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Abstract

In this article, a new subclass of meromorphic functions is introduced using
(p, q)- Ruscheweyh derivative and we discuss the properties like convolution, closure, convex

combinations and neighborhood for the functions belonging to this subclass.
1. Introduction

The quantum calculus has been broadly studied and has applications in
several fields of mathematics, physics and engineering. Further, motivated
and inspired by these applications, many mathematicians and physicist have
developed the theory of post quantum calculus, an extension of the quantum

calculus and is designated as (p, g)-calculus. The recent interest in the

subject is due to the fact that the post quantum calculus has popped in such

diverse fields as quantum algebra, number theory etc.

The (p, q)- derivative of a function f [3] defined as
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Dp,q(f(z))zw,z¢0,p¢q,0<q<1.

(p-q)z
Let M be the collection of all meromorphic functions f of the form

0
1
f(z) = o Za,zr, ze D" (1.1)
r=1
which are regular in punctured open unit disc D" =D {0}

={zeC:0<|z|<1}. Then

o0
+ [r]p,qarzr_l,
r=1

1

Dp,q(f(z)) = _pq22

r_r
where [r], , = %

Definition 1.1. Let f be as in (1.1) and g(z) = %+ z:):l b,z", then the

Hadamard product of f and g is defined as
1 o0
(F*9)@) =(g*NE) =+ abz
r=1

Now we define a (p, q)- derivative operator L£; ¢'(f(2)) : M — M as

-1 P[]y gIm 41, !
L5 7FE) = R f@) * b of) = S S : Ay
pq p.q pq 2 Z IS r
n,me NU{0},0<qg<1andp=gq. (1.2)

Where R p"”q represent (p, q)- Ruscheweyh derivative operator and is given
by

o0

Ry(E) =S+ D

— ml, M +1], !

[m+r+1], !

a2, meN

and
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[r] ': [r]P,CI[r _1]p,q [1]p’q5 r = 2, 3,
D,q 1, F=1

we define a new derivative operator u}, ,f(z) as
n n_n n_n 7'
WD of @) = pq"2D, o (S i) = 2L Zp Q"I g2, (n € N)
where S Z,q represent (p, q)- Salagean differential operator and is given by

20

r=1

Spqf(@) =

Therefore

n,m (1)’”1 n[r]n+1[m+r+1] b
palC)=0 o L i, e,

D, (L .arzrfl, zeD". (1.3)

Remark 1.2.

(1) When n=0,p=1 and ¢ > 1 in (1.2), we get Ruscheweyh

derivative of f(z) [5]

(2) When n =0, p =1, then Er;,’,gl is reduced to the class E*,; introduced
by Bakhtiar Ahmad and Muhammad Arif [2].

3 When m=0,p=1 and ¢ > 1 in (1.2), we obtain Salagean

derivative operator [6].

Now, we define a subclass ./\/l;q([?), n, m) of regular meromorphic function
on D" as follows.

Definition 1.3. Let f € M as in (1.1) n, m e NU{0} and B € [0, 1) is
said to belong to the class /\/l;q(B, n, m) of meromorphic starlike of order ,

if it obeys the inequality
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m{_pqzl)p,q(ﬁz’,;nf(z))} >p, ze D"
Ly a1z

Theorem 1.4. Let f € M as in (1.1); n, m € NU{0} and B € [0, 1), then

fe M;,q(ﬁ, n, m) if and only if

Z(pq[r]p,q +B) b q[n[l]i,q‘[[n::lr]; Up,q! la, | <1-8. (1.4)

Proof. Suppose that f € M, ,(B, n, m) then by the definition (1.3), we

have

_ n, m

%{ pazD, (L 4 f(Z))} 20 2eD"
Ly q )

which is equivalent to

0 pn+1qn+1[ ]n+1[m - +1]
l—z ar
= [mlp, ¢! lr +11,, 4!
m r=1 > B’
1+ipnqn[r]p,q[m+r+1]pyq! 1

Il o r+ 1,0 7

Zr+1

r=1

Letting z > 17, we get

0 n+l n+1[ n+1[

D r m+r+1] pqn[r] [m+r+1]
1= Z 1, ﬁz ar

J\r+1l,4

r=
on simplification we get,

0

Z(pq[r]p,q +B)

r=1

p"q"[rly glm + 7 +1]
[mlp, o' lr + 11, 4

”"Iar|<1ﬁ

Conversely, suppose that f € M as in (1.1) and the inequality (1.4) holds
for all z e D* we will prove that f e /\/l*p,q(B, n,m) for 0<P<1,

ne NU{0}, ie., we need to prove that
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%{_pQZDp,q(E%,ZLf(Z))} .
L 0 f(z)

using the condition that R(w) > B if [1-B+w|>|1+p - o], it is enough to
prove that [x(2)|-|y(2)|>0, where x(z)=@1—B)L}p ¢ f(2)- pezD, ,
(L,¢ (@) and w(z) = (1 + B)(L ¢'f(2) + pazDy, ¢ (L5 5'f(2))

