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Abstract 

We have written explicit representation for Cauchy Pompeiu formula on the Quarter plane 

and making use of this formula, solution of higher order Dirichlet boundary value problem on the 

Quarter plane is explicitly written.  

1. Introduction 

Solution of inhomogeneous polyanalytic equation with Dirichlet boundary 

conditions on the Quarter plane cannot be obtained using iteration technique 

due to involvement of unbounded and divergent integrals [14, 15, 16] as it is 

done in case of bounded domains [3, 4, 7, 11, 12, 13]. Therefore, we will first 

write expression for Cauchy theorem and Cauchy-Pompeui formula for higher 

orders on the Quarter plane and then we will write the solution of Dirichlet 

boundary value problem for polyanalytic functions on the quarter plane. In 

case of Upper half plane these problems are also studied [8, 9, 10]. In case of 

first order partial differential equations, Gauss theorem and the Cauchy-

Pompeiu formulas are used to find fundamental solutions of these equations 

[1, 2, 5, 6]. 
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2. Dirichlet Boundary Value Problem 

The Dirichlet problem is one of the fundamental problems in potential 

theory. It is related to the Riemann jump problem. 

Theorem 2.1. The Dirichlet problem for analytic functions: 0=zw  in 

,1  with boundary conditions 1=w  for 2,0,0 == wyx  for 

0,0 = xy  for ( );, 11 C  such that ( ) ( ) ( ) ( )ssss 11 1,1 ++


  are 

bounded for some 0  and satisfying the compatibility condition 

( ) ( )00 11 =  is uniquely weakly solvable in the class ( ) ( ) ;; 11
1 CC   if 

and only if 

( ) ( ) ,0
2

1

2

1

0
1

0
1 =

+



−

−


 
++

zis

ds
s

izs

ds
s

i
 (2.1) 

( ) ( ) ,0
2

1

2

1

0
1

0
1 =

+



−

−


 
++

zis

ds
s

izs

ds
s

i
 (2.2) 

( ) ( ) .0
2

1

2

1

0
1

0
1 =

+



−

−


 
++

izs

ds
s

izs

ds
s

i
 (2.3) 

The solution then is given as 

( ) ( ) ( ) .
2

1

2

1

0
1

0
1 izs

ds
s

izs

ds
s

i
zw

+



−

−



= 

++

 (2.4) 

In case of the inhomogeneous Dirichlet boundary value problem the 

solution is given as follows: 

Theorem 2.2. The Dirichlet problem for inhomogeneous Cauchy Riemann 

equation: fwz =  in ,1  with boundary conditions 1=w  for 0 ,x  0,y =  

1w =   for 0 ,y   0x =  for ( ) ,,2,; 112,  pLf p   ( );1 C  such 

that ( ) ( ) ( ) ( )ssss 11 1,1 ++


 are bounded for some 0  and satisfying the 

compatibility condition ( ) ( )00 11 =  is uniquely weakly solvable in the class 

( ) ( ) ;; 11
1 CC    if and only if 



DIRICHLET BOUNDARY VALUE PROBLEM … 

Advances and Applications in Mathematical Sciences, Volume 20, Issue 10, August 2021 

2449 

( ) ( ) ( ) ,0
1

2

1

2

1

10
1

0
1 =

−





−

+



−

−


 
++

z

dd
f

zis

ds
s

izs

ds
s

i 
 (2.5) 

( ) ( ) ( ) ,0
1

2

1

2

1

10
1

0
1 =

−





−

+



−

−


 
++

z

dd
f

zis

ds
s

izs

ds
s

i 
 (2.6) 

( ) ( ) ( ) .0
1

2

1

2

1

10
1

0
1 =

−





−

+



−

−


 
++

z

dd
f

izs

ds
s

izs

ds
s

i 
 (2.7) 

The solution then is given as 

( ) ( ) ( ) ( ) .
1

2

1

2

1

10
1

0
1  +





−

+



−

−



=

++

 z

dd
f

izs

ds
s

izs

ds
s

i
zw  (2.8) 

