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Abstract

In this article, we introduce the concept of quasi N agty” open and quasi N agty” closed

functions and investigate some of its properties in neutrosophic topological spaces.
1. Introduction

Mapping plays a significant role in the research of classical mathematics,
particularly in topology and functional analysis. Closed and open mapping is
one such mapping that has been studied for many years by various

mathematicians for different types of closed sets.

In 1965, Zadeh [16] introduced fuzzy set theory as a mathematical tool for
dealing with uncertainties where each element had a degree of membership.
Later on fuzzy topology was introduced by Chang [5] in 1986. The
Intuitionistic fuzzy set was introduced by Atanassov [2, 3] in 1983 as a
generalization of fuzzy set, where besides the degree of membership and the
degree of non membership of each element. After this, intuitionistic fuzzy
topology was introduced by Coker [6].

The neutrosophic set was introduced by Smarandache [10, 11] and

explained, neutrosophic set is a generalization of intuitionistic fuzzy set. In

2010 Mathematics Subject Classification: 54A05.

Keywords: neutrosophic set, neutrosophic topology, quasi N 0nga;w—open function, quasi

N - closed function, strongly N - open function and strongly N - closed function.
og™y gly N, #,-op gly N #,

Received July 19, 2019; Accepted September 17, 2019



1558 T. NANDHINI and M. VIGNESHWARAN

2012, Salama, Alblowi [12] introduced the concept of Neutrosophic topological
spaces. They introduced neutrosophic topological space as a generalization of
intuitionistic fuzzy topological space and a neutrosophic set besides the
degree of membership, the degree of indeterminacy and the degree of non

membership of each element.

Further the fundamental sets like semi open sets, pre open sets, a-open
sets, are delivered in neutrosophic topological spaces then theirs properties
are well-read by various authors [7, 9]. Recently, Vigneshwaran et al. [15]

introduced a N 0Lg#w-closed sets in neutrosophic topological spaces and
studied some of their basic properties.

In this paper, we will continue the study of related functions by involving

N gty open and closed sets. We disseminate and characterize the thinking

of quasi N/ 4 -open and quasi N -closed functions.
ag Y oag™y

2. Preliminaries

Definition 2.1 [10]. A neutrosophic set is an object of the following form
A = {(s, Pg(s), Q4()R 4(s): s € S)}

where P4(s), Q4(s) and R 4(s) denote the degree of membership, the degree
of indeterminacy and the degree of nonmembership for each element s € S

to the set A, respectively.

Definition 2.2 [10]. Let A and B be neutrosophic sets of the form
A= {2, PA(L Qu6L R A():5eS)  and  B={(s, Ps(s) Qp(s) Rs(s): 5 S)}.
Then

@) AcB if and only if Py(s)< Pg(s), Q4(s), Qp(s) and
R a(s) = R(s);

(i) A = {(R4(s), Qu(s) Pa(s) : s € S));
(i) AUB = {(s, P4(s)v Pg(s), Q4(s) A Qp(s), R4(s) A Rp(s): s e S);

(v) ANB = {(s, Pa(s) » Pp(s), Qu(s) v Qp(s), Rals) v Rp(s): s € S)j;

Advances and Applications in Mathematical Sciences, Volume 18, Issue 11, September 2019



QUASI N 4 -OPEN AND QUASI N/ 4 -CLOSED ... 1559
gy ag”y

Definition 2.3. [12]. A neutrosophic topology in a nonempty set X is a

family J of neutrosophic sets in X satisfying the following axioms:
@) Oy, 1y € 3J;
(i) ANB; forany A, B e J
@iii) A N (B); for any arbitrary family (A); : i e j e J.
Definition 2.4. [15]. A subset A of (X, t) ) is called a Nag#w-closed

set if Nacl(A) ¢ H whenever A — ‘H and H is Nag#w-open in (X, tp)

