. The FEZI of +−−
nP  is given by ( ) ( )+−−+−− = nn

e PMPM 11  

( )
( )

( )
( ) ( ) 

−

=

+−−+−−
+−−

+−+
−

−
+++

1

2122 5
1

21
4

n

knn
n knPEM

t

t
PM

t

PF
 

( )
( ) ( ) 

( )2
222

2 1

21
42441448422

1

21

−

−
−+−−−+−+








−+−

−

−

t

t
ststtsnss

t

t
 

( )  ( ) .3
2

2 232 tns
t

n
ts −−

+
−−+  

Proof. Let +−−
nP  be a semiregular graph with the degree sequence ( )ts,  

where 1−= ns  and .2−= nt  Here ( ) 12 −=+−− nPV n  and ( )+−−nPE  

.222 +−= nn  Edge partitions are classified into three types based on the 

degrees of the end vertices of each edge in 21,: EEPn
−++  and 3E  are 

indicated in Table [4]. 

Table 4. Edge partition of .+−−nP  

Edge partition ( )ba dd ,  Number of edges 

( )tt,  5−n  

( )ts,  144 −n  

( )ss,   ( ) 5
1

2
+−

−

=

n

k
kn  

For the graph ,+−−nP  

( ) ( ) ( ) ,32 22
1 tnsnPM n −++=+−−  (6)  

( ) ( ) ( )  ( )  ,51445 21

2
2

2 sknstntnPM
n

kn 
−

=

+−− +−+−+−=   (7) 

( ) ( ) ( ) ,32 33 tnsnPF n −++=+−−   (8)  

and 

( )    ( )  ntknnsntPEM
n

kn 24962322348
1

2
22

1 −+−+++−= 
−

=

+−−  

 ( )  ( ) ( )72414548228
1

2

1

2
−+−+−+−+−− 

−

=

−

=
nstknnknns

n

k

n

k
  (9) 
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Using Definition (5), Table [4] and equations (6)-(9), we get the desired 

result. 

Theorem 2.5. The FEZI of +−+
nP  is given by ( ) ( )+−++−+ = nn

e PMPM 11  

( )
( ) ( ) ( ) ( )

−

=

+−++−+
+−+

−−−−+++
1

5
22

12 2322
n

knn
n tknqnPEMPM
q

PF
 

( ) ( ) ( )
q

r

q

r
qsnqtrsrqqnstns

33
22 22434442442 −−−−−−−−−−−−  

( )
.

23 3
3

q

s
t

q

n
−

−
−  

Proof. Let +−+
nP  be a graph with degree sequence ( )rtsq ,,,  where 

2,1,4 −=−== tnsq  and .2=r  Here ( ) 12 −=+−+ nPV n  and ( )+−+nPE  

 .
2

1 2 nn +=  In ,+−+nP  there are eight different forms of edge partitions 

based on the degrees of the end vertices of each edge which are indicated in 

Table [5]. 

Table 5. Edge partition of .+−+nP  

Edge partition ( )ba dd ,  Number of edges 

( )qr,  2 

( )sr,  2 

( )qq,  3−n  

( )tq,  ( )32 −n  

( )sq,  2 

( )tt,  ( )
−

=
−

1

5

n

k
kn  

( )st,  ( )42 −n  

( )ss,  1 

Using definition (5) together with Table [5], we get ( )+−+n
e PM1  
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( )
( )

( ) ( ) ( ) 2
121 322 qnPEMPM

q

PF
PM nn

n
n −−+++= +−++−+

+−+
+−+  

( ) ( ) ( ) ( )344424422 21

5

22 −−−−−−−−−−− 
−

=
nqtrsrqqnstnstkn

n

k
 

( )
q

s
t

q

n

q

r
qs

3
3

3 23
24 −

−
−−−  where ( ) ( ) 222

1 232 stnrPM n +−+=+−+  

( ) ( ) ( ) ( ) qsqtnqnrsrqPMqn n 232322,2 2
2

2 +−+−++=−+ +−+  

( ) ( ) ( ) ( ) ( ) 333321

5

2 2232,42 qnstnrPFsstntkn n

n

k
−++−+=+−+−+ +−+−

=
 and ( )     222

1 21632146164 nsnqnqrrPEM n +−+−+−=+−+  

( ) ( )











−−−+












−+−+ 

−

=

−

=

1

5

1

5

2 816564144
n

k

n

k

knntknnt  

  ( ) ( ).444344488 −++−+++−+ nstqsqtnrsrqns  

Theorem 2.6. The FEZI of −+−
nP  is given by ( ) ( )−+−−+− = nn

e PMPM 11  

( )
( ) ( ) ( ) ( )3243442 12 −−−−−−+++ −+−−+−

−

npsqrnpqPEMPM
r

PF
nn

n


 

( ) .224 rsqsqrn ++−  

Proof. Let −+−
nP  be a graph with degree sequence ( )srqp ,,,  where 

62,,1 −==−= nrnqnp  and .42 −= ns  Here ( ) ( )12 −=−+− nPV n  and 

( )  .273
2

1 2 +−=−+− nnPE n  In ,−+−nP  there are nine different forms of edge 

partitions based on the degrees of the end vertices of each edge which are 

indicated in Table [6]. 

