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Abstract 

In this paper, simplicial vertices in the direct sum of two fuzzy graphs are discussed. Some 

of their properties are studied. The conditions for a vertex to be simplicial in the complement of 

a fuzzy graph are obtained. Also the conditions for a vertex to be simplicial in the fuzzy graphs 

whose underlying graphs are complete bipartite graph, path, star, cycle and tree are discussed. 

1. Introduction 

Azriel Rosenfeld [9] introduced Fuzzy graph theory in 1975. He has 

developed fuzzy analogue of many graph theoretic concepts. Since then it has 

been growing fast and has numerous applications in various fields. M. S. 

Sunitha and A. Vijayakumar [10] discussed about complement of these 

operations. The degree of a vertex in fuzzy graphs which are obtained from 

two fuzzy graphs using these operations were discussed by A. Nagoor Gani 

and K. Radha [6]. K. Radha and S. Arumugam [4] discussed about the On 

Direct sum of two fuzzy graphs. K. Radha and P. Indumathi [3] discussed 

about properties of simplicial vertices in some graphs. In this paper, 

simplicial vertices in the direct sum of two fuzzy graphs are discussed. Some 

of their properties are studied. The conditions for a vertex to be simplicial in 
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the complement of a fuzzy graph are obtained. Also the conditions for a vertex 

to be simplicial in the fuzzy graphs whose underlying graphs are complete 

bipartite graph, path, star, cycle and tree are discussed. 

2. Basic Concepts 

First let us recall some preliminary definitions that can be found in [1] to 

[13]. 

A complete graph is a simple graph such that every pair of vertices is 

joined by an edge. Any complete graph on n vertices is denoted by .nK  A 

clique of a graph is a complete subgraph. A vertex is simplicial if its 

neighborhood is a clique. A simplicial vertex of a graph G is a vertex v such 

that the neighbours of v form a clique in G. A set of pairwise non-adjacent 

vertices is called an independent set. A graph G is said to be bipartite if the 

vertex set can be partitioned into two disjoint subsets 1V  and 2V  such that 

for every edge   1, VvGEvve ijik   and .2Vv j   A complete bipartite 

graph is a bipartite graph in which all the vertices in 1V  are adjacent with all 

the vertices of .2V  If mV 1  and ,2 nV   then the corresponding 

complete bipartite graph is denoted as ., nmK  A complete bipartite graph 

nK ,1  is known as star graph. Here the vertex of degree n is called the apex 

vertex. Bistar is the graph obtained by joining the apex vertices of two copies 

of star nK ,1  by an edge. 

Definition 2.1 [5]. Let V be a non-empty finite set and .VVE   A 

fuzzy graph  ,:G  is a pair of functions  1,0:  V  and  1,0:  E  

such that      yxyx  ,  for all ., Vyx   Underlying crisp graph is 

denoted by  .,: EVG  

Definition 2.2 [5]. A fuzzy graph  ,,: PH  is called fuzzy subgraph 

of  ,,: VG  if     Puuu  ,  and     .,," Pvuuvuv    

 ,  is a spanning fuzzy subgraph of  ,  if   and ,  that is, if 

   uu   for every Vu   and    ee   for every .Ee   

 ,  is an induced fuzzy subgraph of  ,  if   and ,  P, 
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that is, if    uu   for every Pu   and    uvuv   for every ., Pvu   

Definition 2.3 [5]. An edge uv is effective if      .yxxy   G is an 

effective fuzzy graph if      yxxy   for all .Exy   G is a complete 

fuzzy graph if      yxxy   for all ., Vyx   

Definition 2.4 [4]. If   ,0 xy  then x and y are called neighbours, x and 

y are said to lie on the edge  uNxye G.  denotes the set of all vertices 

adjacent to u.  uNG  denotes the set of all vertices adjacent to u including u. 

  uNG G  denotes the subgraph induced by  .uNG  We use  uNG  to denote 

the subgraph induced by  .uNG  

Definition 2.5 [10]. The complement of a fuzzy graph  ,:G  is graph 

 CCCG  ,  where C  and   0 uvC  and      VuuvC   

otherwise. 

