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Abstract 

Both Farey sequence and continued fractions are recently developing fields of number 

theory. Their inter relationships are studied in this paper. Farey sequence is analyzed through 

continued fractions as Farey sequence consist of fractals from 0 to 1. It is considered as sum of 

rational numbers. An attempt has been made to write the mediant inserted in Farey sequence 

of order as a matrix whose diagonal elements are unity. For the matrix representation only the 

new inserted elements have been considered.  

1. Introduction 

The terms of Farey sequence are fractals in [0, 1]. The representations of 

rationals as continued fractions is really an interesting one. Continued 

fractions on its own has no particular properties on addition or 

multiplications. In developing the Farey sequence for successive iterations 

the mediants are inserted between corresponding ratios. In this paper the 

terms of the sequence are represented as continued fractions and some 

properties are analyzed. Also without finding the mediant the development of 

Farey sequence in terms of continued fractions have been given as an 

algorithm. It is established that the mediant elements of NF  derived from 
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1NF  has been expressed as rational sum of ,, nm FF  where m and n are 

relatively prime factors of N. Also the new inserted elements of  1 nnF   

from the previous sequence has been written as direct sum .nn FF   

Treating this as a matrix it is a matrix whose diagonal elements are unity 

and can be written as sum of a symmetric upper triangular, lower triangular 

matrices. 

1.1. Continued Fraction 

An expression of the form  
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Where ii qp ,   are real or complex numbers and is called a continued 

fraction. 

Table 1. Farey sequence continued fractions. 
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2. Algorithm to Develop Farey Sequence 

1. In each sequence first and last terms are 0,0  and 1,0  respectively.  

2. In every sequence ,nF  the second and last but one terms are n,0  and 

1,1,0 n  respectively.  

3. The number of terms in each sequence are   


n

k
k

1
.1   

4. In each sequence the number of terms added is  ,n  the Euler 

function. 

5. If ‘d’ is the number such that the   1,gcd dn  then the continued 

fraction of 
n

d
 occupies the rth position from left with continued fraction 

2,,0
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6. The complement 
n

dn 
 occupies rth position from right with continued 

fraction .2,1,1,0 
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7. If the continued fraction 
n

di  consist of three quotients, one of the 

following cases may arise k
d

n
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8. If the continued fraction 
n

di  consist of four quotients, one of the 

following cases may arise k
d

n
,1,,0






  must be inserted between 1,0 
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9. The centre term is always taken by .2,0  

Theorem 2.1. The terms in mnF  which are mediant of terms in 1mnF  

can be written as the sum of rational numbers mF
m

k
  and ,nF

n

l
  where m 

and n are relatively primes,  1,,2,1  mk   and  .1,,2,1  nl   

Proof. Let 
n

l

m

k
,  be any two rational numbers belonging to mF  and nF  

respectively, where nm,  are relatively primes 

For nlmk  ,  
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  and their 

sum taking all pairs, clearly the resulting  mn  numbers are in .mnF   

 mn  numbers formed above are mediants of elements in .1mnF  The 
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 is the median of 
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The number 
15

2
 is the median of 
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Illustration 2.2.  

Mediant of elements of 14F  in 15F  as .35 FF    

Table 2. 
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Table 3. Farey sequences 14F  and .15F  
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3. Proposition 

nn FF   is nn   an matrix whose elements are the mediant elements of 

inserted in nnF 1  from the previous Farey sequence. This matrix is a sum of 

symmetric upper diagonal matrix and symmetric lower diagonal matrix 

whose diagonal consist of unity. 
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4. Conclusion 

In this paper Farey sequence whose elements are fractal has been 

analyzed in various fashions. Here Farey sequence is first expressed as 

continued fraction and then a sum of rational numbers. Also it is observed 

that the Farey sequence is represented as a matrix. Various approaches of 

the successive inserted terms has been discussed here. Likewise in future 

Farey sequence in terms of equations may be studied.  
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