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Abstract

In this paper we introduced the concept of relatively prime edge domination of a graph G.

Let G(V, E) be a graph. For a set M < E(G) is said to be relatively prime edge dominating

set, if M is an edge dominating set with at least two edges and for each pair of edge ¢; and e;j
in M such that (dege;, degej) =1. The minimum cardinality of a relatively prime edge

dominating set (rpd-set) is called relatively prime edge domination number and it is denoted by
Brpa(G). If there is no such pair exist then B,,4(G) = 0.

1. Introduction

The graph related to the prime elements of G has been discussed since
1981. Williams was the first person who introduced the prime group of a
group where the vertices are the primes dividing the order of G and two
vertices p and g are joined by an edge if and only if G contains an element of
order pq. The significance of the prime graphs of finite groups can be found
in Yamiki (1993) and Williams (1981). In this paper we have introduced a
relatively prime edge domination number of graphs. The basic definitions
have been referred from S. Arumugam and S. Velammal [2], G. Chartrand
and Ping Zhang [5], F. Harary [6]. For basic results we have referred C.
Jayasekaran and A. Jancy Vini [8], V. R. Kulli and B. Janakiram [9].
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2. Definition and Main Results

Definition 2.1. A set S < E 1is said to be relatively prime edge

dominating set if it is a dominating set with at least two elements and for

every pair of edges u and v in S such that (deg u, degv) =1

Definition 2.2. The minimum cardinality of a relatively prime edge
dominating set is called relatively prime edge domination number and is
denoted by B,,4(G).

Theorem 2.1. Let P, be a path graph of order n > 3. then

2 if3<n<5s

Brpd(Pn) =13 ifn=67
0 otherwise.

Proof of Theorem 2.1. Let e, eg, €3, ..., e, be the edge set of path
graph P,.

Casel.for 3<n<5

If n =3, then M = {e], ey} is the required minimal relatively prime edge
dominating set and hence PB,,q(P,) = 2. Let n > 3 in this case M = le, e, }
is the dominating set and also d(eg), d(e,)=(2,1)=1 therefore

M = {eg, e,} 1is the relatively prime edge dominating set and hence

Brpd(Pn) = 2.
Case2. n=6,"7

In this case M = {ej, eq,e,} is the edge dominating set also
d(el)7 d(en) = (1’ 2) =1, and d(e4 )7 d(en) = (1’ 1) =1 and d(en)a d(el)
= (1, 2) =1 therefore M = {e;, ey, e,,} is relatively prime edge dominating
set and hence B,,q(B,) = 3.

Case3. n>8

Any dominating set contains at least two internal edges (e;, e;) such that

2<i#j<n-1and d(eg) dle;) = 2. Hence B,,q(P,) = 0.
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Theorem 2.2. If ZT,L is a complement of a path graph, then

b0 1o. hei.

Proof of Theorem 2.2. Let e, eq, e3, ..., e, be the edge set of path
graph ]Tn

Casel.If n =3

Here P_3 is a path of degree 1, but by the definition of relatively prime
edge dominating set there should be at least one edge of degree 2. Hence
B,pd(g) =0.If n=4, let M ={e|, ey, e3} be a path P,, v, is adjacent to all
vertices except vy clearly M = {e;, ey} is the edge dominating set of H. In
P, e; has degree (n—2) and e, has degree (n-—3), since d(e;), d(es)
=(1,2) =1, M ={e, ey} is relatively prime edge dominating set for P, and
hence Brpd(E) = 2. For n > 5, let m be the set of all even numbers, clearly
for any two relatively prime edge dominating sets have degree (n — (2m — 1))
and (n—2m) respectively, since d(n—(2m—1)), d(n-2m)=1. Hence
Brpa(Gp) = 2.

Case 2. Clearly any dominating sets contain at least two internal edges
of same degree and d(e;), d(ej) # 1 which implies Brpd(P_n) = 0. Hence the

Theorem.

Theorem 2.3. If G = Gy. then B,,q(Gy) = Brpa(Ga).

Proof of Theorem 2.3. Let f be an isomorphism between graphs G; and
Gy. Let E(G)) = {e, ey, ..., e,} since f : E(G;)E(Gy) is a bijection, Let
E(Gg) = {f(ey), f(eg), ..., f(e,)}. Let {ej, ey, ..., e,} be a relatively prime
edge dominating set of Gj, since f is an isomorphism, {f(e;), f(es), ..., f(ey)}-
is a also dominating set of Gy. Since isomorphism preserves adjacency of

edges d(e;), d(ej) =1 for i = j. Therefore {f(e;), f(ez), ..., flep,)} is a
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relatively prime edge dominating set of Gy. Hence B,,4(G ) = B,pa(G2)-
Theorem 2.4. For a pan graph P,

2, if4<m<7
0, otherwise.

