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Abstract

In this paper, we discuss the unique existence of a coupled coincidence point, in the turf of
complex valued metric spaces, for two distinct pairs of maps via an integral contraction with
rational expressions, sequentially, we establish the unique existence of a common coupled fixed
point for a pair of 2-variable mappings in this context. Further, we illustrate some appropriate
examples to justify the consistency of the theory.

1. Introduction

Azam et al. [1] generalized the idea of metric space into complex valued
metric space and established the existence of unique common fixed point for a
pair of self mappings that satisfy a rational contraction. Subsequently,
Sintunavarat et al. [10] and Rouzkard et al. [7] are some others who extended
the works of Azam et al. using a rational contractive condition involving

control functions.
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For solving coupled system of equations, Bhaskar et al. [3] proposed the
concept of coupled fixed points in 2006. In follow, Lakshmikantham [6]
initiated and studied the concept of coupled common fixed point for a
2-variable map and a self map in the context of partially ordered metric
spaces. Later, Kutbi et al. [5] developed the concept of common coupled fixed
points for a pair of 2-variable mappings in the context of complex valued
metric space.

The work’s based on integral type of contractive condition in metric fixed
point theory is initiated by Branciari [2]. Khojasteh et al. [4] proposed a new
class of integration with respect to a cone in order to establish the unique
existence of a fixed point in cone metric space. Sequentially, Zada et al. [11]
extended Khojasteh et al. integration with respect to complex numbers and
proved common fixed point theorems in complex valued metric spaces.

We provide some basic definitions and results in section 2 that will be
important in following sections. In section 3, we establish the unique
existence of coupled coincidence point for a 2-variable map and a self map
that satisfy an integral contraction, in the perspective of complete
asymptotically regular complex valued metric space. In the same way, we
exhibit the existence of unique common coupled fixed point for a pair of
2-variable mapping. Finally, we provide examples to support our theory.

2. Preliminaries

Let C denote the collection of all complex numbers and z, w € C. Define

< as a partial order on C as follows:

zzw if and only if Re(z) < Re(w) and Im(z) < Im(w).
If one of the following conditions is satisfied:

¢ Re(z) = Re(w), Im(z) < Im(w);

¢ Re(z) = Re(w), Im(2) = Im(w);

¢ Re(z) = Re(w), Im(z) < Im(w);

¢ Re(z) = Re(w), Im(2) = Im(w),
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Then z3w is true. Specifically, we will write z Jw if z # w and one of

(P1), (P2) or (P4) are satisfied; and z<w only if (P3) is satisfied.

Definition 2.1 [1]. Let M be a nonempty set. A mapping p from M? to

C is said to be a complex valued metric if it satisfies the conditions given
below:

e 02p(z, w) for all z, w e M and p(z, w) = 0 if and only if z = w;

e p(z, w) = p(w, 2) forall x, y e M;

e plz, w)=2p(z, u) + p(u, w) for all z, w, u e M.

The pair (M, p) is called a complex valued metric space.

In complex valued metric spaces, the concepts of convergence, Cauchy,
and complete can be defined similarly to how they are defined in metric
spaces. Unless otherwise mentioned, M denotes the complex valued metric

space (M, p) throughout this paper.
Lemma 2.2 [1]. Let {z,} be a sequence in M. Then
@) {z,} converges to z if and only if | p(z,, 2)| > 0 as n — .
(1) {z,} is a Cauchy sequence if and only if | p(z,,, Zpem)| = 0 as n — o,

Let R, denotes the collection of nonnegative real numbers and ¥ be the
class of nonnegative, nondecreasing Lebesgue integrable self mapping on R,,

that is summable on any compact subset of R,, and such that for each

e >0, j; Y(s)ds > 0.

Let C, = {w e C: 03w}. Forany z, w € C, with z3w, define
[z, w] ={z(t) € C, : 2(t) = z + t(w — 2) for some ¢ € [0, 1]},
(z, w] =1{2(t) e C, : 2(t) = z + t(w — 2) for some ¢ € (0, 1]}.

