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Abstract 

In this paper, we discuss the unique existence of a coupled coincidence point, in the turf of 

complex valued metric spaces, for two distinct pairs of maps via an integral contraction with 

rational expressions, sequentially, we establish the unique existence of a common coupled fixed 

point for a pair of 2-variable mappings in this context. Further, we illustrate some appropriate 

examples to justify the consistency of the theory. 

1. Introduction 

Azam et al. [1] generalized the idea of metric space into complex valued 

metric space and established the existence of unique common fixed point for a 

pair of self mappings that satisfy a rational contraction. Subsequently, 

Sintunavarat et al. [10] and Rouzkard et al. [7] are some others who extended 

the works of Azam et al. using a rational contractive condition involving 

control functions. 
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For solving coupled system of equations, Bhaskar et al. [3] proposed the 

concept of coupled fixed points in 2006. In follow, Lakshmikantham [6] 

initiated and studied the concept of coupled common fixed point for a            

2-variable map and a self map in the context of partially ordered metric 

spaces. Later, Kutbi et al. [5] developed the concept of common coupled fixed 

points for a pair of 2-variable mappings in the context of complex valued 

metric space. 

The work’s based on integral type of contractive condition in metric fixed 

point theory is initiated by Branciari [2]. Khojasteh et al. [4] proposed a new 

class of integration with respect to a cone in order to establish the unique 

existence of a fixed point in cone metric space. Sequentially, Zada et al. [11] 

extended Khojasteh et al. integration with respect to complex numbers and 

proved common fixed point theorems in complex valued metric spaces. 

We provide some basic definitions and results in section 2 that will be 

important in following sections. In section 3, we establish the unique 

existence of coupled coincidence point for a 2-variable map and a self map 

that satisfy an integral contraction, in the perspective of complete 

asymptotically regular complex valued metric space. In the same way, we 

exhibit the existence of unique common coupled fixed point for a pair of        

2-variable mapping. Finally, we provide examples to support our theory. 

2. Preliminaries 

Let  denote the collection of all complex numbers and ., wz  Define 

 as a partial order on  as follows: 

wz   if and only if    wz ReRe   and    .ImIm wz   

If one of the following conditions is satisfied:  

        ;ImIm,ReRe wzwz    

        ;ImIm,ReRe wzwz   

        ;ImIm,ReRe wzwz   

        ,ImIm,ReRe wzwz   
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Then wz   is true. Specifically, we will write wz   if wz   and one of 

   2,1 PP  or  4P  are satisfied; and wz   only if  3P  is satisfied. 

Definition 2.1 [1]. Let M be a nonempty set. A mapping  from 2M  to   

 is said to be a complex valued metric if it satisfies the conditions given 

below:  

  wz,0   for all Mwz ,  and   0,  wz  if and only if ;wz   

    zwwz ,,   for all ;, Myx   

      wuuzwz ,,,    for all .,, Muwz   

The pair  ,M  is called a complex valued metric space. 

In complex valued metric spaces, the concepts of convergence, Cauchy, 

and complete can be defined similarly to how they are defined in metric 

spaces. Unless otherwise mentioned, M denotes the complex valued metric 

space  ,M  throughout this paper. 

Lemma 2.2 [1]. Let  nz  be a sequence in M. Then 

(i)  nz  converges to z if and only if   0,  zzn  as .n  

(ii)  nz  is a Cauchy sequence if and only if   0,  mnn zz  as .n  

Let   denotes the collection of nonnegative real numbers and  be the 

class of nonnegative, nondecreasing Lebesgue integrable self mapping on ,  

that is summable on any compact subset of ,  and such that for each 

  



0

.0,0 dss  

Let  .0: ww    For any  wz,  with ,wz   define 

        zwtztztzwz   :,   for some  ,1,0t  

        zwtztztzwz   :,   for some  .]1,0t  

A set  wwwwwzQ n  ,,,, 210   is a partition of  wz,  if and only 
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if the sets  niii ww 11,   are disjoint in pairs and their union along with W is 

 ., wz  

Let    wz,:  be a mapping defined by      ,21 biau    where 

 wzibau ,  and ., 21   For a partition Q of  ,, wz  the lower 

summation is 

      



 

1

0
121,

n

j
iiiin wwbiaQL   

and the upper summation is 

       ,,
1

0
11211




 

n

j
iiiin wwbiaQU   

Where .,,2,1,0, nibaw iii   If  QLn
n

,lim 


 and  QUn
n

,lim 


 

exists and equal, then we can define     


w

z
n

n
n

n
c QUQLd .,lim,lim  

If  
w

z
cd  exists, then we say that  is a complex integrable function on 

 ., wz  Also,   ,, wzI  denotes the collection of all complex integrable 

functions on  ., wz  If  is complex integrable function on for all  wz,  in ,  

then we say  is complex integrable function on .  