Proof. If this Dirichlet problem has a solution in the class 

( ) ( ) ;; 11
1 CCw   satisfying ( ) ,2,;12, pLW pz    then it is of 

the form (2.8) and can be verified to be a solution. From the assumption on 

11 ,   and f it follows by direct computation and ( ) ( )wRMR ,1


+  on as is 

bounded on +  with. Moreover, w obviously satisfies the differential 

equation. For checking the boundary conditions the solvability conditions 

(2.5) to (2.7) are needed. Adding (2.6), (2.8) and subtracting (2.5), (2.7) leads 

to 

( ) ( ) ( ) ds
izs

zs

izs

y
s

i
ds

zs

zs

zs

y
szw

2

22

20
12

22

20
1

22

−

−

−



+

+

+

−



= 

++

 

( ) 














−
−

−



−  dd

z

z

z

z
f

2222
1

2


 (2.9) 

adding (2.7), (2.8) and subtracting (2.5), (2.6) leads to 

( ) ( ) ( ) ds
izs

zs

izs

y
s

i
ds

zs

zs

zs

x
s

i
zw

2

22

20
12
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20
1

22

−

+

−



+

+

−

−



= 

++

  

( ) 














−
+

−



−  dd

z

z

z

z
f

2222
1

2


 (2.10) 

Observing that 
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ysxiyxz
zs

y

zs

zz

i
+=

−
=

−

−


0,,,

1

2

1
22

  

is the Poisson kernel for the upper half plane [8] for + 0s  

( ) ( ) ( )012

22

20
1

2
limlim

00

sds
zs

zs

zs

y
szw

szsz
=

+

+

−



= 

+

→→
 

and from (2.10) likewise for + 0s  

( ) ( ) ( ).
2

limlim 012

22

20
1

00

sds
izs

zs

izs

y
s

i
zw

szsz
=

+

+

−



= 

+

→→
  

Before deducing the solution of Dirichlet problem for the higher order we 

will write a representation for general Cauchy Pompeiu formula on .1  

Theorem 2.3. Let kF  be the space of functions in ( ),1
1 ,kW  for which 

( ) 10,0,lim −=


kvRwMR v
z

v

R
 where ( ) ( )zwRwM v

z

ZI

Rz

v
z

m

=



=

0

max,  

and ( ).,1
12 Lwz k

z
k −  Then every kFw   is representable as 

( )
( )
( )

( )
( )
( )

( )  
−

=

−

=

+



+

 
+

+


−

−

−


=

1

0

1

0
00 !

1

2

1

!

1

2

1
k

v

k

v

v
v

v
v

dssw
izs

isz

vi
dssw

zs

sz

vi
zw  

( )
( )
( )

( ) ,
!1

11

1

1


−

−

−
− 

−

 ddw
z

z

k
k

k


(2.11) 

for .1z   

Proof. If ,1=k  then 

( )
( ) ( ) ( )

 
−




−

+
−

−
=


++

100

1

2

1

2

1


dd

z

w
ds

izs

isw

i
ds

zs

sw

i
zw  

which is Cauchy-Pompeiu representation on .1   

Let again    .0,0,: 11 RzyxRziyxz RR =+==   
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Then assuming for Rz 1  

( )
( )
( )

( )
( )

( )
( )

( ) 
−

=




 
−

−

−
−

−

−


=

1

0 11
!1

11

!

1

2

1
k

v

k
k

v
v

RR

ddw
z

z

k
dw

z

z

vi
zw



 

To hold, this formula will be proved for ( )1+k  instead of k. An 

application of Cauchy Pompeiu formula for R1   

( ) ( ) ( ) 
−

−
−

= 
+




 ddwdw
i

w
RR

kkk ~
~

11~~
~

1

2

1

11

1
~~


 (2.12) 

Inserting this in the preceding formula (2.12) shows that 

( )
( )
( )

( ) 
−

=





−

−


=

1

0 1
!