A set @ = {z = wy, wy, Wy, ..., w, = w} is a partition of [z, w] if and only
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if the sets {[w;_1, w;)}i_; are disjoint in pairs and their union along with W is

[z, w]

Let ¢ : [z, w] — C be a mapping defined by (u) = y;(a) + ip9(b), where
u=a+ib e[z, w] and Y, Y9 € ¥. For a partition @ of [z, w], the lower

summation is
n-1 .
L, Q) = Z> (W1(a;) + ipo (b)) Wi — w
j=0
and the upper summation is

Un& @ = Y (92(@i0) + a(bpsr )| w1 — ;]

j=

Where w; =q; +b;,1=0,1,2,...,n. If lim L,({, @) and lim U,(E, Q)
n—o n—o

exists and equal, then we can define J.w ¢d. = lim L,(¢, @) = lim U, (¢, Q).
z n—oo n—0

If f Zw Cd. exists, then we say that { is a complex integrable function on

[z, w]. Also, I([z, w],C) denotes the collection of all complex integrable
functions on [z, w]. If ¢ is complex integrable function on for all [z, w] in C,,

then we say ¢ is complex integrable function on C,.
Lemma 2.3 [11]. Let ¢ € I([z, w],C) and {z,} be a sequence in [z, w),

then lim, J.Zn Cd. =0 ifand only if z, — 0, as n —> .
n—w 0

Definition 2.4[4]. A complex integrable function { on C, is called

subadditive if
zZ+w z w
J‘ ¢d. ﬁj ¢d, +I ¢d., forall z, w € C,.
0 0 0

Definition 2.5[8]. A sequence {z,} in a metric M space is said to be

asymptotically regular if lim p(z,,,;, 2,) = 0.
n—0
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Definition 2.6[8]. A complex valued metric space M is called complete
asymptotically regular if every asymptotically regular sequence {z,} in M

converges to some point in M.
Definition 2.7[6]. Let B, 8’ : M? > M and g M? - M. An element
(z, w) € M? is called
e coupled coincidence point of B and g if PB(z, w)= g(z) and
Bw, 2) = gw).
e coupled common fixed point of B and g if WB(z, w)= g(z) =z and
Bz, w) = gw) = w.
e coupled coincidence point of B and B if B(z, w) = B(z, w) and
B(w, z) = B(w, 2).
e common coupled fixed point of B and B’ if B(z, w) = B(z, w) = z and
Bw, z) = B'(w, z) = w.

3. Coupled Coincidence Point Theorems

First let us fix some notations for our convenience. Let B, 8’ : M 25 M

and g : M? > M, then we define

’ n _ (Z’ LU) .
Liz,w, 2/, w') = m,

oo P(B(z, w), B, w))
Ly(z, w, &', w') = 1 E p(Bl(z, w), B(z', w'))’

! ' N _ (%(Z’ w)’ %,(2,? w')) .
L% (2, w, 2, w) = 1 Ep(%(z, w), Bz, w'))’

__p(Blzw)2)
Loy(z, w) = 5 fp(%(& w), z)’

__ (B w).z)
Lo (2 0) = 700z, ), 2
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_ p(g(Z), g(LU))
Lg(es w) = 1 p(g(2), gw))’

Let Jc, be the collection of all complex integrable functions on C, such

that for each e>0, j ‘ €d. > 0. Throughout the section the labels are used in
()

this meaning unless otherwise stated.

Theorem 3.1. Let B: M?> > M and g: M —> M be two mappings
such that B(M?) < g(M), g(M) is a closed subspace of M and g is one-one. If

there exist k € [0, 1) and { € J ¢, satisfying the contractive condition

Ly(z, w, 2/, w') (2, 2)+1g(w, w')
[ e 55T M
0 0

for all z, 2, w, w € M, then B and g have a unique coupled coincidence

point.

