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Abstract

Let G=(V,E) be a (p,q) simple connected graph. Gutmanbeholded the absicth of

energy of graph G relevant to the adjacency matrix of G. Later, the study was extended to many
new energy terms. Geo energy of a graph G is the sum of absolute values of the spectrum of its
Geo matrix. The scope of this study is to inspect the geo energy of certain classes of graphs
through graph theory and utilizations. In this paper we investigate the Geo spectrum and Geo

energy of few classes of graphs.

1. Introduction

Graphs considered in this paper are finite and connected. A vasty study of
utilization on graph energy was pursued by Gutman and Balakrishnan [1, 4].
The absicth of graph energy was debuted by Gutman [3] in 1978 as the sum
of absolute values of spectrum of the adjacency matrix of G. The absicth of
geodetic was proposed by F. Harary [6] in 1993. Let u, v € V(G). Then

d(u, v) denotes the number of edges in the shortest path from u to v. The

shortest path of u—v is known as geodesic path. A set S < V(G) is a
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geodetic set if I[S] = V(G), where I[S] is the closed interval I[u, v] consists

of all vertices lying in a u — v geodesic of G, i.e., I[S] = U I[u, v]. The
u, veS

geodetic number of G is the minimum cardinality among all the geo sets and
is denoted by ‘g’. Path union of a graph G is defined by joining two copies G by
a path. Globe graph GI(p) is that two isolated vertices are joined by ‘p’ paths
of length two. For graph theoretic parlance one may refer Harary [5]. Energy
of a graph G is relevant to the adjacency matrix of G, accordingly, energy of a
graph 1s the sum of absolute values of eigenvalues of its adjacency matrix.
Two graphs are said to be Geo-equienergetic if they attain same geo energy.
Later, the study was extended to many new energy terms. Geo energy of a
graph G is the sum of absolute values of the spectrum of its Geo matrix. In
this paper we scrutinize the Geo spectrum and Geo energy of few classes of

graphs.

2. Preliminaries

Definition 2.1. Let G = (V, E) be a (p, q) simple graph. Let S < V(G)
be the minimum geodetic set of G and | S| = g. Then the geo matrix of G

corresponding to S is a square matrix Gg of order p and is defined as

1 if v ~vji#]
Gg=41 ifi=jandvy; €S
0 otherwise
where the symbol ‘~ denotes the adjacency of a vertex of G. The

characteristic polynomial of Gg is denoted by f,(Gg, &) = det(Gg — AI). The
geo spectrum of the graph G is the eigenvalues of the matrix Gg. Let
M Ag, ..., A, be the spectrum of Gg. Then the geo energy GE of G

corresponding to S is defined as GEg(G) = Zf:1| Al

Remark 2.2. Though all the geo sets are of same cardinality, the geo
energy GE(G) need not be the same for all geo set.

Remark 2.3. If G has a unique minimum geodetic set, then GEg(G) can
be denoted as GE(G).
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B
Lemma 2.4 [10]. Let B = { o B

B, B
with By and B; are square matrices of same order. Then spectrum of B is the

union of spectra of By + B, and By — B,.

} be a symmetric 2 x 2 block matrix

A A
Lemma 2.5 [10]. If an n x n matrix A is partitioned as A = 11 12
Agr  Agg

and Ajq, A9 are square matrices. If A;; is non-singular then,
det(A) = det(AH)det(AQQ - A21A1_11A12). Also lf A22 is non singular then
det(A) = det(Agg) det(A; — AjpA53Agy).

3. Geo Energy of Some Graphs
Theorem 3.1. For the Globe graph Gl(p) with p > 2,

GE(Gl(p))=p-1++8p +1.
Proof. Let V(GI(p)) = {u, ug, vy, ..., v,}, where d(u;) = d(uy) = p and
| V(Gl(p))| = p+2. Then S ={vy,...,v,} is the unique geo set of GI(p).

Therefore the corresponding unique geo matrix is of the form

Gsiwn =, )

DXx2 Ip

Then the corresponding characteristic polynomial is,
f(GUp), 1) = det(Gs(Gl(p)) — M)
f(GU(p), 1) = M —=1)P1(Z - & - 2p)

Therefore the geo spectrum of Gl(p) is,

1+48p+1 1-48p+1
Specs(GlU(p)) = {0 1 2 2
1 p-1 1 1

Hence,
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GE(Gl(p)) = 1(p—l times) + Il u gp 1 Il — zp u 1|

[+
|

GE(Gl(p))=p-1++8p +1.
Theorem 3.2. For any complete graph K,, with p > 3, GE(K,) = p.