Definition 2.5 [15]. Let U be a neutrosophic set in neutrosophic

topological space X. Then ./\/'ag#w-z AW=UR:Q isa Nag#w- open set in X
and Q < A} is called aneutrosophic interior of A.
Nag#w-L A)=UP:P is a J\/’ag#w-closed set in X and P o A} is
called a neutrosophic closure of A.
Definition 2.6. [14]. A function f : (S, J) — (7, &) is called
. . . 1 . . ~
@ a N ag#w-contmuous if f7(A)is NV ag#w-closed in (S, J) for every
neutrosophic closed set A of (S, J),
.. . . 1 . . -
(i) a ./\/'ag#w-lrresolute if f7(A) is ./\/'ag#w-closed in (S, J) for every
- 7, ¢&)
Nag#w closed set A of (7, &)
Throughout this paper, for a subset A of a space (S, J), ./\/ag#w-open,
Nag#w-closed, N -i*(A), N -c*(A), Nag#\u'L (A) and Nag#w-c (A)

denotes a neutrosophic ag#\y- open, neutrosophic ag#\u- closed, neutrosophic

interior, neutrosophic closure, N 0Lg#w-inte]rior and N ag#w-closure

respectively.
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3. i -0 F ti
Quasi J\/’ag#w pen Functions

Definition 38.1. A function d: (S, J) = (7,&) is called a quasi

N -open if the image of every N -open set in (S, J) 1s neutrosophic
oy OP g Y N gty OP (S, 3) p
openin (7, &).

Theorem 3.2. Every quasi Nag#w-open function is neutrosophic open

function.

Proof. Let A be aneutrosophic open set in (S, J). Then A is Nag#w-

open set in (S, J). We know that every neutrosophic open set is N agty” open
set. Since d is quasi N ag#w-open function, d(A) is neutrosophic open in
(7, €). Hence d is neutrosophic open function.

The opposite over the above theorem is not true as shown in the following

example.

Example 3.3. Let S =1{p,q}, J=1{0x, D;, Dy, D3, Dy,1x} be a
neutrosophic topology on (S, J),

D; =(s,(0.3,0.2),(0.3,0.2),(0.4,0.6))

Dy = (s, (0.2, 0.3), (0.5, 0.4), (0.4, 0.4))

Dy = (s, (0.3, 0.3), (0.3, 0.2), (0.4, 0.4))

Dy = (s, (0.2, 0.2), (0.5, 0.4), (0.4, 0.6)) and let

T =1{p, q}, &£ = {0y, F1, Fo, F3, F4, 15} be a neutrosophic topology on
(7, ¢),

F1 = ( (0.4, 0.4), (0.3, 0.2), (0.3, 0.3))
Fy = (t, (0.3, 0.3), (0.2, 0.2), (0.4, 0.4))
Fy = {t, (0.4, 0.4), (0.2, 0.2), (0.3, 0.2))

Fy = (t, (0.3, 0.3), (0.3, 0.2), (0.4, 0.4)).
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Define d : (S, J) — (7, &) by d(p) = q, d(q) = p.

Nag#w-open sets of (S, J) = A = (s, (0.4, 0.4), (0.2, 0.2), (0.3, 0.2)).

Here d(A) is not neutrosophic open in (7, &).

Therefore d is not quasi N ag#w-open function. However d is
neutrosophic open function.

Theorem 3.4. A function d : (S, J) — (7, &) is quasi Nag#w-open if
and only if for every neutrosophic  set A of (S, 3J),
d(Nag#w-i*(A)) c N =i*(d(A)).

Proof. Let d be a quasi N ag#w-open function. Now, we have
N -i*(A) c A and Nag#w-i*(A) is an /\/ag#w-open set. Hence, we obtain
d(chg#w'i*('A)) cd(A). As d(./\/ag#w-i*(/l)) is neutrosophic open,
AN o, 1" (A) € N =17 (d(A))

Conversely, assume that A4 is N agty~OPeD set in (S, J). Then
d(A) = AN # -i"(A) € N = i7(d(A)) but N =i*(d(A)) c d(A).
Consequently, d(A) = N —i*(d(A)). Therefore d is quasi N oty " OPED:

Lemma 3.5. If a function d : (S, J) - (7, &) is quasi ./\/ag#w-open then

Nag#w-i*(d_l(.A)) c d"Y (N —i*(A)) for every neutrosophic set A of (T, E).

