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Abstract

We have described an ingenious parameter referred to as the forcing nonsplit geodetic
domination number of a graph. We have investigated a few results regarding the forcing
nonsplit geodetic domination number of a graph. In addition, we have determined the forcing
nonsplit geodetic domination number of some graphs. Also we have obtained for integers a, b

with 0 <a <b, and b > a+1, there exists a connected graph G such that fe,(G) =a and

Ynsg (G)=b.
1. Introduction

By a graph G = (V, E), we mean a simple graph with order n > 2. For
basic graph theoretic terminology, (see [3], [7]). The neighborhood of a point v

is the set N(v) consisting of all points u which are adjacent with v. The closed
neighborhood of a point v is the set N[v] = N(v)U {v}. A point v is an extreme
point if the subgraph induced by its neighbor is complete. An u — v path of

length d(u, v) is called an u —v geodesic. A set S of points is a geodetic set

2020 Mathematics Subject Classification: 056C12, 05C69.

Keywords: Geodetic number, Domination number, Geodetic domination number, Nonsplit
geodetic domination number, Forcing nonsplit geodetic domination number.

*Corresponding author; E-mail: arulpaulsudhar@gmail.com

Received January 15, 2022; Accepted January 30, 2022



2232 P. ARUL PAUL SUDHAHAR and J. JEBA LISA

[9] if I[S]=V(G) and the minimum cardinality of such set is geodetic
number and is denoted as g(G). A set of points D in a graph G is a
dominating set [8] if each point of G is dominated by some point of D. The
domination number y(G) of G is the minimum cardinality of a dominating set
of G. A subset S of V(G) is a geodetic dominating set [5] of G if S is a geodetic
set and a dominating set of G. The minimum cardinality of a geodetic
dominating set is called the geodetic domination number of G and is denoted
by y4(G). A geodetic set S of a graph G = (V, E) is a nonsplit geodetic set
[12] if (V — S) is connected. The nonsplit geodetic number g, (G) of G is the
minimum cardinality of a nonsplit geodetic set of G. A set S < V(G) is said to
be a nonsplit geodetic dominating set [2] of G if S is both a nonsplit geodetic
set and a dominating set of G ((V —S)) is connected). The minimum

cardinality of nonsplit geodetic dominating set of G is called the nonsplit

geodetic domination number of G and is denoted by v,s4(G).

We present some basic information in this area that help in the creation
of the paper. In section 2, we defined and demonstrated the forcing nonsplit
geodetic domination number of a graph. Section 3 contains the paper’s

conclusion. In the sequel, the following results are used.

Theorem 1.1 [2]. If G is a connected graph with n points, then
2 < g(G) < v,54(G) < n -1

Definition 1.2 [7]. The join of G and H is denoted as G + H and is
defined as the graph with G U H and all edges joining V(G) and V(H).

2. Forcing Nonsplit Geodetic Domination Number of a Graph

In this section we define the forcing nonsplit geodetic domination number

fynsg (G) of a graph and initiate a study of this parameter.

Definition 2.1. Let G be a connected graph and S be a minimum nonsplit
geodetic dominating set of G. A subset T' < S is called a forcing subset of S,
if S is the unique minimum nonsplit geodetic dominating set containing 7.
The forcing subset of S of minimum cardinality is the minimum forcing
subset of S. The forcing nonsplit geodetic domination number of S denoted by
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fynsg (S) is the cardinality of the minimum forcing subset of S and is given by
fynsg (G) = min{f, .., (S)}, where the minimum is taken over all minimum
nonsplit geodetic dominating sets S of G.

Example 2.2. For the graph G given in Figure 1, S; = {d;, ds5, dg, d;}
and Sy = {dy, d4, dg, d;} are the only two minimum nonsplit geodetic
dominating sets of G such that fy,(S;)=1 and f,4(S2)=1. Hence

fynsg (G) =1

da ds

an

Figure 1. A graph G with [, (G) = 1.

Theorem 2.3. For any connected graph G, 0 < fye(G) < vpe(G)

<n-1.