Proof. Let V(K,)={v, s, ..., U,}. Then the unique geo set is

S = {v1, vg, ..., v,}. Therefore the geo-matrix is,
1 1 1 ... 1
11 1 ... 1
Gs(K,) =11 1 1 .. 1
11 1 ... 1

And the corresponding characteristic polynomial is

f(Kp, &) = det(Gs(K,) — Ap)

f(Kp, 1) = (1P (P70 - p)

0
Hence the geo spectrum of K, is { 1 f}
p p—

Thus the geo energy is
GE(K}) = O(p-1)times + P
=p
GE(K,) = p.

Theorem 3.3. For a complete bipartite graph K, , with p, q¢ > 2,
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GE(K, ,) = q-1++1+4pg z'prq_
’ p—-1+1+4pq if p<q

Proof. Let V(K ;) = {v1, ..., Up, 1, ..., U ). Then the unique geo set is
S = min{{yy, ..., vy, U1, ..., vgJi}-

(i) Suppose p = g, then the Gg(K,, ;) matrix is

1 0 0 .. 01 1 1
o 1 0 .. 01 1 1
0 0 1 01 1 1
0O 0 O 11 1 1 1
Gg(K =

sKpa) =11 1 10 0 0 0
1 1 1 10 0 O 0
1 1 1 10 0 O 0
11 1 .. 10 O O .. O

.. Ip GS(Kp) . .
This is of the form , Where Op is the zero matrix.

GS(Kp) o,

And the corresponding characteristic polynomial is

F(K g ) = det(Gg(K o) — A1)

= ()P (- 1P - 1 - pg)

.. N 04 I pxq
(i1) Suppose p < q, then the geo matrix is of the form ,
qup IP

where o/,., has all the entries as 1. And the corresponding characteristic
polynomial is,
f(Kp,q, L) = det(GS(Kp’q) - )
= ()P0 - 1P (R - A - pg)

For the both cases (1), (i1) the characteristic polynomial remains same.
Hence,

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022



2162 K. PALANI, M. LALITHA KUMARI and G. SUGANYA

0 1 1++1+4pg 1-+VJ1+4pg
Specg(Kp q) = 9 9
p-1 qg-1 1 1

GE(Kp 4)=q-1++1+4pq

(iii) Suppose p <gq, then the Gg(K,,) matrix is of the form
( Iy Jpxqj
qup Oq
Therefore the corresponding characteristic polynomial is,

f(Kp.qs %) = det(Gg(K o) — A1)

= (PO - 1P - 1 - pg)

Therefore,
0 1 1++1+4pq 1-4J1+4pg
SpecS(Kp,q) = 2 2
q-1 p-1 1 1

GE(Kp 4)=p-1++1+4pq.

Theorem 3.4. For a complement of star graph K; , 1 with

D= 3, GE(Kl,p—l) = p.

Proof. Let V(Kj 1) = {vo, vy, ..., Up_1), where vy is the vertex of

degree 0 and d(v;)=p—-2 for 1< p-1. Then the unique geo set is

S = {vg, vy, ..., by_1}. Therefore

1 0 0 O 0

O 1 1 1 1

_— O 1 1 1 1
GS(KI, p—l) = 0 1 1 1 1
O 1 1 1 1
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_— 1 01 p-1 ]
Gg(K; ,,_1) is of the form p
S( Lp 1) (Oplxl GS(Kp)

1-2 O1xp-1
0p1a  Gs(Kpq)—Mp

det Gs(Ky, p-1) =

Then by lemma 2.5,
det(Gs(Ky, p1) = det(l — 1) (det(Gs(Kp_1) = A5 1) = Oppg (1 = 1) 10,5 1)

=20 -1)(r - (p - 1)).

—_— 0 1 -1
Hence the geo spectrum of K; ,_; is Specg = p .
’ p-2 1 1

Thus the geo- energy is GE(K;, ,_1) = O(p-2)imes + 1 + P — 1
GE(KL p—l) = D.
Proposition 3.5. Any complete graph K, and complement of star graph

K, 1 attain geo equienergetic. But they are non-isomorphic and not a co-

spectral graph.
Theorem 3.6. For the path union of star graph P, U K ,_1 with p > 2,

GE(PLUK; ,1)=2p-2+v2+/p-1).

