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Abstract

A Nordhau-Gaddum type relation is the one associated with some parameter of a graph

and its complement. Nordhaus-Gaddum type relations have been studied since 1956. The most

famous relation is the upper bound for the sum of the chromatic numbers of a graph and its

complement. In this work, the Nordhaus-Gaddum type difference relation for the first Zagreb

index, the Nordhaus-Gaddum type sum relation with the help of Cangul index, the Nordhaus-

Gaddum type sum relation for the second Zagreb index and total irregularity index are studied.

Further, Nordhaus-Gaddum type relations for omega invariant are also found out.

2020 Mathematics Subject Classification: 05C92, 05C07, 05C30, 05C38, 05A20, 05C10, 92E10.

Keywords: Mathematical Chemistry, Cangul Index, Nordhaus-Gaddum Type Inequality, Omega

Invariant, Irregularity Index.
Received March 3, 2020; Accepted December 22, 2020



184 KUREETHARA, MAJHI, MAHALANK and CANGUL

1. Introduction

A good amount of research in graph theory deals with graph invariants.
Vertex degrees, edge degrees, radius, diameter, eccentricity, independence
number, girth, chromatic number, domination number etc. are some of the
most frequently used graph invariants. There are also topological graph
indices with several applications in chemistry, physics, pharmacology, and
electronic engineering and network sciences. In 1956, Nordhaus and Gaddum

used a clever method of associating a graph with its complement. Let G be a
graph. Let its complement be G. Both the graphs Gand G are simple

undirected graphs having the same vertex set. However, G has an edge if

and only if G does not have it. Nordhaus and Gaddum obtained relations for

the chromatic number of G [9]. Such a relation helps to obtain information on
one of G and G by using the known information on the other. Since then,
many authors used the same method for many other graph parameters in
over 300 papers. In [3], Aouchiche and Hansen gave a beautiful survey of all
Nordhaus-Gaddum type results up to 2013.

Several authors obtained Nordhaus-Gaddum type identities or

inequalities for some topological graph indices. Let MI(G):ZUEV(G)dg;u

and Mz(G)zzuveE(G)dGude. Here, M;(G) is the first Zagreb index and

M5(G) is the second Zagreb index. They were defined by Gutman and

Trinajstic in [8]. In [4], such relations for first and second Zagreb indices are

obtained. In [12], reciprocal relations for some molecular topological indices

are obtained. In [4], as exact statements for M;(G)+M;(G) and
My(G)+ My(G) could not be given, some upper bounds were obtained. In

this paper, we supply exact statement for M;(G )+ M;(G) and also for Above

the first G, a bar is required. By means of a new function

CG)= D dgidgi
ViV eV(G)

Let F(G) be the forgotten index of the graph G. It is also known as the
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third Zagreb Index. It is defined as F(G)= zv dgv. We provide in this

eV(G)
paper, a nice relation for F(G)+ F(G) in terms of m, n and M;(G). For

irregularity indices Bell and total irregularity, it is easy to see that

B(G) = B(G) and Irr,(G) = Irr;(G) where

BG)= Y (dgu-)?

ueV(G)

and

= 2m
b - _am
m(G)= D ldgv-="1,
ueV(G)

See [1, 2, 7, 11]. Finally in this paper, we obtain three Nordhaus-Gaddum
type relations for Q(G)+ QG), AG) - QG) and QG)- AG) where Q is a
recently defined topological graph invariant having many practical uses, see
[5, 6].

2. Main Results

Let the order and size of a graph G be n and m, respectively. For

convenience, we shall denote the order and size of its complement above G, n
and m, there are bars required. For a vertex v of a graph G, let dgv denote
the degree of v in G. Let A(G) be the maximum degree and 3(G) be the

minimum degree of a graph G. Let A'(G) be the second maximum degree.