Lemma 2.3 [11]. Let   ,, wzI  and  nz  be a sequence in  ,, wz  

then  


nz

c
n

d
0

0,lim  if and only if ,0nz  as .n  

Definition 2.4[4]. A complex integrable function  on   is called 

subadditive if  

 
 w

c

z

c

wz

c ddd
000

,  for all .,  wz  

Definition 2.5[8]. A sequence  nz  in a metric M space is said to be 

asymptotically regular if   .0,lim 1  


nn
n

zz  
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Definition 2.6[8]. A complex valued metric space M is called complete 

asymptotically regular if every asymptotically regular sequence  nz  in M 

converges to some point in M. 

Definition 2.7[6]. Let MM  2:, BB  and .: 2 MMg   An element 

  2, Mwz   is called 

 coupled coincidence point of B and g if    zgwz ,B  and 

   ., wgzw B  

 coupled common fixed point of B and g if     zzgwz ,B  and 

    ., wwgwz B  

 coupled coincidence point of B and B  if    wzwz ,, BB   and 

   .,, zwzw BB   

 common coupled fixed point of B and B  if     zwzwz  ,, BB  and 

    .,, wzwzw  BB  

3. Coupled Coincidence Point Theorems 

First let us fix some notations for our convenience. Let MM  2:, BB  

and ,: 2 MMg   then we define  

 
 
 

;
,1

,
,,,

wz

wz
wzwzL




  

 
    
    

;
,,,1

,,,
,,,

wzwz

wzwz
wzwzL






BB

BB
B  

 
    
    

;
,,,1

,,,
,,,

wzwz

wzwz
wzwzL






BB

BBB
B  

 
   
   

;
,,1

,,
,

zwz

zwz
wzL

B

B
B 


  

 
   
   

;
,,1

,,
,

zwz

zwz
wzL

B

B
B 


  
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 
    
    

.
,1

,
,

wgzg

wgzg
wzLg 


  

Let 
I  be the collection of all complex integrable functions on   such 

that for each  



 .0,0  cd  Throughout the section the labels are used in 

this meaning unless otherwise stated. 

Theorem 3.1. Let MM 2:B  and MMg :  be two mappings 

such that      MgMgM ,2 B  is a closed subspace of M and g is one-one. If 

there exist  1,0k  and    satisfying the contractive condition  

    

 
 


wzwzL wwlzzl

cc

gg
d

k
d

,,,

0

,,

0
,

2

B
   (1) 

for all ,,,, Mwwzz   then B and g have a unique coupled coincidence 

point.  

Proof. Let   ., 2
00 Mwz   As    ,2 MgM B  we can construct 

sequences  nz  and  nw  in M with    1,  nnn zgwzB  and 

   ;, 1 nnn zgzzB  by contractive condition (1), we get 

     

  
   


nng nnnn nngnngzzl wzwzL wwlzzl

ccc d
k

dd
,

0

,,,

0

,,

0

1 11 11
.

2

B
  (2) 

Similarly, we can prove that  

    

 
  


nng nngnngwwl wwlzzl

cc d
k

d
,

0

,,

0

1 11
.

2
  (3) 

Adding (2) and (3) we get 

      

 
  


nngnng nngnngwwlzzl wwlzzl

cc dkd
,,

0

,,

0

11 11
  

   


 


2121 ,,

0

2 nngnng wwlzzl

cdk  

  
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   
.

0101 ,,

0



wwlzzl

c
n gg

dk  

Letting limit as ,n  we have 
   


 




nngnng wwlzzl

c
n

d
,,

0

11
,0,lim  

which implies 
 







nng zzl

c
n

d
,

0

1
0,lim  and 

 







nng wwl

c
n

d
,

0

1
.0lim  

By lemma 2.3, we have both the sequences   nng zzl ,1  and 

  nng wwl ,1  in   converge to 0. Thus the real sequences 

      nn zgzg ,1  and       nn wgwg ,1  converge to 0 and hence the 

sequences   nzg  and   nwg  in M are asymptotically regular. 

Since M is a complete asymptotically regular complex valued metric 

space, the sequences   nzg  and   nwg  are converges to r and s 

respectively. Since  Mg  is closed, the elements r and s are in  .Mg  Thus 

there exists Mwz ,  such that   rzg   and   .swg   Therefore  

     zgzgwz n
n

nn
n




lim,lim B  and 

     .lim,lim wgwgzw n
n

nn
n




B  

From contractive condition (1), we have 

    

 



wzwzl wwlzzl

cc

nn ngng
d

k
d

,,,

0

,,

0
.

