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Abstract

We have written explicit representation for Cauchy Pompeiu formula on the Quarter plane
and making use of this formula, solution of higher order Dirichlet boundary value problem on the
Quarter plane is explicitly written.

1. Introduction

Solution of inhomogeneous polyanalytic equation with Dirichlet boundary
conditions on the Quarter plane cannot be obtained using iteration technique
due to involvement of unbounded and divergent integrals [14, 15, 16] as it is
done in case of bounded domains [3, 4, 7, 11, 12, 13]. Therefore, we will first
write expression for Cauchy theorem and Cauchy-Pompeui formula for higher
orders on the Quarter plane and then we will write the solution of Dirichlet
boundary value problem for polyanalytic functions on the quarter plane. In
case of Upper half plane these problems are also studied [8, 9, 10]. In case of
first order partial differential equations, Gauss theorem and the Cauchy-
Pompeiu formulas are used to find fundamental solutions of these equations
[1, 2, 5, 6].
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2. Dirichlet Boundary Value Problem

The Dirichlet problem is one of the fundamental problems in potential

theory. It is related to the Riemann jump problem.

Theorem 2.1. The Dirichlet problem for analytic functions: wz =0 in
Q1, with boundary conditions w =y, for 0<x,y=0,w=yy for
0<y x=0 for y;,PB; € C(R; C) such that (1+s)°y.(s), (1 +5)°Bi(s) are
bounded for some 0 <3 and satisfying the compatibility condition

1(0) = B1(0) is uniquely weakly solvable in the class C*(Qy; C)N C(Qy; C) if

and only if
o | e o [ TR S -0 @)
2chi .:w v1(8) S{SE - 2Lm J.;rw B1(s) s (jsiz =0, (2.2)

The solution then is given as

we) = g [ 5" o [ )

- 2.4
21 s—z 2m 2.4

In case of the inhomogeneous Dirichlet boundary value problem the

solution is given as follows:

Theorem 2.2. The Dirichlet problem for inhomogeneous Cauchy Riemann

equation: ws = [ in Qq, with boundary conditions w = vy, for 0<x, y=0,

w=p; for 0<y, x=0 for feL, 9(Q;C),2<p, v, By € C(R; C) such

that (1 +s)°v1(s), (1 + s)°B(s) are bounded for some 0 < & and satisfying the
compatibility condition y1(0) = B1(0) is uniquely weakly solvable in the class

C(Qy; C)NC(Qy; C) if and only if

Advances and Applications in Mathematical Sciences, Volume 20, Issue 10, August 2021



DIRICHLET BOUNDARY VALUE PROBLEM ... 2449

1 [ ds 1 [+ ds dédn

o Jo Yl(s)s—z_% o Bl()s+zz P () —= =0 (2.5)
1 ds 1 1 dedn

o Jo Y1(S)S—§_2_TELJ. [31()8+LZ ;J.QICI(G)—Q_E—O, (2.6)
1 (* ds 1 d&dn

o [ e o [ The - 055 @7

The solution then is given as

we) = g [0 1" o [ )

-z 2m

21 dédn
- I@lf@ . @9

s+iz c+z

Proof. If this Dirichlet problem has a solution in the class
w e C1(Qq; C)N C(Qy; C) satisfying W e L, 2(Qq; C), 2 < p, then it is of
the form (2.8) and can be verified to be a solution. From the assumption on
v1, By and f it follows by direct computation and (1 + R)° M(R, w) on as is
bounded on R* with. Moreover, w obviously satisfies the differential
equation. For checking the boundary conditions the solvability conditions

(2.5) to (2.7) are needed. Adding (2.6), (2.8) and subtracting (2.5), (2.7) leads
to

A s+ z|? 2 [T® s2 |z ?
w(z) = —J 11(s) Y | |2 ds + —I B1(s) y. 5 21 ds
o M o TP

2 |s+2z]| T s—iz|? | s—iz|?