Table 6. Edge partition of .−+−nP  

Edge partition ( )ba dd ,  Number of edges 

( )qp,  2 

( )rp,  ( )32 −n  

( )sp,  2 



FIRST ENTIRE ZAGREB INDICES OF TRANSFORMATION … 

Advances and Applications in Mathematical Sciences, Volume 22, Issue 6, April 2023 

1383 

( )qq,  4−n  

( )rq,  ( ) ( )34 −− nn  

( )sq,  ( )32 −n  

( )rr,  ( )
−

=
−

1

4

n

k
kn  

( )sr,  ( )32 −n  

( )ss,  1 

Using Definition (5) together with Table [6], we get the desired result, 

where 

( ) ( ) ( ) ,3222 2222
1 qnsrnpPM n −++−+=−+−  

( ) ( ) ( ) ( ) ( )qrnnqnpsprnpqPF n 3442322 2 −−+−++−+=−+−   

( ) ( ) ( )
−

=
+−+−+−+

1

4

22 3232
n

k
srsnrknqsn  

( )     ( )













−−+−−+−= 

−

=

−+−
1

4

2222
1 34812

n

k

n nknrnnqnpPEM  

        ( )













−−−+−−+−−+−+ 

−

=

1

4

22 2343458216322

n

k

knnnrnqnnpnsns  

( ) ( ) ( )  ( )12723334 2 +−+−+−++−++ nnqrnrsnqspsnprpq  

( ) .524

1

4

2














−+−++ 

−

=

n

k

knnn  

Theorem 2.7. The FEZI of ++−
nP  is given by ( ) ( )++−++− = nn

e PMPM 11  

( )
( ) ( ) ( )

r

p
nrqrnprpqPEMPM

r

PF
nn

n
3

2
12

2
34842 −−−−−−+++ ++−++−

++−

 

( )
( ) 

−

=
−−−

−
−

2

1

22
3

.242
3 n

k
krqn

r

qn
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Proof. Let ++−
nP  be a graph with degree sequence ( )rqp ,,  where 

.1,4,3 −=== nrqp  Here ( ) 12 −=++− nPV n  and ( )++−nPE  

 .63
2

1 2 −+= nn  Edge partitions are classified into six types based on the 

degrees of the end vertices of each edge in ++−
nP  which are indicated in Table 

[7]. 

Table 7. Edge partition of .++−nP  

Edge Partition ( )ba dd ,  Number of edges 

( )pp,  2 

( )qp,  4 

( )rp,  4−n  

( )rr,  


−

=

2

1

n

k
k  

( )rq,  62 −n  

Using definition (5) together with Table [7], we get the desired result 

where  

( ) ( ) ,32 222
1 nrqnpPM n +−+=++−  

( ) ( ) ( ) ( )
−

=

++− +−+−++=
2

1
22

2 32442
n

kn rkqrnqnprpqPM  and 

( ) ( ) ( )  ( )161248206246 22
1 −++−+−=++− nqqnppPEM n   

( ) ( )   
−

=

−

=
−−+−−++++

2

1

2

1
181634844

n

k

n

k
knrnrnqrqpk  

 .422
2

1
2 

−

=
+−+

n

k
knr  

Theorem 2.8. The FEZI of −−+
nP  is given by ( ) ( )−−+−−+ = nn

e PMPM 11  

( )
( ) ( ) ( ) 

−

=

−−+−−+
−−+

−−−−+++−
5

1
22

12
2 441442

n

knn
n rkrpnPEMPM
r

PF
r  

( )
( ) ( ) ( ) ( ) .4828324

3 33

qrnprnpqnn
r

qn

r

np
−−−−−−−

−
−−  
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Proof. Let −−+
nP  be a graph with degree sequence ( )rqp ,,  where 

.52,62,1 −=−=−= nrnqnp  Here ( ) 12 −=−−+ nPV n  and ( )−−+nPE  

 .893
2

1 2 +−= nn  There are six different forms of edge partitions in −−+
nP  

based on the degrees of the end vertices of each edge which are indicated in 

Table [8]. 

Table 8. Edge partition of .−−+nP  

Edge Partition ( )ba dd ,  Number of edges 

( )pp,  1−n  

( )qp,  652 +− nn  

( )rp,  42 −n  

( )rr,  


−

=

5

1

n

k
k  

( )rq,  82 −n  

( )rr,  1 

Using definition (5) together with Table [8], we get the desired result 

where  

( ) ( ) ,23 222
1 rqnnpPM n +−+=−−+  

( ) ( ) ( ) ( ) ( ) ( )
−

=

−−+ +−+−−+−=
5

1
22

2 22321
n

kn rkprnpqnnpnPM  

( ) ,42 2rqrn +−+  

( ) ( ) ( )













−++−−+−+= 

−

=

−−+
5

1

22222
1 844232

n

k
n knrnnqnnpPEM  

( ) ( )pnnnqqqnnnp 10812412244 222 −++−+++−+  

.42441648401684

5

1

2
5

1













+−+














++−+−−+ 

−

=

−

=

n

k

n

k

knqnqknppnr   
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Conclusion 

In this article, we determine the exact expression for the first entire 

Zagreb index of the eight distinct transformations of path graph in terms of 

,, 21 MM  Forgotten index, and .1EM  
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