Definition 2.6 [7]. Let  111 ,: G  and  222 ,: G  be two fuzzy 

graphs with underlying crisp graphs  111 ,: EVG  and  222 ,: EVG  

respectively. Let 21 VVV   and Let  1;, EuvVvuuvE   or 

2Euv   but not both}. The direct sum of 1G  and 2G  is a fuzzy graph 

  ,:21 GGG  given by 
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3. Simplicial Vertex in Fuzzy Graphs 

Definition 3.1. A vertex u in a fuzzy graph G is simplicial in G if  uNG  

is a complete fuzzy graph. In other words, u is simplicial in G if u is simplicial 

in G  and each edge of  uN  is an effective edge. 
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Example 3.2. The vertices vx,  and w in 1G  of Figure 4.1 are simplicial 

in .1G  The vertex u is not simplicial in .1G  

Theorem 3.3. Let  ,:G  be an effective fuzzy graph with underlying 

crisp graph  .,: EVG  Then a vertex u is simplicial in G if and only if it is 

simplicial in .G  

Proof. If u is a simplicial vertex of G, then by the definition 3.1, u is 

simplicial in .G  

Conversely, let u be a simplicial vertex in .G  Then  uN  is complete in 

.G  Since G is an effective fuzzy graph,  uN  is a complete fuzzy graph. 

Hence u is simplicial in G. 

Theorem 3.4. A connected graph  EVG ,:  is complete if and only if 

each vertex of G  is simplicial. 

Proof. If G  is complete, then for any vertex u of  uNG ,  is V and 

  uNG  is G  itself which is complete. Hence each vertex of G  is 

simplicial. 

Conversely assume that each vertex of G  is simplicial. We have to prove 

that there is an edge between any two vertices of .G  Let u and v be any two 

vertices of .G  If there is an edge between u and v, there is nothing to prove. 

Otherwise there exists a path vvvvvu n  210  between u and v of length 

greater than one. In G  the neighbours of 1v  contains 0v  and .2v  Since 1v  is 

simplicial, there must be an edge between 0v  and .2v  Now the neighbours of 

2v  contains 10 , vv  and .3v  Since 2v  is simplicial, there must be an edge 

between 0v  and .3v  Therefore the neighbours of 3v  contain 20 , vv  and .4v  

Since 3v  is simplicial, there must be an edge between 0v  and .4v  Proceeding 

in this way, we obtain an edge between 0v  and ,nv  that is, between u and v. 

Hence G  is complete. 
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Theorem 3.5. A connected fuzzy graph G is complete if and only if each 

vertex is simplicial in G. 

Proof. Assume that G is a complete fuzzy graph. By Theorem 3.4, each 

vertex of G is a simplicial vertex of .G  Since G is a complete fuzzy graph, all 

its edges are effective. Therefore each vertex is simplicial in G. 

Conversely assume that each vertex of G is simplicial in G. Then each 

vertex is simplicial in .G  Therefore by theorem 3.4, G  is a complete. Let u 

be any vertex of G. Then u is simplicial in G and hence all the edges of  uN  

are effective. Since G  is complete,  uN  is G  itself. Therefore all the 

edges of G are effective. Hence G is a complete fuzzy graph. 

4. Simplicial Vertex in the Direct Sum of Two Fuzzy Graphs 

In this section, properties of simplicial vertices in the direct sum of two 

fuzzy graphs are discussed. If a vertex is simplicial in 1G  or in ,2G  then it 

need not be simplicial in .21 GG   This can be seen from the example given 

in figure 4.1. If a vertex is simplicial in ,21 GG   then it need not be 

simplicial in 1G  or in .2G  This can be seen from the example given in figure 

4.1. Here we obtain some necessary as well as sufficient conditions for a 

vertex to be simplicial in .21 GG   

 

Figure 4.1. 

Example 4.1. Even though a vertex is simplicial in both 1G  and ,2G  it 

need not be simplicial in .21 GG   For example, consider the following figure 

4.1. The vertex x is simplicial in both 1G  and .2G  But it is not simplicial in 

.21 GG   
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Theorem 4.2. Let  111 ,: G  and  222 ,: G  be two fuzzy graphs 

with underlying crisp graphs  111 ,: EVG  and  222 ,: EVG  such that 

.21 VV   Then iVu   is simplicial in 2,1, iGi  if and only if u is 

simplicial in .21 GG   In this case, the number of simplicial vertices in 

21 GG   is the sum of the number of simplicial vertices in 1G  and the number 

of simplicial vertices in .2G  

Proof. Let u be a simplicial vertex in .1G  

Since ., 2121  EEVV   

Therefore all the edges of 1G  and 2G  appear in .21 GG   Also these are 

the only of .21 GG   Hence 21 GG   is a disconnected fuzzy graph with 1G  

and 2G  as its components. 