Brpa(Pn) = {

Proof of Theorem 2.4. A cycle C,, will be attached to a path graph P,
by a bridge. C,, is regular graph with edge set {e;, e, e3,..., ¢,,} and any 2
edges say {e;, ea} is connected to a path P,, and the degree of any of these
two edges will result in 3, and the remaining edges in the cycle C,, will have

degree 2. Hence by the definition of relatively prime edge dominating set
Brpd(Pm) = 2.

Theorem 2.5. Let K,, ,, be a complete bipartite graph, B,pa(Kp, ) = 0.

Proof of Theorem 2.5. Let v; and vy be the bipartition vertex of K, ,
with |v; | = m and | vy | = n. Clearly d(u) = n and d(u) = m for u € v; and
u € vy any minimal dominating set of K,, , has one vertex in v; and

another vertex in vy, since the degree of each edge in u is same as the degree

of each edge in v, the minimal dominating set of K, , does not become

relatively prime dominating set and hence B,,q(K,, ) = 0.

Theorem 2.6. Let T), ,, be a tadpole graph. Then

2 ifqgls3
Brpd(Lm,n)= 3 ifm+n>17

0 otherwise.

Proof of Theorem 2.6. Consider a tadpole graph T, , by definition of
T, n 1s obtained by joining a cycle graph C,, to a path graph P, with a
bridge.

Case 1. q;l <3
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Let {u;, ug, us, ..., u,,} be the edges on the cycle graph C,, and
{v1, v, U3, ..., v,,} be the edges on the path graph P,. Let {v;} be the
common edge for C,, and P, and {v,,} be the terminal edge of P,. This
implies that for n =1 any 2 edges in the cycle graph will have degree 2 and
3, since the degree of any edge in the cycle will have degree 2 and an edge
adjacent to path will have degree 3, deg(y;), deg(u,,)=(2,3)=1 or
n=234.

In this case M = {iy, v,_;} is the required minimal relatively prime
dominating set also deg(y ), deg(v,_1) = (2, 3) = 1.

Therefore {u;, v,_;} is relatively prime dominating set and hence
Brpd(Tm,n) = 2.

Case2. m+n>7

For m =3, here {y,vs,v,} 1is the dominating set, also
dw,v3)=3,2)=1,ds, v,)=(2,1) =1 and d(u,v,)=(@1,3)=1.
Therefore {uy, vs, v,} is relatively prime dominating set and hence
Brpd(Tm,n) = 3

For m = 4, 5.

In this case {u, v, v,} is the required minimal relatively prime
dominating set also d(w), d(v) =(2,3) =1, d(v;), dv,,) =3, 1) =1,
d(vy,), dw)=(1,3)=1. Hence B,pq(T), ,)=3 therefore {u, vy, v,} is
relatively prime dominating set.

For m =6

In this case {ug, us, v,,} is the required relatively prime dominating set
also d(u), d(us) =(2,3)=1,d(us), dv,,) =B,1)=1 and d(v,,) d(us)
=(1,2)=1. Hence B,pq(T, ,)=3. Therefore {u, us, v,} is relatively
prime dominating set.

Theorem 2.7. Let C,, be a centipede graph then
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2 ifn=305

Brpd(cn) =43 ifn=1738
1  otherwise.

Proof of Theorem 2.7. Consider a centipede graph C,, by definition
C, 1is a tree on 2n vertices obtained by joining the bottom of n-copies of the

path P, laid in a row with edges.

Let the edges on the top of C, be u;i=1,23,...,n and the

corresponding edges on the bottom be v;; i =1, 2, 3, ..., n.
Case 1.for n = 3, 5

In this case {u;,v,} is the required minimal relatively prime edge

dominating set, also d(x), d(v,) = (2, 1) = 1. Hence B,,4(C,) = 2.
Case 2.for n =17, 8

The edges v; and v,, have degree 1 and the edges on the top of C, have
degree 3 and the corresponding edges on the bottom will have degree 2. This

is because the edges on the bottom of C, that is {v;, vg, ..., v,} will be
pendent edges and each edge {vy, vg, v3 ..., Uy} will be connected to the
corresponding top edges {u, ug, us, ..., v,}. Hence the edges {u, v,, v,_1}

forms the required minimal edge dominating set. Also d(i;), d(v,_1)
=3,2)=1, d@,;)dv,)=(2,1)=1, d(,),dlw)=@1,3)=1. Hence
Brpd(Cn) =3.

3. Conclusion

In this paper, we surveyed selected results on relatively prime edge
domination in graphs. These results establish key relationships between the
relatively prime numbers and the dominating sets in graphs. We find results

for some standard graphs and special graphs.
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