Proof. Let .4 be a neutrosophic set of (7, £). Then N O(g;th-i*(d_1 (A)) is

a Nag#w-open set in (S,3J) and d is quasi Nag#w-open, then
% -1 ok -1 ok ko g—]
d(Nag#w'L (d(A)c N -i"(d(d(A) c N -i"(A). Thus Nag#W-L (d(A))
c dY WV =i (A)).
Theorem 3.6. A mapping d : (S, J) — (7, &) is quasi Nag#w-open if

and only if for each neutrosophic set C of (T, &) and for each neutrosophic
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/\/ag#w-closed set A of (S,3) containing d"1(C) there is a neutrosophic
closed B of (T, &) suchthat C = B and d*(B) c A.

Proof. Assume d is a quasi N ag#w-open mapping. Let C be the

neutrosophic set of (7, &) and A is a neutrosophic N ag#w-closed set of

(S, 3) such that d7(C) = A. Then B = (d}(A°))° is neutrosophic closed set
of (T, €) such that d"}(B) < A.

Assume is a Nag#w-open set of (S, J). Then d'((d(F)) < F¢ and
F€ is N ag#w-closed set in (S, J). By hypothesis there is a neutrosophic

closed set B of (7, &) such that (d(F))° < B and d'(B) < F¢. Therefore
F < (d(B). Hence B¢ < d(F)cd(d(B)°)< B¢ which implies
d(F) = B°. Since B¢ is neutrosophic open set of (7, &). Hence d(F) is
neutrosophic open in (7, &) and thus d is quasi A oghty ~OPEn mapping.

Theorem 3.7. A function d : (S, J) — (7, &) is quasi Nag#w-open if
and only if d”Y(N - c*(A)) Nag#w —c*(dY(A)) for every neutrosophic set
A of (T, ).

Proof. Suppose that d is quasi N S open. For any neutrosophic set A
of (T,€),d ' (A)c Nag#w —¢*(d7}(A)). Therefore by Theorem 3.6, there

exists a neutrosophic closed set B in (7,&) such that A < B and
diB)c N gy ~ ¢*(d7(A)).  Therefore, we obtain d (N -c*(A))

-1 * -1
Cd BN, —c' (A,
Conversely, let A <7 and B be a Nag#w-closed set of (S, 3J)

containing d(A). Put W = N —c*(A), then we have A c W and W is
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neutrosophic closed and d'(W)c N gty ~ ¢*(d(A)) € B. Then by
Theorem 3.6, d is quasi /\/ag#w- open.

Lemma 3.8. A function d :(S,3) > (7,&) and e: (S, 3J) > (V, o) be
two functions and eod: (S, J) > (V, ) is quasi Nag#w-open. If e is

continuous, then d is quasi ./\/'ag#w- open.

Proof. Let A be a Nag#w-open set in (S, J), then (eod)(A) is
neutrosophic open in (V, o), sinceeedis quasi N gty open. Since e is a one to

one continuous function, d(A) = e (e o d(A)) is neutrosophic open in (7, &).

H di 1 - .
ence d is quasi N agy~OPED
Definition 3.9. A function d: (S, J) —» (7, &) is called a strongly
- if the 1 f - tin (S 1 -
N(xg#\y open if the image of every J\fag#w open set in (S, J) is Nag#w open
in (7, &).

Theorem 3.10. Let d : (S, J) »> (7, &) and e: (S, J) > (V, ®) be any
two functions. Then

i eod: (S, J)— (V, ®) is neutrosophic open function if e is quasi
/\/ag#w- open function and d is J\/ag#w - open function.

() eod: (S, 3J)— (V,w) is strongly Nag#w-open function if e is

N -open function and d is quasi N - open function.
agty OPen q gty PN f

(i) eod: (S, J) = (V, o) is quasi Nag#w-open function if e is quasi
N -open function and d is strongly N - open function.

aghyopen f gly N #,,-open fi

Proof.