Proof. It is clear from the definition of forcing nonsplit geodetic
dominating set of G that, [, (G) = 0. Let S be a minimum nonsplit geodetic

dominating set of G. Since fyee(G) < 75,55(G) and f,40 (G) = min{f, .0 (S)},
it follows that fyne (G) < v,45(G). Also from Theorem 1.1, v,44(G) < n —1.
Therefore 0 < f,,,55(G) < 750 (G) < 1 - 1. O

Theorem 2.4. Let G be a connected graph. Then

L. finse (G) = 0 if and only if G has a unique nonsplit geodetic dominating
set.

2. fimsg(G)=1 if and only if G has at least two nonsplit geodetic

dominating set, there exists an element in one of the nonsplit geodetic

dominating sets which is not in any other nonsplit geodetic dominating set.
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3. finse (G) = Ynsg (G) if and only if there is no unique nonsplit geodetic
dominating set containing any of its proper subsets.
Proof. 1. Assume that f,,4 (G) = 0. Then by definition 2.1, f,,,35(S) = 0

for some nonsplit geodetic dominating set S of G. So the empty set is the
minimum forcing subset for S. Since the empty set is always a subset of any
set, it follows that S is the unique nonsplit geodetic dominating set of G.
Conversely, assume that S is the unique nonsplit geodetic dominating set. It
is clear that ¢ is the forcing subset of S. Thus f,e (G) = 0.

2. fynsg(G) = 1. Then by Theorem 2.4 (1), G has at least two minimum

nonsplit geodetic dominating sets. There is a singleton subset S; of a
minimum nonsplit geodetic dominating set S of G such that S; is not a

subset of any other minimum nonsplit geodetic dominating set of G. Thus S'is
the unique minimum nonsplit geodetic dominating set containing one of its
elements. Conversely, assume that G has at least two nonsplit geodetic
dominating sets, there exists an element in one of the nonsplit geodetic
dominating sets which is not in any other nonsplit geodetic dominating set.
Clearly, fsq(G) = 1.

3. Let fynee(G) = Yngg(G). Then f45(S) = 7,44 (G), for every minimum

nonsplit geodetic dominating set S in G. Also by the Theorem 2.3,
Ynsg(G) = 2 and hence f,;4,(G) > 2. Then by Theorem 2.4 (1), G has at least

two minimum nonsplit geodetic dominating sets, so that the empty set is not
a forcing subset for any minimum nonsplit geodetic dominating set of G.

Since fynsg (S) = Ynsg (G), no proper subset of S is a forcing subset of S. Thus

no minimum nonsplit geodetic dominating set of G is the unique minimum
nonsplit geodetic dominating set containing any of its proper subsets.

Conversely, assume that no minimum nonsplit geodetic dominating set of
G is the unique minimum nonsplit geodetic dominating set containing any of
its proper subsets. To show that f,;,s(G) = ype (G). By our assumption G

contains more than one minimum nonsplit geodetic dominating set and no

subset of any minimum nonsplit geodetic dominating set S other than S is a

forcing subset for S. Hence, f,40(G) = Ypgg (G). a]
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Definition 2.5. A vertex v of G is said to be nonsplit geodetic dominating

point of G, if v belongs to every nonsplit geodetic dominating set of G.

Example 2.6. For the graph G given in Figure 1, dg and d; are the
nonsplit geodetic dominating points of G.

Theorem 2.7. Let G be a connected graph and W be the set of all nonsplit
geodetic dominating points of G, then f,,sq(G) < Ype (G) — | W .

Proof. Let S be a minimum nonsplit geodetic dominating set of G, then
Ynsg(G) =18, W< S and S is the unique minimum nonsplit geodetic
dominating set containing S —-W. Then f,,(G)<[S-W|=|S|-|W|
= Ynsg(G) | W|. o

Corollary 2.8. If G is a connected graph with k extreme points, then
fynsg (G) < Vnsg (G) — k.

Theorem 2.9. For the path G = B,(n > 5),

0 if n=4,
Finsg(G) = ﬂ—” 5 SJ if n>5.

Proof. Case (i). Let n = 4. Let Py : d;, do, ds, dy. Let S ={d;, dy}. Itis
clear that S is the unique minimum nonsplit geodetic dominating set of G.
Hence it follows from Theorem 2.4 (1) that £, (G) = 0.

Case (ii). Let n > 5.

Let P, : dj, dy, ds, ..., d,,. Itis observed that S; = {d;, dy, ..., d,,_3, d,,},

Sy = {d, day ooy sy sy ) S = 1, oy s sy gy s s Sy =
{d), dy, d5, ..., d,_1,d,} are the n-3 minimum nonsplit geodetic

dominating sets. Clearly no [n —3 J element subset is contained in any other

minimum nonsplit geodetic dominating sets of P,. Therefore,

fynsg(G) = Ln ; 3J- O
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Theorem 2.10. For the cycle G = C,(n > 4),

3 if n=4,

fynsg(G) =14 if n=35,
n .

LEJ if n>5.

Proof. Case (i). Let n = 4.

