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Abstract

A dominating set S of a graph G is an efficient dominating set (EDS) if | N[v]N S| =1, for
all v € V(G). A graph is efficiently dominatable if it has an EDS. Not all graphs are efficiently
dominatable. The neighbourhood contracted graph G, of G, with respect to the vertex v, is the
graph with vertex set V — N(v), where two vertices u, w € V — N (v) are adjacent in G, such
that one of the following conditions hold: (i) W = U and w is adjacent to any vertex of N(v) in

G. (ii) u, w ¢ N[v] and u, w are adjacent in G. In this paper, we study a few efficiently

dominatable neighbourhood contracted graphs. In particular, we consider efficiently
dominatable graphs whose domination number is % and derive characterization for its

neighbourhood contracted graph to be efficiently dominatable.
1. Introduction

In this paper, graphs considered here are finite, simple, undirected and
connected, unless otherwise mentioned. For terminologies and notations not
defined here, the reader is referred to [6, 18].

Let G be a graph with vertex set V and edge set E. Let u, v € V(G) and

S < V(G). With these notations, we define the basic terminologies as below:
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N(u) ={v € V(G) : wv € E(G)} and N[u] = N(u)U {u}. The eccentricity of
u in G, denoted by eccg(u), is the distance between u and a vertex farthest

from u. The maximum and the minimum of the eccentricities of all vertices in
G are referred to as the diameter (diam(G)) and radius (rad (G)) of G

respectively. A vertex v with ecc(v) = rad(G) is a central vertex. A set S is a

2-packing if for each pair of vertices u, v € S, N[u]N N[v] = 0.

Definition 1.1 [6]. A dominating set S < V(G) is an efficient
dominating set (EDS) of G if | N[u]N S | =1, for all u € V(G).

A graph G is said to be efficiently dominatable if G has an EDS. Those

graphs that have an efficient dominating set include Path P,, for all n,
Complete graph K, for all n and Complete bipartite graph K,, ,, if and

only if m =1 or n=1. Not all graphs are efficiently dominatable. For

example, the cycle Cy is not efficiently dominatable.

The concept of neighbourhood contracted graph was introduced by S. S.
Kamath and studied in [8].

Definition 1.2 [8]. Let G be a graph and let v be any vertex of G. Then
the neighbourhood contracted graph G, of G, with respect to the vertex v, is
the graph with vertex set V — N(v), where two vertices u, w € V — N(v) are

adjacent in G, such that one of the following conditions hold:
1. w = v and u is adjacent to any vertex of N(v) in G.
2. u, w ¢ N[v] and u, w are adjacent in G.

In the literature, the terminology “efficient domination” was introduced
by Bange et al. [1]. They have proved that, “if a graph G has an efficient
dominating set, then the cardinality of any efficient dominating set equals
the domination number of G. In particular, all efficient dominating sets have

the same cardinality”.

The study of efficient domination in graphs and in special classes of
graphs are widely studied in the literature, both theoretically and from

algorithmic perspectives. Efficient domination has been studied on general
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graphs [1, 14, 15] and on some special classes of graphs like Co-comparability
graphs [4], Permutation graphs and Trapezoid graphs [7], Serpinski graphs
[10], Cubic Vertex-transitive graphs [11]. The study on efficient domination is
in progress using eigenvalues by [3]. Structure of squares and efficient
domination in graph classes has been studied by [9]. Super-efficient graphs
are studied by [13]. In [12], some examples and results on efficient
domination partitionable graph are presented. The critical concepts with
respect to efficient domination, like vertex removal, edge removal/addition,

were introduced and studied in [14, 16].

Throughout this paper, we use the notation € to denote the class of
efficiently dominatable graphs which was introduced by Thilak and studied
in [14].

Efficient domination stands unique among other variants of domination
because of its three properties: Domination, independence and 2-packing.
Efficient domination has its wide applications in communication networks,
mobile ad hoc networks, coding theory, fault tolerance analysis, wireless

sensor networks.

This paper initiates the concept of efficient domination in neighbourhood
contracted graphs. A few efficiently dominatable neighbourhood contracted

graphs are identified and properties are studied.
2. Efficient Domination and Neighbourhood Contraction in Graphs

Not all graphs are efficiently dominatable. Thus, for any vertex

v e V(G), G, may or may not be efficient. In G, the N[v] vertices are
contracted to form a new vertex. Throughout this paper, we use the notation

v* to denote the vertex obtained by contracting N[v] vertices in G,. In other

* . .
words, we use v notation to represent the vertex vin G,,.

The following is evident from the definition of neighbourhood contracted

graphs: For any vertex v € V(G),
L[ V(G)|=[V(G)|-| N@)|

2. | E(Gy) | =] E(@)| - [ (NQ)) |
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Observation 2.1.

