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Abstract

The present paper deals with some properties of Riemannian curvature tensor, Weyl
curvature tensor, m-projective curvature tensor with respect to generalized Tanaka-Webster
connection in a Lorentzian Para-Sasakian manifold.

1. Introduction

The Tanaka-Webster connection was introduced by Tanno [13] as a
generalization of the well-known connection defined at the end of the 1970’s
by Tanaka in [12] and independently by Webster in [15]. This connection
coincides with the Tanaka-Webster Connection if the associated CR-structure
is integrable. Tanaka-Webster connection is defined as the canonical affine
connection on a non-degenerate, pseudo-Harmitian CR-manifold. for a real
hypersurface in a Kidhler manifold with almost contact structure (¢, &, m, ),

Cho adapted Tanno’s g-Tanaka-Webster connection for a non-zero real
number k. In 2017, Ghosh and De [5] studied the g-Tanaka-Webster
connection associated to a Kenmotsu structure. With the help of g-Tanaka-
Webster connection they characterized Kenmotsu manifolds and found
important curvature properties of this connection on Kenmotsu manifolds. On
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the other hand, the notion of a Lorentzian Para-Sasakian manifold was
introduced by Matsumoto [6]. Mihai and Rosca [8] defined the same notion
independently and they found several important results on this manifold. In
addition to this, LP-Sasakian manifolds had been studied by Matsumoto and
Mihai [7] and De [3] and Shaikh [11]. In 1971, Pokhariyal and Mishra [10]
defined a tensor field W* on a Riemannian manifold known as m-projective

curvature tensor which is given below

W'X,Y, Z)=R(X,Y, Z)- ﬁ (S(Y, Z)X - S(X, Z)Y + g(Y, Z)QX

g(X - Z)QY} (1.1)

where R, S and @ are the Riemannian curvature tensor of type (1, 3), the
Ricci tensor of type (0,2) and the Ricci operator defined by
2(Q, XY) = S(X, Y) respectively.

In 2010, Chaubey and Ojha [2] studied the properties of the m-projective
curvature tensor in Riemannian and Kenmotsu manifolds and they proved
that the m-projective curvature tensor in an n-Einstein Kenmotsu manifold is
irrotational if and only if it is locally isometric to the hyperbolic space

H"(-1). Later, Devi and Singh [4] found important results of m-projective

curvature tensor on Kenmotsu manifold. Ayar and Chaubey investigated the
properties of the a-cosymplectic manifolds with m-projective curvature
tensor. Meanwhile, they obtained some connections between different
curvature tensors viz, m-projective curvature tensor Weyl-projective
curvature tensor which is given as follows [9]:

WX,Y,Z)=RX,Y, Z)- ﬁ{S(Y, Z)X - S(X, Z)Y}. (1.2)
2. Preliminary
An n-dimensional differentiable manifold M"™ is called an Lorentzian

Para-Sasakian manifold [6], [7] if it admits a (1, 1) tensor field ¢, a contra
variant vector field &, a 1-form n and a Lorentzian metric g which satisfy

T](i) =-1 2.1
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$2X = X +n(X)¢ (2.2)

8(9X, ¢Y) = g(X, Y) +n(Xn(Y), (2.3)

) g(X, &) = n(X), (i) Dx& = ¢X, (2.4)
(Dx9)(Y) = g(X, Y)E + n(Y)X + 2n(Xn(Y)E, (2.5)

where D denotes the operator of covariant differentiation with respect to the
Lorentzian metric g.

In a Lorentzian Para-Sasakian manifold, the following relations hold:

() ¢& =0, (i) n($X) =0, (2.6)
rank$ = n—1. 2.7)

If we put
O(X, Y) = g(X, ¢Y) (2.8)

for any vector fields X and Y, then the tensor field ®(X, Y) is a symmetric
(0, 2) tensor field [7]. And since the vector field n is closed in a Lorentzian

Para Sasakian manifold, we have [7], [3]

for any vector fields X and Y. A Lorentzian Para Sasakian manifold M" is

said to be n-Einstein if Ricci tensor S is of the form

S(X,Y)=ag(X,Y)+bn(XM(Y) (2.10)

for any vector fields X, Y where a, b are functions on M". Also, in an n-

dimensional Lorentzian Para-Sasakian manifold M"™ with structure
(¢, &, M, g) the following relations hold [7], [3]:

g(R(X7 Y, Z)’ &) = ﬂ(R(X, Y, Z)) = g(Y7 Z)W(X)—g(X, Z)n(Y) (2.11)
R(&a X, Y) = g(X’ Y)&., - T](Y)X, (2.12)