Proof. Let (z,wp)e M2 As B(M?)c g(M), we can construct
sequences {z,} and {w,} in M with 9(z,,w,)=g(z,,;) and
B(z,,, z,,) = &(2,,41); by contractive condition (1), we get

Cde. (2)

(4

J‘Zg(zn+17 2) J‘L%(va Wy s Zp—1> Wp_1) J‘lg(zn’ Zn—1)+lg(wn’ Wy_1)
0 0

k
gdc 55

Similarly, we can prove that

J‘lg (wnt1, wy)

k

J‘lg (2n> 2n-1)+lg (wp> wp_1)
0 0

Adding (2) and (3) we get

J‘lg(znﬂ’ Zn)+lg(wn+1v wy,) < kJ'lg(va Zn—l)‘*'lg(wnr Wp-1)
c S

0 0

< kZJ-lg(zn—lﬂ Zn—2)+lg(wn—1’ wn—2)
T
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b knJ’(jg(Zh 20 )+lg (w1, wo)C

. .. . ls(2541, 20 )+lo(Wp 1, w0
Letting limit as n — o, we have hm,fog( 1) g (i )

n—0

Cdc = 0,

lg(znﬂ’ 2,) lg (Wp+1,wn)

which implies lim, [ {d, =0 and lim | ¢d, = 0.

n—w 40 n—ws0
By lemma 2.3, we have both the sequences {lg(z,.1,2,)] and
{lg(wy i1, wy,)l in C, converge to 0. Thus the real sequences
{ p(g(zp11), &(2,)) |} and { p(g(wy,41), g(wy))|} converge to 0 and hence the

sequences {g(z,)} and {g(w,)} in M are asymptotically regular.

Since M is a complete asymptotically regular complex valued metric

space, the sequences {g(z,)} and {g(w,)} are converges to r and s
respectively. Since g(M) is closed, the elements r and s are in g(M). Thus
there exists z, w € M such that g(z) = r and g(w) = s. Therefore

lim 9B(z,,, w,) = lim g(z,,) = g(z) and
n—o

n—

lim B(w,, z,) = r}glgog(wn) = g(w).

n—»0
From contractive condition (1), we have
(2, wys 2, W) k lg(2n, 2)+lg(wy, w)
J-O c 25 J;) Cdc-

Letting as limit n — oo, we get

pg(z), B(z, w))
1+p(g(2), Bz, w))

p(2(z). B(z, w))
1+ p(g(2), Blz, w))

we can show that g(w) = B(w, z). Thus (z, w) is a coupled coincidence point

which implies =0 and hence g(z) = B(z, w). Similarly,

of B and g. If there exist another coupled coincidence point (2, w') of B and

g, by contractive condition (1), we get
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lg(z, 2)+g(w, w')

k
cd, 5 [ e,

J-l%(z, w, 2, w')
0

0

which implies

(2, 2') (2, 2)+1g(w, w')
[ sy [T @
0 0

Similarly, using contractive condition (1), we get

I (w, w' ls(z, 2')+ls(w, w'
J‘g( )Cdc ﬁkj‘g( J+g( )Cdc- 5)
0 0

Adding (4) and (5), we get

J-lg(z, 2)+lg(w, w') cd. < kJ‘Lg(z, 2)+lg(w, w') cd

c~ c*
0

Since 0< k<1 we have d. =0, which implies

J‘Lg(z, 2)+lg(w, w')
lg(2, 2') + Ig(w, w') = 0 and hence g(z) = g(2') and g(w) = g(w'). Since g is
one-one, z =2 and w =w'. Thus (z, w) is a unique coupled coincidence

point of B and g.

Remark 3.2. If we drop the hypothesis g is one-one in Theorem 3.1, then

we can’t guaranteed the unique existence of coupled coincidence point of 9B

and g but there exist a coupled coincidence point of 28 and g.

Example 3.3. Let M = {a+ia:0 < a <1} be a complete asymptotically

regular complex valued metric space with the metric
p(z, w) = | Re(2) - Rp(w) | + i| Im(2) — Im(w) |.
Define%:M2—>Mandg:M—>Mby

atb ;a+b g g(z) = z,

B(z, w) = =55 30

where z=a+ai and w = b+ bi. If we let {(t) =1 + i, then the contractive

condition (1) becomes
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’ ’ k ’ !
Ly(z, w, 2, w)sg(lg(z, 2') + lg(w, w')),

where
a+b—c—d‘+ia+b—c—d‘
Do 30 30 .
L%(Z,LU,Z,LU)— a+b_c_d‘+ia+b—c_d‘,
30 30

(e #) = plo—cltda-cl

g\<» _1+|a—cl+i|a_cl’

N |b-d|+ib-d]|

o W) = g e d]

It is clear to see that for any k& > %, the above contractive condition is

true for all z, w, 2/, W' € M. Thus by Theorem 3.1, B and g have a unique

coupled coincidence point.