1. If v is a pendant vertex in G, then G, = G —v. Thus, G, € € if and
onlyif G —v € &

2. Let T be a tree of diameter three and let ¢ and b be its two central
vertices. Let p be the number of pendant vertices adjacent to vertex a and q

be the pendant vertices adjacent to vertex b. Then, G, = K,,; and

Gy = K. Thus, G, € € and Gy, € €.

P if deg (v) = 1
3. (8] (F), = {Pz_i if de§ ((v)) =2
Thus, (P,) € &, for all v € V(G).
4. 18] (K,y), € Ky, for all v € V(G).
Thus, (K,,), € & forall v e V(G).

K; if v is the central vertex

5.[8] (K1, ), = { K 1 if visthe Pendant vertex

Thus, (Kj ), € & forall v e V(G).
6. [8] (Cn)u € Cn—2'

We know that C,_o € € if and only if n = 2(mod 3). Thus, it follows that

if C, is efficiently dominatable, then (C,,), is not efficiently dominatable and

vice-versa.

Proposition 2.1. Let G € & y(G) > 2 and G, €&, for any u € V(G).
Then, v(G,) < v(G).

Proof. Let Sbe an EDS of G. For any u € V(G), let G, € &

Case (i). Let u € S.
Then, there exist a vertex ve S such that dg(u,v)=3. In
Gy, dg, (u*, v) = 2.
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Case (ii). Let u ¢ S.

Let u € N(w) for some w e S. Also, there exists a vertex v € S such
that dg(w, v) = 3.

Thus, in G, dg, (W, v) = 1.

Thus, in all the cases, v(G,) < y(G).

Observation 2.2 [8]. G, is a trivial graph if and only if deg (v) = n -1 in
G.

Proposition 2.2. Let G € &, y(G) = k and S be an EDS of G. If for any
deg(v) = n—y(G) -1, then G, € &

Proof. Let degg(v) =n—y(G)-1, for any v € V(G)— S. Then, for all
ueS and we N(u), dg(v, w)=1. Thus, G, = K; j,_; and hence G, € &
and y(G,) = 1.

Theorem 2.3. Let G be a graph of diameter at most two. Then, for any
ueV(G), G, € £and y(G,) = 1.

Proof. Let diam(G) =1. Then, G € £ and y(G) = 1. That is, there exist
a vertex v € V(G) such that degg(v) = n —1.

Case (i). v € V(G) and degg(v) = n—1.

Then, by Observation 2.2, it follows that G, = K;. Thus, G, € &€ and
1(G) =1,

Case (ii). u € V(G) such that u = v

Then, for any vertex u € V(G)(u # v), dg(u, v) = 1. Thus, in G, all the

us
vertices V — N[u] are adjacent to u"(= v). Thus, eccg, (") =1 and hence

G, € & and y(G,) =1.

Suppose that diam(G) = 2. Then, the eccentricities of all the vertices in

G are either one or two.
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Case (i). Let w be a vertex, where ecc(w) = 1.

Then, G is efficiently dominatable and S = {w} is an EDS of G. It follows
from the Observation 2.2 that G,, = K;. and thus G,, € & with y(G,,) = 1.

Case (ii). Let u € V(G) be such that ecc(u) = 2.

In G,, all the Ny(u) in G are now adjacent to u* in G, and hence
degg, (u") = n —1. Then, G, € € with S = {&"} as an EDS. Hence the result.

Thus, in all the cases, for any u € V(G), G, is efficient.

2.1 Efficiently dominatable Graphs whose domination number is

% (n even)

In this section, we consider efficiently dominatable graphs whose

v(G) = %, where n is even.

Proposition 2.4. Let G € £ and S be an EDS of G. Let y(G) = %, for n
even. Forany ue S, G, € € ifand only if G —u € &

Proof. As y(G) = % and n is even, deg;(w) =1, for any u € S. Then,
G, =G —u and hence G, € € ifandonlyif G —u € & a]

Theorem 2.5. Let G € & and S be its EDS. y(G) = %, where n is even
and n > 2. Then, for any v € V(G) - S, G, € € if and only if degg, (u) <2 or
deg g, (v) = 1(G).

Proof. Let v e V(G)—S be an arbitrary vertex. Let us assume that

deg(w) <2 or deggp(v) =v(G) If degg(v)=1, then G, = Ky. Hence
G, € & Suppose that deg;(v) =2. Then there exist w e S such that

dg(u, v)=2. In G,, d(u, v") =1 and hence v" is efficiently dominated by wu.
Thus, G, €& and v(G,)=7v(G)—-1. Suppose that degg(v)= y(G). Then,
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dg(v, u) =2, for all ueS. Hence, G, = K;,_; and thus G, € ¢ and
7(G,) = 1. Thus, if deg;(v) < 2 or degg(v) = y(G) then G, € &.