(i) Let A be a neutrosophic open set of (S, J). Since d is N ag#w-open

function, d(A) is N -open set in (7, £). Since e i asi N -ope
unction, d(A) is L in (7, &). Sin is quasi N« -open
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function, (e o d)(A) = e(d(A)) is neutrosophic open in (V, ®). Therefore e o d

is neutrosophic open function.
1) Let bea N -open set of (S, J). Since d i asit N - ope
(i1) A ag™y pen s (S, J). Sin 1s quasi ag™y pen
function, d(A) is neutrosophic open set in (7, &). Since e is a N agty~OPED
function, (e d)(A) = e(d(A)) is N oy OPED in (V, ). Therefore eod is

strongly N -open function.
gly txg#\u P

(i) Let A be a N agy~OPED set of (S, J). Since d is strongly
Nag#w open function, d(A) is Nag#w open set in (7, &). Since e is quasi
N oty OPED function, (e d)(A) = e(d(A)) is neutrosophic open in (V, o).

Therefore e o d is quasi N aghy " OPeD function.
4. Quasi ./\/'ag#w- Closed Functions

Definition 4.1. A function d:(S, J)—> (7,&) 1is called quasi

-closed if the image of ever -closed set in (S, J) 1is
chg#\v g very Nag#‘lf ( ‘j)
neutrosophic closed in (7, &).

Theorem 4.2. Every quasi ./\/'ag#w- closed function is neutrosophic closed

function.

Proof. Let A be a neutrosophic closed set in (S,J). Then A is

N ag#w-closed set in (S, J), since every neutrosophic closed set is

N 4 -closed set. Since d is quasi N 4 -closed function, d(A) is
aghy ag’y

neutrosophic closed in (7, &). Hence d is neutrosophic closed function.

The opposite over the above theorem is not true as shown in the following

example.

Example 4.3. Let S =1{p, q}, J=1{0x, D;, Dy, D3, Dy, 15} be a
neutrosophic topology on (S, J), D; = (s, (0.3, 0.2), (0.3, 0.2), (0.4, 0.6))
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Dy, = (s, (0.2, 0.3), (0.5, 0.4), (0.4, 0.4))
Dy = (s, (0.3, 0.3), (0.3, 0.2), (0.4, 0.4))
D, = (s, (0.2, 0.2), (0.5, 0.4), (0.4, 0.6)) and let

T =1{p, q}, &£ = {0y, F1, Fo, F3, F4, 15} be a neutrosophic topology on
(7, ¢),

Fi = {t (0.4, 0.4), (0.3, 0.2), (0.3, 0.3))
Fy = {t, (0.3, 0.3), (0.2, 0.2), (0.4, 0.4))
Fs = {t, (0.4, 0.4), (0.2, 0.2), (0.3, 0.2))
Fy = (t, (0.3, 0.3), (0.3, 0.2), (0.4, 0.4)).
Define d : (S, J) - (7, &) by d(p) = ¢, d(q) = p.

Nag#w-closed sets of (S, J) = B = (s, (0.3, 0.2), (0.2, 0.2), (0.4, 0.4)).

Here d(B) is not neutrosophic closed set in (7, £).

Therefore d is not quasi N 0Lg#w-closed function. However d is

neutrosophic closed function.

Theorem 4.4. A function d : (S, J) = (7, &) is quasi Nag#w-closed if
and only if for every neutrosophic set A of (S,3), N —c'(d(A))
AN, (A

Proof. Assume that d is quasi Nag#w-closed function and A c (S, J).
Then Nag#\v -c(A) is a Nag#w-closed set in (S, J). Therefore
d(NV oty ~ c*(A)) is  neutrosophic  closed in (T, &) Since
d(A) c d(Nag#\y -¢"(A)) implies N -c " (d(A)cN —c¢ (d(Nocg#w -c"(A)))

=d(/\/ag#w —c*(A)). This implies, N - c*(d(A)) (d(Nag#W —c"(A)).
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Conversely, A is a N ag#w-closed set in (S,3). Then
A = N(xg#\v —c"(A). Therefore, d(A)= d(Nag#w - c"(A)). By hypothesis,
N =c'(dA) € dN s, ~c*(A)) = d(A). Hence N —c"(d(A)) < d(A). But

d(A) € N —c*(d(A)). This implies d(A) is neutrosophic closed set in (7, &).