Corollary 3.4. Let B : M? — M be a mapping. If there exist k e [0, 1)

and C € Jc, satisfying the contractive condition

L (z, w, 2/, w') k (Lg(z 2)+lg(w, w')
J <=3 2
0 0

(6)

forall z, w, z2', W € M, then B has a unique coupled fixed point.

Proof. If we let g(z) = z in Theorem 3.1, then B has a unique coupled
fixed point.

Theorem 3.5. Let B, B : M? 5> M be two mappings such that
B(M?) = B(M?). If there exist kel0,1) and (e Jc, satisfying the
contractive condition

L%y(z, w, 2, w' k (Lw(z, w)+Ly(w, 2)+ Ly (2, w)+Lyw', 2')
J. e Io
0

Cde, ()

forall z, w, z', w € M, then B and B’ have a unique common coupled fixed

point.
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Proof. Let (zq, wy) € M?. Since B(M?) = B'(M?), we can construct two

sequences {z,} and {w,} in M such that
Zom+1 = %(ZZm’ w2m) and wg;, 41 = %(w2m’ ZZm);

Zom+2 = B(Zom+1, Wams1) and wop, o = B'(Wap11, 22m+1)-

Then by contractive condition (7), we get

L(zom+1> Zm
J‘(z 1 )Cd _ .,

B’ ' ’
J'L% (22m> Wom> 2’ 2m-1, W' 2m-1)
(o

k L(2om+15 22m )+ L(Wom 11, Wom )+ L(22m;s 22m—1)+L(wam, Wom-1)
37 I ¢d,. ®)

0
Similarly, we can prove that

IL(wzmu, wzm)CdC p k
0 4

Gde.- €)

J'L(22m+1, 29m )+ L(wam 41, Wom )+ L(2zem, 2am—1)+L(wap, wapm_1)

0
Adding (8) and (9), we get

J'L(szJrh 29m )+ (Wam 1> Wam)

k
o Cdc 5§

J‘L(22m+1’ 29m )+ L(Wom 41, wom )+ L(2am, 29m—1)+L(W2m, Wopm-1)
co

0

which implies

2

2k L(29m415 ZZm)+(w2m+17 w2m) k L(zom, ZZm—1)+L(w2m7 me—l)
J.o 5 3 _.[0 “

Thus we have

<
o 2k

5(2]ij2

Advances and Applications in Mathematical Sciences, Volume 22, Issue 8, June 2023

IL(22m+17 Z2m)+L(w2m+1a w2m) k J’L(ZQm’ 29m-1)+ L(wam, wom_1)
Cc ~ (4
0

J‘L(ZML 2om—2 )+ L(wapm—1, Wom-2)

0



SOME COUPLED FIXED POINT RESULTS ... 1935

k 2m L(Zli 20 )+L(u)1’ wO)
5(2 - kj .[0 e

Letting limit as n — oo, we get

L(29m-1, 2om )+ L(wam_1, wap,)
j gdc =0,
0

which implies L(z9,,41, 29, ) + LWway, 41, Wo,,) = 0, and hence the sequences
{P(zams1> 2om)t and {p(wo,,41, Wo,y, )} in C, converge to zero. In the same
way, we can prove that the sequences {p(zo,,, 29,,_1)} and {p(wa,,, Wop_1)}
in C, converge to zero. Therefore, the sequences {p(z,,z,,1)} and
{p(w,, w,.1)} converge to zero. (ie.) {z,} and {w,} are asymptotically

regular sequences in M. Since M is a complete asymptotically regular

complex valued metric space, {z,} and {w,} are converges to z and w in M
respectively. By contractive condition (7), we get
p(%(z’ w)’ ng)