Proof. Let V(P UK; ,_1) = {vo, v1, ..., vy} U {ug, 1, ..., up_q} where
d(vg) = d(up) = p — 1. Then set of all pendent vertices of A, U K; ,_; is the

unique geodetic set S.

Therefore S = {vy, ..., vp_1} U1y, ..., up1}. Then the geo matrix of
: By B
P UK ,_1Gg is of the form ( j
» P B1 BO

Then by lemma 2.4 the spectrum of P U K; ,_; is the union of spectrum

OfBO +B1 and BO_BI'
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1 J14p-1

Consider By + B; = (
J I
p-1x1 p-1

J. Then |(By+B)—Al|=

(-1(r = 1?2032 — 2% — (p — 2)). Therefore the geo spectrum of By + B is,

0 1 1+vp-1 1-4p-1
Specs(By + By) = 2 2
p p-2 1 1
-1 Jipa

J

Now consider By - B; = (
p—1x1 I p-1

]. Then |(By - B,)— |
= (=1’(» = 1Y*"2(3% - p). Therefore the geo spectrum of By — B is,

1 JE—JE}

Specs(By — By) = {p P )

Then the geo spectrum of P, U K; ,_; is,

1++p-1 1-yp-1
SpecS(Pl U Kl,pfl) = 0 1 9 9 \/; _\/;
p 2p-—-4 1 1 1 1

Hence,

GE(P, UKy, p1) = Lop-atimes) +|\/;|+|_\/E|+|1+\/p—1|+|1—«/2p—1|‘

GE(PLUK; p1)=2(p -2+ Jp ++p-1).

Theorem 3.7. For the path union of complete graph P; U K, with p 2 2,

GE(R,UK,)=p+p* -4(p-1).

Proof. Let V(P UK,) = 1{v;, ..., Up, U], ..., Up}. Then the unique geo set

: ! ’
is S =1{v, ..., Up_1, U, ..., Up_1}. Therefore
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1 1 1 .. 10 0 0 .. 0
1 1 1 .. 10 0 0

11 10 0 0 0

11 1 0 0 0 1

Gs(RUKp) =10 ¢ 01 1 1 1
0 0 0 01 1 1 1

0 0 0 01 1 1 1

0 0 0 .. 11 1 1 .. 0

And the corresponding characteristic polynomial is

(B UK, %) = det(Gs(P, U K,,) - M)

f(BU Ky, 2) = P20 - 2) (0% = (p - 201 - 2(p — 1))

= 22P73(3, —p)[k _(p-2)* \/pgT(p—l)J

2

Hence the geo spectrum of P, U K, is

0 p oA -ap-y (p—z)—x/gz—él(p—l)}

2p-3 1 1 1

Thus the geo-energy is

2
GE(R U Kp) = O2p-3)imes + P + I(p —2)+ WI

ol

(p—2) - p* —4(p—1)|
2

=p+p? —4(p-1)

GE(R, UKp):4p—1+J8p+1 ++/8p +9.

Theorem 3.8. For the path union of Friendship graph P, U F,,
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GE(HUFp):4p—1+\/8p+1 ++/8p+9.

Proof. Let V(P U F},) = {vg, vy, ..., Vgp, Up, U], ..., Up}. Then the unique

geosetof L UF, is S = V(P U F,) - {vg, vp}. Therefore
A B

Gg(PLUF,) =
sRUR) (5 )

0 Ji 0 Jix
whereAz( 12pJ ande[ 12pJ
Jopa  Joa o, Jopa  Joa o,

And the corresponding characteristic polynomial is

f(Pl U Fps 7") = det(GS(Pl U Fp)_kl)

f(BLUF,, 0)=1P(h - 2PP2(% - 30 - 2(p - 1) (% =1 — 2(p + 1))

Hence the geo spectrum of P, U F PR

{o 5 3+/8p+1 3-J8p+1 1+.8p+1 1—\/8p+9}
2

2 2 2
2p 2p-2 1 1 1 1

Thus the geo-energy of P U F, 1s

3++8p+1| [3—-+8p+1| [1++48p+1
GE(R U Fp) = 2(2p-2)times + I 213 I + I 2p I * | 2p I
+‘1—\/8p+9‘
2

GE(P,UF,)=4p-1++8p+1++8p+9.
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