Therefore, for ,2,1i  a vertex u is simplicial in iG  if and only if it is 

simplicial in .21 GG   

Hence the number of simplicial vertices in 21 GG   is the sum of the 

number of simplicial vertices in 1G  and the number of simplicial vertices in 

.2G  

Theorem 4.3. Let  1111 ,,: VG  and  2222 ,,: VG  be two fuzzy 

graphs with underlying crisp graphs  111 ,: EVG  and  .,: 222 EVG  Let 

21 VVu   be a vertex in 1G  such that no edge of  uNG1
 is in .2E  If u is a 

simplicial vertex of ,1G  then u is a simplicial vertex of .21 GG   

Proof. Let u be a simplicial vertex of .1G  Then  uNG1
 is complete fuzzy 

graph. Since no edge of  uNG1
 is in ,2E  by the definition of direct sum, all 

the edges of  uNG1
 appear in .21 GG   

Since ,2Vu   no other edge will be incident at u in .21 GG   

Therefore  uN GG 21
 is  .

1
uNG  

Since  uNG1
 is complete fuzzy graph, then  uN GG 21

 is also a complete 

fuzzy graph. 
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Therefore u is simplicial in .21 GG   

Remark 4.4. The converse of the above theorem 4.3 need not be true. 

 

Figure 4.2. 

Theorem 4.5. Let  1111 ,,: VG  and  2222 ,,: VG  be two fuzzy 

graphs with underlying crisp graphs  111 ,: EVG  and  .,: 222 EVG  Let 

21 VVu   be a vertex in 1G  such that no edge of  uNG1
 is in .2E  Then u is 

a simplicial vertex of 21 GG   if and only if the complement of  uNG1
 is a 

fuzzy subgraph of .2G  

Proof. Let u be a simplicial vertex of .21 GG   Then  uN GG 21
 is 

complete. Since no edge of  uNG1
 is in ,2E  all the edges of  uNG1

 are in 

 .
21

uN GG   

By the definition of direct sum, the remaining edges of  uN GG 21
 must 

all be in .2E  

Also since  uN GG 21
 is complete, these remaining edges are the edges 

which are not in  .
1

uNG  Hence the complement of  uNG1
 is a subgraph of 

.2
G  

Conversely, assume that the complement of  uNG1
 is a subgraph of .2G  

Since these edges are in 2E  only, they will be in .21 GG   Also all the edges 

of  uNG1
 are in .21 GG   Since ,2Vu   no other edge is incident at u in 

.21 GG   Therefore  uN GG 21
 is complete. Hence u is simplicial in 

.21 GG   
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Corollary 4.6. Let  1111 ,,: VG  and  2222 ,,: VG  be two fuzzy 

graphs with underlying crisp graphs  111 ,: EVG  and  .,: 222 EVG  Such 

that .21 EE   Let .21 VVu   If u is a simplicial vertex of ,1G  then u is 

a simplicial vertex of .21 GG   

Proof. Since ,21 EE   no edge of  uNG1
 will be in .2E  Therefore by 

the above theorem 4.5, if u is a simplicial vertex of 1G  then u is a simplicial 

vertex of .21 GG   

5. Simplicial Vertex in the Complement of the Fuzzy Graphs 

In this section, we obtain a necessary and sufficient condition for a vertex 

to be simplicial in the complement of a fuzzy graph. 

Theorem 5.1. Let  ,:G  be a fuzzy graph on  .,: EVG  A vertex u 

is simplicial in CG  if and only if the vertices of  uNG  is an independent set.  

Proof. Suppose u is a simplicial vertex in .CG  

Then  uN CG
 is complete fuzzy graph. 

Therefore there is an edge between any two vertices of  uN CG
 in .CG  

By the definition of the complement of a fuzzy graph, there is no edge 

between any two vertices of  uNG  in G.  

Therefore the vertices of  uNG  in G is an independent set.  

Conversely assume that the vertices of  uN CG
 is an independent set in 

G. 