2 z z
-= - déd 2.9
2 @’Z(Q)(g_zz gz_gzj £dn 2.9

adding (2.7), (2.8) and subtracting (2.5), (2.6) leads to

+00 2_ 2 +00 2 2
w(z):gj. 11(s)—= 5 i |Z|2 ds+ 2 By (s)—2 5 > +|Z|2
TJo |s—z|" |s+z] mJo |s—iz|” |s—iz|
2J‘ z z
b DA, + d&dn (2.10)
wlo 7\ 22 2o

Observing that
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1 z-3
2”i|s—z|2

Y

3 z=x+iy,x,seR, 0<y
|s—z]

_1
T

is the Poisson kernel for the upper half plane [8] for s, € R"

. .2t 2 4|z
lim w(z) = lim —I 11(s) —2 5 | |2 ds = v1(sp)
z—8) z—sy T JO |3_2| |3+z|

and from (2.10) likewise for s, € R*

2 2
s¥ +z
| |2 ds = Bi(sg). [

2 +00 y
lim w(z) = lim = Bi(s)
z—>8) z—>sg mi Jo | s—1iz |

Before deducing the solution of Dirichlet problem for the higher order we
will write a representation for general Cauchy Pompeiu formula on Q.
Theorem 2.3. Let F}, be the space of functions in wh1 (Qq, C) for which
}%Hn R’M(0%w, R)=0,0<v<k-1 where M(d%w, R)= ‘m‘ax| o%w(z) |
el z|=R

0<I,,Z

and 2" 20%w e I}(Qy, C). Then every w € F), is representable as

w(z) = Z L I ; ((ZS SZ)) o%uw(s) ds — Z 2mj i, %81) (s)ds

1 1 (z_—g)k‘l .
g B-1) (g-2) ocw(g) dédn, (2.11)

for z € Q.

Proof. If £ =1, then

- g ) o [ 3 5

s—z 2nido s+iz c—z
which is Cauchy-Pompeiu representation on Q.

Let again Qip ={z=x+iy:|z| <R, 0<x,0<y}=QgN{z|<R}
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Then assuming for z € Q5

N 1G9, 1 G-
w@)—;z—m oo o1 Gy s = [ Gy Sy oo dedn

To hold, this formula will be proved for (k2 +1) instead of k. An

application of Cauchy Pompeiu formula for ¢ € Q3

dhue) = o [ =t dtw(Rdz - L j —ak“w(g)dadn 2.12)
1R

2m oQp 6 —6

Inserting this in the preceding formula (2.12) shows that

e -3 L Joo, 2 atutcrae
s 2n

gV (6-2)
_ZLm o O .[ o (k 11)1 (Z(;f):)_l T e
- % - ogu(c)( % jQ1R * il)g ((Zg _gz)) (El_ D dedn) dEdT. (2.13)
Now, let
1 I o (k- 1)v ((g _gz)) (gl_g) dgdn = (2, <), (2.14)

On substituting (2.15) in (2.14), we have

k-1
-y L 1(z-9 1 J' k ) dE
w(z) = Z(; 5 -[9@1 dgwl(e)ds — 5~ oo ozw(c) ¢ (2, 5)dg
v=

ol (G-2)
1 ~ ~ ST g~
+ = oM w(3) ¢ (2, ) dEdn (2.15)
nTJoip ©
(2 z -2
Now, using Cauchy Pompeiu formula for — NG 2) we have
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1 (z-9)f
kK (S-2)
1 1 (- ds 1 1 (z-9¢f" dedn

“omiJeg B G-2) (6-2) mog k-1 G-2) (5-2)
= 17)(2’ Z) - (p(Z, E)’ (216)
where

1 (-9 de
=50l ey o

As obviously GE@(Z, ¢) = 0, then

2 e, @ DT = L[ oz(ok w(@ipe D) dEdR

1 Bl [~ o~y g~
ot Jo,, 02 w(Sh(z, T)dg
l.e.

1

o Loy, O W@ DT - L[ L@z DR =0 @D

Now substituting the values from (2.16), (2.17) and using (2.18), we have

SE 1(z-¢)
w(z) = ;% ja@lR ol ﬁagw@ o

1 1 (z-3)

57 Lo, PR D) - e

1 R+~ (0 o~ 1 (E)U PP~
+ E 0015 ag lw(G){w(Z, Q)_E (E —Z) }dﬁdﬂ

k-1

- 1 1(z2-9) 1 e e
B 2mi '[9@1}?, vl (g—gz)@gw(g) 57 ZJA oQp G%w(g)lp(z, g)dg
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o= w(s) k
L k+1 L (z g)
2ni 8Q1R < w(@) ¥z, T)dEdii+ 2m '[ Q1R k! (- Z)
o w(3) k
1 5 z2-9) ma
_ - d&d
Qir k! (€-2) =

k _
w(z):UZ: 1 J‘ 1 (Z c)’ avw(g)dg_l Gk! (g__z) dEdw

2ni Jog,p Vi (6 —2) o p

which 1s (2.12) for & + 1.