[x(2) = w(z)]

CICES T

DS (gl -1+ e T
r=1

0 n_n n 1 ’
B b 1 e e el
r=1

[m]p g r+1lp4

2| &%) ;ZB)—ZZ(pq[r]p,q WAL YIRS XL

[m]p,q![r +1]p,q' 4z

L 20-B)f, Z(pq[rpq+B)p q"[r], glm+r+1], ! o || 271 I]

|| [m ]pq[r+1]pq

L 20-B)f, Z(pq lp.g +B) P"q"[r]p, [m+r+1]pq o |
|| [mp,q!lr+1lp4

> 0, by (1.4).
This completes the proof. o

Corollary 1.5. If f(z) € M, ,(B, n, m), then

iar < 121,40~ P) ,Belo,1).

o) (pg +B)p"q"[m +1], 4[m +2], 4

Theorem 1.6. If fj(z) € M;,q(ﬁ, n, m),Vj=1,2, .., \ where
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0

1
r=1
then

> =

aj(z) = %+Zbrzr e My (B, n, m), b, 20 and b, =
r=1

»
2.9
Jj=1

Proof. By the Theorem (1.4), o j(z) € /\/lj;,q([}, n, m), if and only if

> p " [r]y Jm+r+1], !
k) E) b < 1 _
;(pq[r]p,q O ], b <18

consider
S (palrly g+ 0) 2 Ul t 7 Mgty
— p.q [m]p,q![r+1]p’q! r

P ]y Im+r+1], .1 <&

= Z(pQ[r]p,q + B) [m]p,q![r +1]p,q! x | Qr i |

A ® n_nr.n
1 p"q"[r], glm +r+1], !
== > (palrl,q +B ’ —la;
% < A I ST

since f;(2) € M;,q(ﬁ, n, m), Vj =1, 2, A, then by the Theorem (1.4), we have

0

p"q"[rly g[m+7+1], !

A
, p.q° <1 _B)=(1 -
2 pallpg PG M 1025 2070 =)

r=1

which implies « ;(2) e M3, (B, n, m) and completes the proof. o

Theorem 1.7. If [ € M be given by (1.1), then f(z) e /\/l;q(B, n, m), if

and only if
f@) =D o f(2)
r=0
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where folz) = l’ fi(z) = 1 4 [m]p,q![r + 1]p,q!(1 -B) .
z nqn[r]qu[m+r+1]p7q!(pq[r]p,q +B)

r :1, 2, ey O € [09 1] and Z:‘O:O(D

Proof. Given

f(z) = i(’)rfr = 0)0f0(2)+ iwrfr(z)
r=0 r=1

wo ~ |1 [m]p o [r +1], 4! @ = B) ,
:70+Zwr[;+[pnqn[] P-4 P-4 ]Jz

~ Iy qlm+r+1], Npalrl, , +B)

by theorem (1.1),

S (paly, g + B2 a7 Mg
r=1

(] o T+ 1, g

{ [ml, o[ + 114! L~ B) J
[r]

Q)
"]y, qlm + 7 +1], o (palr], ¢ +B)
==Y o = L -B)1-wp) <1,
r=1

therefore f(z) € M}, ,(B, n, m).
Conversely, assume that f(z) € M}, (B, n, m), put

_(palrlp g +BIP Q"[T5 g[m + 7 +1], !

' [m], ' +1], '@ -B) ——a,; o, €[0,1]
then
f(Z):l+Zarzr:l+Z P(I[r+1]pq(1 B) (Drzr
* A i (pq[r gt B)p" qn[’”]p,q[m +r+ 1]p,q‘
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B CORN W ST N
El— (pQ[’”]p,q + B)pnqn[r]zyq[m +7+ 1]p’q' g

= D of(2) .
r=0

Theorem 1.8. If f(z) = % + Zil a,z" and h(z) = % + Z?:l c,2" arein
the class M, ,(B, n, m), then (f+*h)(z) is also belong to the class

/\/l;q(p, n, m), where

:(pq[r]p,q+B)2 "G T G Imr+ 1], o palr], (=B ml, o[ +11, 4!
(1-B)%[m], 4! +1]p,q!+ (palrly.q + B P"q"[rTs g m+7+1], 4!

Proof. As fand g are in M;’q(B, n, m), we have

o0 n !
Z( +l3)p rlp.glm 1]y a, <1
r=1 L P L
and
© n
Z (p‘I[’”]p,q + B)pnqn[r]p,q[m trt 1]17,‘1' ¢, <1.
=) [m]p,q![r+1]p,q!(1_l3)
By the Cauchy-Schwarz inequality, we get
© r + Ta™[r m+r+1
Z (palrl,y.q +B)P "I, ol I.q! ac <1 (1.5)

=Bl o b+ 11, ]

r=

to prove that f(z)* g(z) € M}, ,(p, n, m), we need to determine the greatest
p so that,
i (palrly,q +P)0"q" [T} JIm + 7 +1], !
A -p)[ml, ! r+11, 4!

ac, <1

r=
so, it 1s sufficient to prove that
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Y‘CY‘

= (palrly, g +0) 0" 1] o [m+r+1], !
Z A-p)ml, 4'r+1], 4!