Therefore, d is quasi N -closed.
ag™y

Lemma 4.5. A function d : (S, J) = (7, &) is quasi Nag#w-closed then
for every neutrosophic set A of (T,&),d™> (N —i*(A)) chg#\v —i*(d7H(A)).

Proof. Let A be a arbitrary neutrosophic set of (7, &) Then

o -1 . . ~ . .
Nag#w —i"(d(A)) is a Nag#w-closed set in (S,J) and d is quasi
ok -1 ok -1 .3k

Nag#w-closed. Hence d(Nag#W —i"(d(A)c N -i"d(d(A)c N -i"(A)).
Therefore d(N(xg#w —i"(d7Y(A)) < d7HN = i*(A)).

Definition 4.6. A function d : (S, J) = (7, £) is said to be strongly
-cl if the i f -cl i J) 1
/\/ag#w closed if the image of every J\/'ag#w closed set in (S, J) is
- in (7, &).
N(xg#\y closed in (7, &)
Theorem 4.7. Let d : (S, J) > (7, &) and e : (S, J) = (V, ®) be any two
functions. Then
(1) eod: (S, J) > (V, ®) is neutrosophic closed function if e is quasi
N 4 -closed function and dis N 4 -closed function.
gy ag"y
() eod:(S,3J) > (V,®) is strongly Nag#w-closed function if e is
Nag#w- closed function and d is quasi Nag#w- closed function.
(i) eod: (S, J) > (V, o) is quasi Nag#w-closed function if e is quasi

- closed ti ddisst l - closed tion.
N gty closed function an is strongly N S closed function
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Proof.

(i) Let A be a neutrosophic closed of (S, J). Since d is N 0L"gr;th-closed
functi d 1 -closed 1n (7, &). Si 1 1 - closed
unction, d(A) is Nag#w closed in (7, &). Since e is quasi /\/ag#w close

function, (eod )(A) = e(d(A)) is closed in (V, o). Therefore eod is closed

function.

(ii) Let A bea N OLg;@gw-closed of (S, J). Since d is quasi N ag#w-closed
function, d(A) is neutrosophic closed in (7, &). Since e is a N oLg;th-closed
function, (eod )(A) = e(d(A)) is Nag#w-closed in (V, ®). Therefore eod is
strongly N S closed function.

(i) Let A be a N ag#w-closed of (S,J). Since d is strongly
N agty closed function, d(A) is N agty closed in (7, £). Since e is quasi
N ag#w-closed function, (eod )(A) = e(d(A)) is closed in (V, o). Therefore
eod isquasi NV 4 -closed function.

ag”y

Theorem 4.8. If a function d : (S, J) = (7, &) is quasi Nag#w-closed if

and only if for any set A of (T, &) and for any J\/'ag#w-open set B of (S, 3)

containing d_l(.A) there exists a neutrosophic open set A of (T, &)
containing A such that d1(A) < B.

Proof. Proof is similar to that of Theorem 3.6.
Theorem 4.9. Let a function d : (S, J) = (7, &) and e : (S, J) - (V, o)

be any two functions such that eod : (S, J) —» (V, o) is quasi Nag#w- closed.
O Ifdis N . irresolute onto, then e is neutrosophic closed.

11) If d is - continuous one to one then d is strongl, -closed.
() Ifdi chg#\u ntinuous on n ndi ngly Nag#w

Proof.

(i) Assume that be an arbitrary neutrosophic closed in (7, §). As d is
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N 4 -irresolute, d 7 (B) is N 4 -closed. Since eod is quasi
ag™y gy
N ag#w-closed and d is onto, (e od )(d"(B)) = e(B), which is neutrosophic
closed in (V, ®). This implies that e is neutrosophic closed.
(i1) Assume that B is any Nag#w-closed in (S, J). Since eod is quasi

N ag#w-closed, (eod)(B) is neutrosophic closed in (V, ®). Again e is

N gty continuous one to one, e ‘((eod)(B)) =e(B), which is

N agty” closed in (7, &). This implies that d is strongly N gty closed.
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