Let C4 : b, by, b3, by, b;. Clearly C, has four minimum nonsplit geodetic
dominating sets such as S; = {b, by, b3}, Sy = {by, b3, by}, Sg = {by, bs, by},
and Sy = {by, by, by} in such a way that f,,(S1) =3, frg(S2) =3,

fynsg (Sg) = 3 and fynee (Sy) = 3. Hence, fy,55(Cy) = 3.

Case (i1). Let n = 5.

Let Cj: by, by, bg, by, b5, by. It is observed that Cs; has five minimum
nonsplit geodetic dominating sets S; = {b;, by, b3, by}, So = {by, b, by, b5},
Ss = {b1, by, by, bs}, Sy = {by, by, by, b} and S = {by, by, by, b5} such that
Finsg (S1) = 4, frnsg (S2) = 4, finsg (S3) = 4, fingg (S4) =4 and  fr50(S5) = 4.
Hence, fs(C5) = 4.

Case (iii). Let n > 5.

Let C, : b, by, ..., b, bj. Let S be any n —2 consecutive points of C,,.
Clearly S is a nonsplit geodetic dominating set of C,. Every C, has n
minimum nonsplit geodetic dominating sets. Let S = {b, by, ..., b, _g}. It is
easily verified that S is the unique nonsplit geodetic dominating set of C,

containing {by, bs, b, ..., b,_3, b,_o} for n is even and {b;, b3, bs, ..., b,_4,

b,_g} for nis odd. Therefore f,,.4(C,) = {%J 5

Theorem 2.11. For the wheel W,, = K; + C,,_;, (n > 6),

1 if nis odd,
2 is n is even.

aWUARY

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022



FORCING NONSPLIT GEODETIC DOMINATION NUMBER ...2237

Proof. Case (i). Let n be odd.
Let V(W,) = {x, ¥1, Y2, ---» ¥p_1} be the points of W,. It is verified that

Sl = {yla y3a y57 ceey yn74? yn,72} and S2 = {y2’ Y4, yG, ceey yn—3, yn—l} are

the only two minimum nonsplit geodetic dominating set of W, so that

fynsg (S1) =1 and f,,,44(S2) = 1. Hence f,,55(W;,) = 1.

Case (ii). Let n be even.

Let V(W,) = {x, ¥1, Y9, ..., Yn_1} be the points of W,,. It is observed that
W, has n -1 minimum nonsplit geodetic dominating sets. Also every
singleton subset belongs to every other minimum nonsplit geodetic
dominating sets of W,,. Therefore f,q (W,)>1. Let u, v e V(W,,), where u
and v are adjacent points. Then these adjacent points u, v do not belong to

any other minimum nonsplit geodetic dominating set of W,. Hence it follows

that fyne (W,) = 2. 0

Theorem 2.12. For any two integers 2 < m < n,

0 ifm=1nz2x2,
if m
if m=2n2>3,

if 3<m<n.

n=2,
fynsg(Km, n) =

B~ = w

Proof. Let U = {i, ug, ..., u,,} and V ={v, vy, ..., v,} be the two

bipartite sets.

Case (1). Let m =1, n > 2.

Let S ={v, vy, ..., v,}. Clearly S is the unique minimum nonsplit

geodetic dominating set of G. Hence it is follows from Theorem 2.4 (1) that
fynsg (Km, n) =0.

Case (i1). Let m = n = 2.

Let S ={v, vg, 4}, Sg = {vy, Vg, Un}, Sg = {vy, 1y, ug} and Sy =

{vg, v1, ug}. Clearly S;;1<i<4 are the minimum nonsplit geodetic
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dominating sets such that f,(S1) =3, fineg(S2) =3, finee(S3) =3 and
fynsg (S4) = 3. Hence fynsg (Km, n) =3.

Case (iii). Let m = 2, n > 3.

Let S; = {iy, vy, Vg, ..., U,} and Sy = {ug, vy, Vg, ..., U,}. It is clear that
S; and S; be the minimum nonsplit geodetic dominating set such that

Fynsg (S1) = 1 and f,,44(Sg) = 1. Therefore f,4 (Kypy ) = 1.
Case (iv). Let 3<m < n.

Let S = {w, uj, vy, U5}, 1 <i<j<mand 1<r <s<n. Clearly Sis the

minimum nonsplit geodetic dominating set such that 1-element, 2 element, 3-
element subset belong to some other minimum nonsplit geodetic dominating

sets of K, ,. It is clear that the 4-element subset does not belong to any

other subset of K, ,,. Therefore, fyne (K ») = 4. o

Theorem 2.13. For the graph G = K1 + B,_1, n > 6,

0 if nis even,

Finsg @)= {1 if nis odd.