Then there is no edge between any two vertices of  uNG  in G. Therefore 

any two vertices of  uN CG
 are adjacent in .CG  Hence u is simplicial in 

  .
CG   

Theorem 5.2. If  ,:G  be a fuzzy graph on a trivial graph 

 ,,: EVG  then each vertex of CG  is simplicial in .CG  
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Proof. If G is a trivial fuzzy graph, then CG  is complete. Hence for each 

vertex  uNu CG
,  is CG  itself which is complete fuzzy graph. Therefore each 

vertex of CG  is simplicial. 

Remark 5.3. The converse of the above theorem 5.2 need not be true. For 

example consider the fuzzy graph and its complement in the following figure 

5.1. Here each vertex of CG  is simplicial but G is not a trivial fuzzy graph. 

 

Figure 5.1. 

Theorem 5.4. Let  ,:G  be a Fuzzy graph on  .,: EVG  Where G  

is ., nmK  Each vertex of C
nmK ,  is simplicial. 

Proof. Since nmK ,  is a complete bipartite graph, C
nmK ,  is the union of 

two disjoint complete graphs mK  and .nK  Also G  is ., nmK  Since each 

vertex of a complete graph is simplicial, each vertex of C
nmK ,  is simplicial. 

6. Simplicial Vertex in the Tree, Path, Star and Cycle Graphs 

Theorem 6.1. The end vertex u of any fuzzy graph  ,:G  is a 

simplicial vertex if the edge incident at u is an effective edge. 

Proof. Let u be an end vertex of a graph G and let uve   be the edge 

incident at u. Then  uNG  is 2K  with vertices u and v. Hence u is a 

simplicial vertex in .G  Therefore if uv is effective edge, then u is simplicial 

in G. 

Theorem 6.2. The simplicial vertices of an effective fuzzy graph, whose 

underlying graph is a tree, are its end vertices. Hence an effective fuzzy graph 
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on a tree has at least two simplicial vertices. 

Proof. Let T be an effective fuzzy graph on a tree. Then the edge incident 

at an end vertex is an effective edge. 

Therefore the above Theorem 6.1, all the end vertices of T are simplicial 

vertices. Let u be any vertex with   .1ud  Then u is adjacent to at least two 

vertices. 

Let the vertices v and w be adjacent to u. If v and w are adjacent, then 

uvwv is a cycle in T which is a contradiction, since T has no cycle. 

Therefore v and w are not adjacent. Hence  uNT  is not complete. 

Therefore u is not simplicial in T  and hence u is not simplicial in T. This 

shows that only the end vertices are the simplicial vertices of T.  

Since a tree has at least two end vertices, T has at least two simplicial 

vertices. 

Corollary 6.3. An effective fuzzy graph on a path has exactly two 

simplicial vertices. 

Proof. Since a path is a tree with exactly two end vertices, an effective 

fuzzy graph on it has exactly two simplicial vertices. 

Corollary 6.4. An effective fuzzy graph on a star nK ,1  has exactly n 

simplicial vertices.  

Proof. Since a star nK ,1  is a tree with n end vertices, it has exactly n 

simplicial vertices. 

Corollary 6.5. An effective fuzzy graph on a bistar with 22 n  vertices 

has exactly 2n simplicial vertices. 

Proof. Since a bistar is a tree with 2n end vertices, it has exactly 2n 

simplicial vertices. 

Theorem 6.6. A fuzzy graph on a cycle nC  has simplicial vertices if and 

only if 3n  and all its edges are effective edges. 

Proof. Let G be a fuzzy graph on a cycle .nC  
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Suppose nC  has simplicial vertices. 

Let v be a simplicial vertex of G.  

Let vvvvv n32  be the cycle nC  on n vertices. Here v is adjacent to 2v  

and .nv  Since v is simplicial, 2v  and nv  must be adjacent. This is possible 

only if .3n  

Conversely suppose 3n  and all its edges are effective edges. 

Also, 3C  is a complete graph and  uNC3
 is 3C  for each vertex u of G. 

Hence each vertex of G is simplicial. 

7. Conclusion 

In this paper, simplicial vertices in the direct sum of two fuzzy graphs are 

discussed. Some of their properties are studied. The conditions for a vertex to 

be simplicial in the complement of a fuzzy graph are obtained. Also the 

conditions for a vertex to be simplicial in the fuzzy graphs whose underlying 

graphs are complete bipartite graph, path, star, cycle and tree are discussed.  
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