2

B
  

Letting as limit ,n  we get 

    
    







wzzg

cd

wzzg
,,1

0
,0

,,
B

B
 

which implies 
    
    

0
,,1

,,






wzzg

wzzg

B

B
 and hence    ., wzzg B  Similarly, 

we can show that    ., zwwg B  Thus  wz,  is a coupled coincidence point 

of B and g. If there exist another coupled coincidence point  wz ,  of B and 

g, by contractive condition (1), we get 
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    

 
 


wzwzl wwlzzl

cc

gg
d

k
d

,,,

0

,,

0
,

2

B
  

which implies 

    

 
 


zzl wwlzzl

cc

g gg
d

k
d

,

0

,,

0
.

2
   (4) 

Similarly, using contractive condition (1), we get  

    

 
 


wwl wwlzzl

cc

g gg
d

k
d

,

0

,,

0
.

2
   (5) 

Adding (4) and (5), we get 

      

 
 


wwlzzl wwlzzL

cc

gg gg
dkd

,,

0

,,

0
.  

Since ,10  k  we have 
   

,0
,,

0


 wwlzzL

c
gg

d  which implies 

    0,,  wwlzzl gg  and hence    zgzg   and    .wgwg   Since g is 

one-one, zz   and .ww   Thus  wz,  is a unique coupled coincidence 

point of B and g. 

Remark 3.2. If we drop the hypothesis g is one-one in Theorem 3.1, then 

we can’t guaranteed the unique existence of coupled coincidence point of B 

and g but there exist a coupled coincidence point of B and g. 

Example 3.3. Let  10:  aiaaM  be a complete asymptotically 

regular complex valued metric space with the metric 

          .ImIm, wziwRzRwz ee   

Define MM 2:B  and MMg :  by  

 
3030

,
ba

i
ba

wz





B  and   ,zzg   

where aiaz   and .bibw   If we let   ,1 it   then the contractive 

condition (1) becomes 
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      ,,,
2

,,, wwlzzl
k

wzwzL gg  B  

where  

  ;

3030

3030
,,,

dcba
i

dcba

dcba
i

dcba

wzwzL










B  

  ;
1

,
caica

caica
zzlg 


  

  .
1

,
dbidb

dbidb
wwlg 


  

It is clear to see that for any ,
2

1
k  the above contractive condition is 

true for all .,,, Mwzwz   Thus by Theorem 3.1, B and g have a unique 

coupled coincidence point. 

Corollary 3.4. Let MM 2:B  be a mapping. If there exist  1,0k  

and 


   satisfying the contractive condition 

    

 
 


wzwzL wwlzzL

cc

gg
d

k
d

,,,

0

,,

0
,

2

B
   (6)  

for all ,,,, Mwzwz   then B has a unique coupled fixed point. 

Proof. If we let   zzg   in Theorem 3.1, then B has a unique coupled 

fixed point. 

Theorem 3.5. Let MM  2:, BB  be two mappings such that 

   .22 MM BB   If there exist  1,0k  and 


   satisfying the 

contractive condition 

        

 
 





wzwzL zwLwzLzwLwzL

cc d
k

d
,,,

0

,,,,

0
,

4

B
B BBBB

   (7) 

for all ,,,, Mwzwz   then B and B  have a unique common coupled fixed 

point. 
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Proof. Let   ., 2
00 Mwz   Since    ,22 MM BB   we can construct two 

sequences  nz  and  nw  in M such that  

 mmm wzz 2212 ,B  and  ;, 2212 mmm zww B  

 121222 ,   mmm wzz B  and  ., 121222   mmm zww B  

Then by contractive condition (7), we get 

  

 
 

 


mm mmmmzzL wzwzL

cc dd
,

0

,,,

0

12 121222
B
B

 

 
       


 


122122212212 ,,,,

0
.

4

mmmmmmmm wwLzzLwwLzzL

cd
k   (8)  

Similarly, we can prove that  

 





mm wwL

c
k

d
212 ,

0 4
  

       


 


122122212212 ,,,,

0
.

mmmmmmmm wwLzzLwwLzzL

cd   (9)  

Adding (8) and (9), we get  

   


 


mmmm wwzzL

c
k

d
212212 ,,

0 2
  

       


 


122122212212 ,,,,

0
,

mmmmmmmm wwLzzLwwLzzL

cd  

which implies 

       


 


 122122212212 ,,

0

,,

0
.