From the estimate

el (-9 11-.- 1 (z=¢) | -
2nlJo<x ol (g-— )aw(G) 9= 2n vl ) c=r |o- | |aw(€)||d€|

O<y
11 —v1
“om i)l B9 o) ]l ds]

Ll v-1 v 11 v-1 v
< gzl + Ry M(ogw, RIR = — 5 (2R)" M(ocw, R)R
vl g

1 —RUM(GUw R) > 0 as R - .

Applying R — «, we have

k
e
v=0 1

k
1 (z-t) 1 21 (EZ+it) o .
= —6 t)dt — —8 t)dt
Z[Zm.[ P P NCAACAN I By rarem s L)
v=0
which exists by the respective assumption (2.11) follows from (2.12). 0

We now investigate Dirichlet boundary conditions for the inhomogeneous

polyanalytic equation:
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Theorem 2.4. Let w be as in theorem 2.3, then the Dirichlet problem for

polyanalytic equation
%w =f in Q. dtw =y, for 0<x, y=008%w =P, for 0 <y, x = 0(2.18)

is uniquely weakly solvable and the solution is given by

w(z) = 5 ZI ;{y ((ZS )YA(S) ds - ZI i, (fstrllsz)) By.(s)ds

_1 1 (z- )n !

If and only if for 0 <v <n-1

~ 2mi (;» o) (s-2)
N 1 1 e A ds
-2 s, PO s
)" 1 . 1 dedn _
Thov-Dix L@l”l(@) G-2) =30 (2.20)

n-l U ato0
D = e

v i ( U)! (s + iE)
-1 1 ( )k U eto0 ) v d
gz— 0 U),j O
iglgees T e e

1 )7”_” oo —v—v ds
212_ -v) .[0 v2.(8)(s = 2) (s +12)
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—

n—

1 1 —v d.
_gg——@ 3 j )i~ 2V T

Proof. In order to show (2.20), we first note that vy, (s)e L”(R),
0 <A <n-1. The representation (2.20) is indeed a solution. This follows from
(2.11). In order to show (2.21), we show the following for 0 <v <n-1

n-v-1 dédn
-z

AL -2

m-v-1)\n

=1 (-1 e, v ds
Z::z_ v)!.[ o%u(s) (s - 2)" G+2)

n—1
11 (T (e U dS
+;2ni o) JO agw(zs)(zs 2) i) (2.23)
=v

This will be proved using induction on n. For n =1, (2.23) is essentially

the Gauss theorem [3] which holds since Z%im M(w, R) =0
-0

Let Qg = Q; N{z:|z| < R}. Then assuming for z € Q;g, m < n -1,

D™" 1 mo = AU dédn
m e I@m 0z w(s)(c - 2) -z
mzL (1) [ otw@E-2 ds (2.24)
2mi (h— o) Jogyg o C+2) '

to hold, this formula will be proved for (m + 1) instead of m. Applying Gauss

theorem for regular domains [2] and substituting the value from (2.24), we
obtain

(_1)m+1—v

1 m+l — "7V d&dn
T 7oy, OG- T

-z
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(m-v)ln Qp G5 c-2

_ (_1)m+1—v 1 1 0 a%nw(g) @ : Z)m_v d&dn

= m—-v-1
B H N e

el my(y (@2
" m-v) {ija@m R I

m-1 A—v A—
1 (1) A - MY dg
* ; 2ni (m —v)! -[5@11% ocw(e) (& - 2) c-z
=v

which is (2.24) for (m + 1).

Moreover

2ni J-\q |=R, 0<Img

1 d

(c-2)

otw(c) (g - 2)*™" < (R+| 2| M(R, d%w)R

which tends to zero as R tends to . Thus (2.23) follows from (2.24). On the
similar way (2.21), (2.22) can be proved using Gauss theorem as above. For
checking the boundary conditions the solvability conditions (2.21) to (2.23)
are needed and may be verified on the similar pattern as in theorem 2.2. So

we leave the calculations here.

(1]
(2]

(3]

(4]

(5]

(6]
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