Lep(B(z, w) 22m) g =

J‘L%(Z, W, 29m-1, Wam—1) cd
0

(o

k (Lo(z, w)+Ly(z, w)+ Loy (29m-1, Wom-1)+ Loy (Wam-1, 22m-1)
3 7 '[ c
0

Letting limit as m — oo, we get

zZ,w Lyy(z, w w, z
J~L%( )Cdc 5@]‘ (2, w)+ Lo ( )Cdc- (10)
0 0

Similarly, we can prove that

Log(w, 2) k Ly (z, w)+Lg(w, z)
.[ Gde 3 ZJ.O

¢d,. 11)
0

From (10) and (11), we have

(o8]

J~Ls3(z, w)+Lg(w, z) td, < EIL%(z, w)+Lg(w, z)
0 0

which implies
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Loy 2, w)+ Loy a0, 2)
,[o &de =0,

and hence Ly(z, w)+ Ly(w, 2) = 0. Thus, B(z, w) = z and B(w, z) = w.
Similarly we can prove that 9B'(z, w) = z and B'(w, z) = w. Thus (z, w)
is a common coupled fixed point of B and 9B'. Suppose there exist another

point (2, w') € M? is a common coupled fixed point of B and %'. Then by

contractive condition (7), we have

(o8]

ILa’(z, w2 w) p J~L%(z, w)+Lyg(w, 2)+ Loy (2, ')+ Lp (', 2')
0 T4 o

L,
which implies Io = 2) <0, and hence z = z'. Similarly, we can prove that
w =w'. Thatis, (z, w) is a unique common coupled fixed point of B and B'.

Ly (=, w, w,
J-%(zwwz)<k

By contractive condition (D), we have 37
. " L
jOL‘B(Z’ whlpw, 2ytloy(z w)e Loy 2) g pich implies jo &g 0 and

hence z = w. Therefore, (z, z) is a unique common coupled fixed point of B

and B'.

Example 3.6. Let M = {a +ia : 0 < x <1} be a complete asymptotically

regular complex valued metric space with the metric
Pz, w) =| R,(2) - Rp(w) | + i Im(2) — Im(w) |.
Define B : M? - M and B : M? - M by

a+b+ia+b
6

20 +3b .2a+3b
= +1

Bz, w) = 50 50

and B'(z, w)

Where x =a+ai and y=b+bi. If we let {(t)=1+1i, then the

contractive condition (7) becomes,

L%/(z, w, 2, w')S% (Lg(z, w) + Lg(w, z) + Ly (', w') + Loy (w', 2")),  (12)
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where

6 6

a+b 2c+3d v a+b 2c+3d
50 50 .

L%/(z, w, z,w') =

a+b_2c+3d‘+i‘a+b_2c+3d"
6 50 6 50
a+b ‘+i‘a+b_ ‘
6 6
Lop(z, w) = a+b la+b ’
1+ 6 ‘ - ‘
a+b a+b
e
Ly(w, 2) = a+b la+b ’
MCE A T
20+3d_‘
50
Ly (2, w) 2¢ + 3d ;
1| 2 —b‘
2¢ + 3d
50 _d‘
Loy, 2) = =0 "sg— 1
14| 22X —d‘

If we let k& > %, then the contractive condition (12) is true. By Theorem

3.5, B and B’ have a unique common coupled fixed point.

Corollary 3.7. Let B : M? — M is a mapping. If there exist k [0, 1)

and C € J¢, satisfying the contractive condition

J'L‘B(z, w, 2, w') cd, < k J‘L‘B(z, w)+Leg (w, z)+LfB(z’, w')+Log(w', 2')
~72 )

Cde, (13)
0

forall z, w, 2', w' € M, then B has a unique coupled fixed point.

Conclusion

A sufficient condition for a 2-variable mapping and a self mapping to have
a unique coupled coincidence point on a complete asymptotically regular
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metric space is proved. Also, a common coupled fixed point theorem is proved
for a pair of 2-variable mappings. Finally, nontrivial examples are provided to
justify the significance of the theory.
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