22

2 mmmmmmmm wwLzzL

c

wwzzL

c d
k

d
k    

Thus we have 

       


 





122122212212 ,,

0

,,

0 2

mmmmmmmm wwLzzL

c

wwLzzL

c d
k

k
d   

   


 











22122212 ,,

0

2

2

mmmm wwLzzL

cd
k

k  
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  

   














0101 ,,

0

2

.
2

wwLzzL

c

m

d
k

k  

Letting limit as ,n  we get 

   


 


mmmm wwLzzL

cd
212212 ,,

0
,0  

which implies     ,0,, 212212   mmmm wwLzzL  and hence the sequences 

  mm zz 212 ,  and   mm ww 212 ,  in   converge to zero. In the same 

way, we can prove that the sequences   122 ,  mm zz  and   122 ,  mm ww  

in   converge to zero. Therefore, the sequences   1,  nn zz  and 

  1,  nn ww  converge to zero. (i.e.)  nz  and  nw  are asymptotically 

regular sequences in M. Since M is a complete asymptotically regular 

complex valued metric space,  nz  and  nw  are converges to z and w in M 

respectively. By contractive condition (7), we get 

 
   
   

 





m

m
mmzwz

zwz
wzwzL

cc dd2

2
1212,,1

,,

0

,,,

0

B

B
B

 

       


 


12121212 ,,,,

0
.

4

mmmm zwLwzLwzLwzL

cd
k BBBB

  

Letting limit as ,m  we get 

     
.

2

,,

0

,

0 



zwLwzL

c

wzL

c d
k

d
BBB

   (10) 

Similarly, we can prove that  

     
.

4

,,

0

,

0 



zwLwzL

c

zwL

c d
k

d
BBB

   (11) 

From (10) and (11), we have 

       
,

2

,,

0

,,

0 



zwLwzL

c

zwLwzL

c d
k

d
BBBB

  

which implies 
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   





zwLwzL

cd
,,

0
,0

BB
 

and hence     .0,,  zwLwzL BB  Thus,   zwz ,B  and   ., wzw B  

Similarly we can prove that   zwz  ,B  and   ., wzw B  Thus  wz,  

is a common coupled fixed point of B and .B  Suppose there exist another 

point   2, Mwz   is a common coupled fixed point of B and .B  Then by 

contractive condition (7), we have 

        

 
 





wzwzL zwLwzLzwLwzL

cd
k,,,

0

,,,,

0
,

4

B
B BBBB

  

which implies 
 


zzL ,

0
,0  and hence .zz   Similarly, we can prove that 

.ww   That is,  wz,  is a unique common coupled fixed point of B and .B  

By contractive condition (7), we have 
 




zwwzL k,,,

0 4

B
B   

       
,

,,,,

0
 


zwLwzLzwLwzL

cd
BBBB

 which implies 
 

 
wzL

cd
,

0
0  and 

hence .wz   Therefore,  zz,  is a unique common coupled fixed point of B 

and .B  

Example 3.6. Let  10:  xiaaM  be a complete asymptotically 

regular complex valued metric space with the metric 

          .ImIm, wziwRzRwz ee   

Define MM 2:B  and MM  2:B  by 

 
66

,
ba

i
ba

wz





B  and  
50

32

50

32
,

ba
i

ba
wz





B  

Where aiax   and .biby   If we let   ,1 it   then the 

contractive condition (7) becomes, 

          ,,,,,
14

,,, zwLwzLzwLwzL
k

wzwzL  


BBBB
B
B    (12) 
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where  

  ;

50

32

650

32

6

50

32

650

32

6
,,,

dcba
i

dcba

dcba
i

dcba

wzwzL






















B
B  

  ;

66
1

66
,

a
ba

ia
ba

a
ba

ia
ba

wzL















B  

  ;

66
1

66
,

b
ba

ib
ba

b
ba

ib
ba

zwL















B  

  ;

50

32
1

50

32

,

b
dc

c
dc

wzL









B  

  .

50

32
1

50

32

,

d
dc

d
dc

zwL









B  

If we let ,
4

3
k  then the contractive condition (12) is true. By Theorem 

3.5, B and B  have a unique common coupled fixed point. 

Corollary 3.7. Let MM 2:B  is a mapping. If there exist  1,0k  

and 


   satisfying the contractive condition 

        

 
  


wzwz zwLwzL zwLwzLL

cc d
k

d
,,, ,,

0

,,

0
,

4

B BBBB
   (13) 

for all ,,,, Mwzwz   then B has a unique coupled fixed point. 

Conclusion 

A sufficient condition for a 2-variable mapping and a self mapping to have 

a unique coupled coincidence point on a complete asymptotically regular 
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metric space is proved. Also, a common coupled fixed point theorem is proved 

for a pair of 2-variable mappings. Finally, nontrivial examples are provided to 

justify the significance of the theory. 
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