1

2

1
k

v

v
v

dw
z

z

vi
zw

R
 

( )(
( )

( )
( ) ( )

) 
−−

−

−



− 

−

 

~
~

1

!1

11~
2

1

11

1

~ ddd
z

z

k
w

i
RR

k
k


 

( ) (
( )

( )
( ) ( )

) .~~
~

1

!1

111

11


−−

−

−



−   dddd

z

z

k
w

RR

k
k


(2.13) 

Now, let 

( )
( )
( ) ( )

( ).~,~
1

!1

11

1
 =

−−

−

−
R

zdd
z

z

k

k


 (2.14) 

On substituting (2.15) in (2.14), we have 

( )
( )
( )

( ) ( ) ( )  


−

=


 


−
−

−


=

RR

dzw
i

dw
z

z

vi
zw k

k

v

v
v

11

~~,
2

1

!

1

2

1
1

0


 

( ) ( ) 


+ 
+



~~~,~1

1

1
~ ddzw

R

k


 (2.15) 

Now, using Cauchy Pompeiu formula for 
( )
( )

,~

~

!

1

z

z

k

k

−

−
 we have 
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( )
( )z

z

k

k

−

−
~

~

!

1
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( ) ( ) ( )
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( ) ( )−



−

−

−
+

−



−

−


=

−



−

 ~!1

11
~~

~

!

1

2

1
11

11

dd

z

z

k

d

z

z
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kk

RR 
  

( ) ( ),~,~,
~

−= zz   (2.16) 

where 

( )
( )
( ) ( )−



−

−


= 

−

~!

1

2

1~,
~

1

1
d

z

z

ki
z

R

k


  

As obviously ( ) ,0~,
~

~ =


z  then 

( ) ( )  ( ) ( ) 


=


−


 
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ddzwddzw kk
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~~~,
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~~1 1
~~~
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  

( ) ( ) 


= −


R

dzw
i

k

1

~~,
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2

1 1
~


  

i.e. 

( ) ( ) ( ) ( ) .0~~~,
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~~
2

1

11
~

1
~ =


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−
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ddzwdzw
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  (2.17) 

Now substituting the values from (2.16), (2.17) and using (2.18), we have 

( )
( )
( )

( ) 
−

=





−

−


=

1

0 1
!

1

2

1
k

v

v
v

dw
z

z

vi
zw

R
 

( )  ( )
( )
( )

 


−

−
−


−

R

d
z

z

k
zw

i

v
k

1

~
~

~

!

1~,
~~

2

1
~


  

( )  ( )
( )
( )


+




−

−
−


+

R

dd
z

z

k
zw

v
k

1

~~
~

~

!

1~,
~~1 1

~


  

( )
( )

( ) ( ) ( ) 


−
−

−


=    

−

=


~~,
~~

2

1

!

1

2

1

11
~

1

0

dzw
i

dw
z

z

vi
RR

kv
k

v

v




 



DIRICHLET BOUNDARY VALUE PROBLEM … 

Advances and Applications in Mathematical Sciences, Volume 20, Issue 10, August 2021 

2453 
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which is (2.12) for .1+k   

From the estimate 
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Applying ,→R  we have 
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−

−
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which exists by the respective assumption (2.11) follows from (2.12).  

We now investigate Dirichlet boundary conditions for the inhomogeneous 

polyanalytic equation: 
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Theorem 2.4. Let w be as in theorem 2.3, then the Dirichlet problem for 

polyanalytic equation  

fwn
z =  in 

 = wz.1  for 
 == wyx z0,0  for 0,0 = xy  (2.18) 

is uniquely weakly solvable and the solution is given by 
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!
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2
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Proof. In order to show (2.20), we first note that ( ) ( ) ,ps L   

0 1.n   −  The representation (2.20) is indeed a solution. This follows from 

(2.11). In order to show (2.21), we show the following for 10 − nv   
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This will be proved using induction on n. For ,1=n  (2.23) is essentially 

the Gauss theorem [3] which holds since ( ) .0,lim =
→

RwM
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 (2.24) 

to hold, this formula will be proved for ( )1+m  instead of m. Applying Gauss 

theorem for regular domains [2] and substituting the value from (2.24), we 

obtain 
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which is (2.24) for ( ).1+m  

Moreover  
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which tends to zero as R tends to . Thus (2.23) follows from (2.24). On the 

similar way (2.21), (2.22) can be proved using Gauss theorem as above. For 

checking the boundary conditions the solvability conditions (2.21) to (2.23) 

are needed and may be verified on the similar pattern as in theorem 2.2. So 

we leave the calculations here. 
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