In [4], upper bounds for the Nordhaus-Gaddum type sum formulae
M,(G)+ M;(G) and My(G)+ My(G) were obtained as

(n(n—2)—2m+8+1)2+(2m—A)2

| + A2 +((n-1)-8)

M;(G)+ My(G) <

s L1 (-8 +(a-8))

and
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+2m? = 3m(n - 1)

~ _n(n-1)°
My(G) + Mp(@) < "

+(n— )((2’" A)Z w)

The first inequality turns to be equality if and only if G is regular or P;.

When G and G are both connected, Zhou and Trinajsti’c improved the

upper bound for the first Zagreb index as
M;(G)+ My(G) < n® —4n? + 3n + 8.

We now obtain an exact formula for the difference M;(G)— M;(G).
~\ _ 2
My (G) - Z veV(G) dGU

Z(n —1-dgv)?

veV(G)

(n=1% > 1-20-1) ) dgv+ D dgv

veV(G) veV(G) veV(G)

=n(n -1 - 2(n-1)- 2m + My(G).
Hence we proved
Theorem 1. M,(G) - M;(G) = (n —1)(n® — n — 4m).

For a simple connected graph G, we define the Cangul index denoted by
C(G) as,

CG)= Y dgidgi.
Ui,UjEV(G)

C(G) can have other expressions such as,
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CG)= Y dgidgj
vi,UjEV(G)

a; a; \(aq;
> dgi+ Y. dgide
i=1,0;22\ 2 <i<j<k\ 1 JU1
Y dgidgj

vivjeE(G)uE(é)

with D = {dl(al), d&ZZ), e d]gak)} as the degree sequence of G.

Next, we shall obtain an exact formula for the sum My(G)+ My(G) by
means of the index C(G).

Theorem 2.

n(n - 1)
2

My(G)+ My(G) = —3m(n —1)® + (n - 1)M;(G) + C(G)

where C(G) is the Cangul index and D = {d{al), dc(zal), e d,(eak)} is the degree

sequence of G.

Proof. My(G)+ My(G)= D dgidgj+ Y dgidg]
viv;je(G) vivje(G)

Y dgidgj

viv;eE(G)

+

D (r-1-dgi)(n -1 - dg;)

UinEE(é)

Y dgidgj

viv;eE(G)

+ D [n=1) +dgidgj—(n—1)(dgi +dgj)]
vivjeE(é)
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~(n-1) Y di(n-1-d)

v;eV(G)

=Y dgidgi+ () )12
vivjeE(G)uE(E)

—(n=D[(n -1)- 2m - M;(G)]

_nln-1

5~ 3min - 1 + (n - 1)M,(G) + C(G).

Note that we have given the additive Nordhaus-Gaddum type for the second
Zagreb index My(G) in terms of the index C(G). Hence we need to

investigate C(G) a little bit further. First let
k Qa;

C,(G)= Z di

i=1, ;<2\ 2

and

GG = Y [‘i‘j (alf )dgidG j.

1<i<j<k
Hence C(G) = C;(G) + Cy(G).
Lemma 3. For a path graph P, with n > 4, we have
Ci(B,) = (n =2 + (n - 3%,
Co(P,) =4n -8
and hence
C(P,) = (n-1)* +(n - 2.
Proof. As the degree sequence D(P,) of P, is
D(P,) = 1@, 2072},

we have
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2 n-2
o\(Py) - { }2 ( Jzz
2 1

= (-2 +(n-3%>

Similarly

Lemma 4. Let C,, be the cyclic graph with n > 3. Then
C,(C,) = 2n* — 2n,
Co(Cp) =0
and hence
c(C,) = 2n® - 2n.
n

Proof. C;(C,) = [
2

}-22 =2n2 -2n and Cy(C,)=0 as the degree

sequence of C, is {Z(n)}.
The following three results can be proven similarly.

Lemma 5. For n > 4, let S,, be the star on n vertices. Then

Ci(s,) = o= Din=2)

Co(S,) = (n—1)?
and hence

(n—l)(3n—4).