Proof. Let x be a point of K; and Ay, Ay, ..., h,,_; be the points of P,_;.

Case (i). Let n be even.

Let S ={hy, hy, ..., h,_;}. Clearly S is the unique minimum nonsplit

geodetic dominating set of G. Hence it is follows from Theorem 2.4 (1) that
fynsg (G) =0.

Case (ii). Let n be odd.

It is observed that, S; = {My, hs, ..., h,_9, h,_1}, So = {hy, ho, hy, ...,

hp_gs Py1}s S3 = {hy, hg, by, ooy 3, By s Spa = {hy, h3, hs, hg, ...,
2
Py By 1 Spy = {hys gy B, ooy By gy by 4} are the ”T‘l minimum
vh

nonsplit geodetic dominating sets of G. Clearly, some of the singleton subsets
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of S;’s are forcing subsets of S;’s and some of the 2-element subsets of S;’s

are forcing subsets of S;’s. Therefore, f,4(G) = min{fype (S1), frngg (S2)s .-

fynsg(sn_—l)} = min{l’ 2} =1 O
2

Theorem 2.14. For integers a, b with 0 <a <b, and b > a +1, there

exists a connected graph G such that fyne (G) = a and v,.,(G) = b.
Proof. Case 1. f,,55(G) = a = 0, y,4 = b.

Let P : vy, vy, Us, Uy, Us. Let H be the graph obtained from P; by adding
2 new points h; and hy, and connecting them to each v;, (1 <i <5). Let G
be the graph obtained from H by adding b —1 new points 4, b, ..., [_; and
connect each [;, (1 <i < b—1) to hyg. The resulting graph G is given in Figure
2.

Figure 2. Graph G with f,,4,(G) = @ = 0, 7,4 = b.

Let S={4, b, ..., [,_;} be the set of all end points of G. Clearly S is a

subset of every nonsplit geodetic dominating set of G. But S is not a nonsplit
geodetic dominating set of G. Let S; = S U {l}. Clearly S; is the unique

minimum nonsplit geodetic dominating set of G. Now, it follows from
Theorem 2.4, that fy,e (G) = 0 and v,,44(G) = b.

Case 2. [y (G) = a < ypge = b.

Let C, :d;, b, ; =d;,1, ¥, d;(1 <i < a) be a copy of cycle 4. Let H; be
the graph obtained from C; by adding b — a new points 4, b, ..., lp_q_1, X0

and joining each [, (1 <i<b-a-1) to r, and joining x; to d;. Let G be
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the graph obtained from H; by identifying the edges h;y;, 1 <i < a). The

resulting graph G is given in Figure 3.

) dy hi dy=ry hy d3=r2
® % e o o

Figure 3. Graph G with f,,,3,(G) = @ < Y4 = .

Let S={4, b, ..., lh_q_1, g} be the set of all end points of G. First we
show that v,4, = b. It is clear that S is a subset of every nonsplit geodetic

dominating set of G, but S is not a nonsplit geodetic dominating set of G. Let
Q =1{d1, Y1, Y2r ---> Ya» M, oy ..., By, 7.} Let S) be a y,,4,-set of G. Then it

is easily observed that (i) nonsplit geodetic dominating set must contain ‘a’
points from Q. (i) some pairs of @ such that {d;, y;} ¢ S, {y,, 7} € S and

{3, hi} ¢ SA<i<a) Thus y,,(G)>b-a+a=>b On the other hand,
since the set S; = SU{dy, ¥9, ¥3, ..., Y} 1s a nonsplit geodetic dominating
set of G, it follows that v,.4,(G) < | S; | = b. Hence v,,45(G) = b. Next we show
that [ e (G) = a. Every nonsplit geodetic dominating set of G contains S and
so it follows from Theorem 2.7 that f,e(G) < v,4(G)~|S|=b~(b~-a)
= a. Now since ynsg(G) = b and every nonsplit geodetic dominating set of G
contains S. It is easily seen that every nonsplit geodetic dominating set S is
of the form S U {J;, jo, ..., jo} Where j; € Q. Let T be any proper subset of
S, with | T'| < a. Clearly for some nonsplit geodetic dominating set S; such
that 7" S; # ¢. Therefore T is not a forcing subset of S;. Clearly S; is the
unique minimum nonsplit geodetic dominating set containing {j, Jja, .--, Jg}-

Therefore f,,4,(G) = a.

3. Conclusion

This work initiates the study of forcing nonsplit geodetic domination
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number of a graph. The idea of forcing nonsplit geodetic domination number

of a graph can be extended to study the forcing nonsplit edge geodetic

domination number of a graph.
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