Conversely, for any veV(G)-S, let G, € & Clearly, 1<degg(v)
<y(G). Suppose that 2 < degg(v)<y(G). Since degs(v) >3, the set
S, ={ueS:dgu v)=2 is non-empty. Let Sy =S-S;. Then

dg(u, v) 2 3, for all u e S,. Clearly, dg (v°, u) =1, for any u € S;. Since
deg(u) = 1, for all u € S, it follows that v* must be included in any EDS of

G,. As dg, (", w')=1, at least for one u' € Sy, u is left undominated

efficiently in G,, a contradiction. Hence, if G, € &, then degg(v) <2 or
degg(v) = v(G). D

3. Conclusions

This paper focuses on the concept of efficient domination in
neighbourhood contracted graphs. A few efficiently dominatable
neighbourhood contracted graphs are identified and properties are studied. In

particular, we have considered efficiently dominatable graphs whose
domination number is % and have derived characterization for its

neighbourhood contracted graph to be efficiently dominatable. This study is
in its initial stage and hence can be extensively studied in terms of various

graph parameters.

References

[1] D. Bange, A. Barkauskas and P. Slater, Efficient dominating sets in graphs, Applications
of Discrete Mathematics (1988), 189-199.

[2] A. Brandstadt, Efficient domination and efficient edge domination: A brief survey, In
Conference on Algorithms and Discrete Applied Mathematics, Springer, Cham (2018), 1-
14.

[3] D. M. Cardoso, V. V. Lozin, C. J. Luz and M. F. Pacheco, Efficient domination through
eigenvalues, Discrete Applied Mathematics 214 (2016), 54-62.

[4] M. S. Chang and Y. C. Liu, Polynomial algorithms for weighted perfect domination
problems on chordal graphs and split graphs, Information Processing Letters 48(4)
(1993), 205-210.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 7, May 2022



4068

(5]

(6]

(7]

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(18]

(16]

(17]

(18]

SUJATHA V. SHET

W. Goddard, O. Oellermann, P. Slater and H. Swart, Bounds on the total redundance
and efficiency of a graph, Ars Combinatoria 54 (2000), 129-138.

T. W. Haynes, S. Hedetniemi and P. Slater, Fundamentals of domination in graphs, New
York: Marcel Dekker, Inc., (1998).

Y. D. Liang, C. L. Lu and C. Y. Tang, Efficient domination on permutation graphs and
trapezoid graphs, In Computing and Combinatorics, Springer (1997), 232-241.

S. S. Kamath and P. Kolake, Neighborhood contraction in graphs, Indian Journal of Pure
and Applied Mathematics 47(1) (2016), 97-110.

T. Karthick, Structure of squares and efficient domination in graph classes, Theoretical
Computer Science 652 (2016), 38-46.

S. Klavzar, U. Milutinovic and C. Petr, 1-perfect codes in Sierpinski graphs, Bulletin of
the Australian Mathematical Society 66(03) (2002), 369-384.

M. Knor and P. Potocnik, Efficient domination in cubic vertex transitive graphs,
European Journal of Combinatorics 33(8) (2012), 1755-1764.

V. Samodivkin, Common extremal graphs for three inequalities involving domination
parameters, Transactions on Combinatorics 6(3) (2017), 1-9.

R. Barbosa and P. Slater, On the efficiency index of a graph, Journal of Combinatorial
Optimization 31(3) (2016), 1134-1141.

S. V. Shet, Efficient Domination in Cartesian Product of graphs and its Critical As-
pects, Ph.D. thesis, National institute of Technology Karnataka, Surathkal, (2021).

A. S. Thilak, On some Graph theoretic approaches to clustering Algorithms and a hybrid
cluster-based routing protocol for mobile ad hoc networks, Ph.D. thesis, National
institute of Technology, Tiruchirappalli, (2013).

A. S. Thilak, S. V. Shet and S. S. Kamath, Changing and unchanging efficient domi-
nation in graphs with respect to edge addition, Mathematics in Engineering, Science and
Aerospace (MESA) 11(1) (2020), 201-213.

A. S. Thilak, S. V. Shet and S. S. Kamath, On graphs with pairwise disjoint efficient
dominating sets and efficient domination in trees in terms of support vertices, Advances
and Applications in Discrete Mathematics 26(1) (2021), 83-108.

D. B. West et al., Introduction to graph theory, Volume 2, Prentice hall, Upper Saddle
River, (2001).

Advances and Applications in Mathematical Sciences, Volume 21, Issue 7, May 2022