C(Sn) = 9
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Lemma 6. For n > 3, let K,, be the complete graph on n vertices. Then

_1)
G(k,) = "0
CZ(Kn) =0
and hence
3
C(K,) = @

Lemma 7. For r>s2>1, let T,  be the tadpole graph obtained by

adding a path P, to a vertex on a cycle C, having r + s vertices. Then
Ci(T,5)=20r+s-2)(r+s-3)
Co(T) s) = 8(r +s)—13

and

C(T, s)=2(r+s)(r+s-1)-1.

Next we obtain the additive Nordhaus-Gaddum type relation for the
forgotten index F(G) = ZveV(G) dg’;v.

Theorem 8. F(G)+ F(G) = (n —1)(n(n - 1)? — 6m(n — 1) + 3M;(G)).

Proof.
F@)+F@G)= Y dgv+ D div
veV(G) veV(G)
= Z dgv+ Z:(n—l—d(;v)3
veV(G) veV(G)
(-1 > 1-30-17 D dgu+3n-1) Y dgv
veV(G) veV(G) veV(G)

=(n-1° -n-3mn-172-2m+3(n-1)- My(G)

= (n-1)(n(n —1)* — 6m(n — 1) + 3M;(G)).
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The regularity of a graph is a well-known and useful property. If all vertex
degrees in a graph are equal, then we call the graph regular. A graph which
is not regular is called irregular. There are several topological indices like
Albertson, sigma, Bell, total irregularity indices to determine the irregularity

2m

degree of graph. For the Bell index B(G) = z 7)2 It is well-

veV(G) (dGU h
known that B(G)= B(G). We now prove a similar result for the total

irregularity index

2m
Irry(G) UE;CJ)de P |
Then we have.
Theorem 9. For any simple graph G, we have
Irr,(G) = Irry(G).
Proof.

U_n(n—l)—2m
¢ n

Il
S

I
[y

I
U

Z|n—1—de—n+1+27m |
veV(G)

> dgo -2 |

veV(G)

Irry (G).

3. Nordhaus-Gaddum type Relations for Omega Invariant

Probably, the most popular graph invariant is the Euler characteristic,
known since 18th century. Recently, a new topological graph invariant named
as omega invariant has been defined by Delen and Cangul [5] by

Q(D) = 2(m — n).
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If D= {1(a1), 2(0‘2), s A(aA)} is a realizable degree sequence, then the omega

invariant of D is defined by

For

see

A
Q(D) = Z(i ~ 2)a;.
=1

more details of the omega invariant and its properties and applications,
[5, 6].

Our aim is to give some Nordhaus-Gaddum type results for omega

invariant. Actually we shall give three such relations as below:

Theorem 10. Q(G) + QG) = n(n - 5).
Proof.
QG)+ AG) = 2Am — n) + 2m — 7).

:2(m—n)+2(w—m—n)

= n(n - 5).
Theorem 11. Q(G) - QG) = 4m - n? + n.
Proof.
QG) - OAG) = 2m - n) - (m - n)

=2m—2n+2(@—m—n)

:4m—n2+n.

Theorem 12. QG) - QG) = 213 + (2m + 6)n? — 2mn — 4m?.
Proof.
QG)-AG) = 2(m -2)-2(m —n)
= 4(mm — mn —mn + nn)

n(n-1)

=4(m(T—m)—mn—(@—m)n+n2)

= -2n% + (2m + 6)n% — 2mn — 4m>.
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4. Conclusion

Graph invariants uniquely represent graphs. With the proper definition

of the complement of a graph, it is worth exploring the relation of an

invariant of a graph with the same invariant of its complement. In this

exploration, the relation between a graph and its complement, bounds of

invariants etc. could be studied. Nordhaus-Gaddum type relations are coming

under this area of study. A more generalized definition of graph complement

is available in [10]. Nordhaus-Gaddum type relations associated with sum,

difference, product etc. could be further explored with the generalized graph

complements.
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