< (pQ["]pﬂ +[3)p”q”[r]g,q[m+r+1]p,q!
< Z (1- B)[m]p,q![r +1]p’q! Jayc, <1

r=1

p)(palr], 4 +B)
jm_za D.q

B)(palr],. 4 +p)

from (1.5);

Jaye, < (1=P)lml, gl +1], 4!

n_n n
(palrlyq +BP" " [r]y o Im+r+1], !
Hence, it suffices to show that

(1_B)[m]p,q![r+1]p,q! < (1_p)(pQ[r]p,q +B)
(palrly 4 +BP"q"[r], Jlm +r+1], ! ~ @-B)(palr],.q +p)

2955

(pq[ Ipg B0 a" ]y o [m+r+1], ! pq{r]pq(l B’ [m], ! [7"+1]pq

(1-By’ [m]pq'[r+1]pq +(palrly g +B)? P Iy g Im+r+1],

Theorem 1.9. Let f(z) be given by (1.1) and h(z):%+z;ilcr2r are both

belongs to the class M, ,(B, n, m), then

0

y(z):%+2(ae +cr)z e/\/lp q(& n, m),

r=1

where

& —1- 2(1 - B)Z [z]p,q! (1 + pq)

(pq + B’ p"a"m + 11, gm + 2], 4 + 201 - B)*[2],, ¢!

Proof. To prove that y(z) € M}, ,(& n, m), we need to determine the

greatest &, so that
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- (palr], g + 8" ], gIm + 7 +1], !
D | s ) e AR A

r=1

As f(z), Mz) € M}, 4(&, n, m), we have

5 {<pq[r]p,q D" [l lm v 7 1]p,q!}2a3 .,

r=1 1 -B)[m], !l +1], 4! (1.6)
2
> | (palrl, g +B) P "], gIm + 7 + 1], 1
| ’ ’ g i
;{ A =B)ml, ! +1], ! ¢y <1 (1.7)

summing (1.6) and (1.7), we obtain

2
1| (palr]y g +B)P "l glm+r+1], 1| 5
;5{ 1= B)[mly ¢!lr +11,, 4! } lar +er) <1

but y(z) € M}, (& n, m), if and only if

o0

(palrl, 4 +€)p"q"[r] Im +r+1], !
L R @ s

r=1

which is possible only if

(pqlrlp g +8)P"q" [y g[m + 7 +1], !
(1 - EJ) [m]p,q! [7‘ + 1]p,q!

1 [l + B BT I+ 1],01)
=2 =)y ! +1,, ¢!

-t 201 - B) [ml, ! [r +1],.4!
Palrlp.a * & (palrly, g + B " I gl r 1, !

=n(r)

where n(r) is a non-increasing function of attains a maximum at r =1 and
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2(1 - B)* [2],,, ¢!

R hence
(pq +B) p"q"[m +1], ,[m+2],,

the maximum value n(1) =

1- (: > 2(1 - B)Z [z]pyq!
Pg+E  (pg + B p"q"[m +1],  [m+2],,

on simplification, we get

2(1 - [3)2 [Z]p,q! (1 + pQ)

E<1- . 5 .
(pq + B) pnqn[m + 1]p,q[m + 2]p,q + 2(1 - B) [Z]p,q!

2957

Definition 1.10. Let f € M, then the p-neighbourhood of fis defined as

1 o0 o0
N, (f) = {g e M; g(z) = > +Zg,zr and Zr|ar -g | <p pel0, 1)}

r=1 r=1

Definition 1.11. Let f € M, then f is said to belong to the class

My (B, n, m), if 3g € My (B, n, m), satisfying
f(z) .
—<-1|<l-¢2ze€D,eel01)
| £8-1 0.1
Theorem 1.12. Let g(z) € M, ,(B, n, m), and

~ pp"q" (pg + B)[m +1], ,[m + 2], ,
(pq +B)p"q"[m +1], 4 [m + 2], , - [2], ,0 - B)

then N,(g) = M ,(B, n, m).
Proof. Let f(z)e N,(g), then by the definition
Zf=1r| a, — &, | <p which implies that Z:J:ll a — g | <p.

As g(z) e M, (B, n, m), by the corollary (1.5),

(1.10);
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& 2 1-
Z gr < [ ]p, q( ﬁ) )
n_n
~ p"q"(pq +B)[m +1], ,[m +2], ,
Hence

8(z) x
1-> g
r=1
pp"q" (pg + B)[m +1], ,[m + 2], , L
(pq + B)pnqn[m + 1]p,q[m + 2]p,q - [2]p,q(1 - B)
Thus, by the definition (1.11); f € M;,q(ﬁ, n, m). o

(1]

(2]

(3]

[4]
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