R(X,Y, &) =n)X - n(X), (2.13)
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S(X, &) = (n - n(X), (2.14)
S(9X, $Y) = S(X, Y) + (n = In(Xn(Y), (2.15)
for any vector fields X, Y, Z. The generalized Tanaka-Webster connection
[14] V for a Lorentzian Para- Sasakian manifold M" is defined by
VxY = DxY + (Dxn)Y)€ - n(Y)Dx€ + n(X)pY, (2.16)

for all vector fields X and Y. By virtue of (2.4) (ii), (2.8) and (2.9) (i), the
equation (2.16) can be written as

VxY = DxY + g(X, ¢Y)E —n(Y)oX + n(X)oY. (2.17)

3. Curvature Tensor of Lorentzian Para-Sasakian Manifolds with
Respect to Generalized Tanaka-Webster Connection

Putting Y = & in (2.17) and using (2.1), (2.6) (i), we have

Using (2.4) (ii) in (3.1) we get Vx& = 26X. Now

(Vxn)Y = Vxn(Y)-n(VxY). (3.2)
From (2.17) and (3.2) we get
(V)Y = (Dxm)Y + g(X, ¢Y). (3.3)

With the help of (2.8) and (2.9), from the above equation, it follows that
(VxY = 2g(X, ¢Y). Again

Finally using (2.17) in (3.4), yields
(Vxg) (¥, Z) = 2n(X)g (Y, ¢2). (3.5)

Theorem 3.1. The generalized Tanaka-Webster connection V associated
to the Levi-Civita connection is just one affine connection, which is not metric
and its torsion is of the form

T(X,Y) = 2m(X)Y - n(Y)eX ). (3.6)
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Proof. We see in (3.5) that the generalized Tanaka-Webster connection is
not metric connection.

Now the torsion tensor 7' of V is given by
T(X,Y)=VxY -VyX - [X Y]
Using (2.17) in the previous relation we get (3.6).

The curvature tensor K of M with respect to the generalized Tanaka-

Webster connection V is defined by
KX,Y,Z)=VxVyZ -VyVxZ - Vix, v|-
Then, in a Lorentzian Para Sasakian manifold, we have
K(X,Y,Z)=RX,Y, Z)+3g(Y, $Z)¢X - 3g(X, $Z)pY
+3n(Y)g(X, Z2)¢ - 3n(X)g(Y, 2)&
+n(YM2)X - n(X)n(2)Y. (3.7)

Suppose that X, Y, Z are orthogonal to & Then the equation (3.7)

becomes
KX, Y,Z)=R(X,Y, Z)+ 3g(Y, $Z2)$X — 3g(X, ¢Z)pY. (3.8)
From the equation (3.8), we get
8(v, 2)= (Y, Z) - 3g(Y, )~ 3n(Y)n(2) (3.9)
where S and S are the Ricci tensors of the connections V and D respectively.
Contracting Y and Z in (3.9), we obtain
F=r-3(n-1) (3.10)
where 7, r are the scalar curvatures of the connections V and D respectively.
From (3.9) yields
QY = QY —3Y - 3n(Y)¢ (3.11)

where S(Y, Z) = g(QY, Z).
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Let 'R and 'K be the curvature tensors of (0, 4) type given by

'RX,Y,Z,U)=gRX,Y, Z),U) (3.12)
and
'K(X,Y, 2,U) = g(K(X, Y, Z), U). (3.13)

Theorem 3.2. In a Lorentzian Para-Sasakian manifold, curvature tensor
with respect to the generalized Tanaka-Webster connection V has the following
properties:

() K(X,Y, 2)+K(Y, Z, X)+K(Z, X,Y) =0,
® 'KX,Y, Z, U+ K(Y, X, Z,U) =0,
(©'KX,Y, Z, U+ K(X,Y, U, Z) =0,
d'K(X,Y,Z,U)-"K(Z, U, X,Y)=0. (3.14)
Proof. By using (3.8) and first Bianchi identity
RX, Y, Z)+RY, Z, X)+R(Z, X,Y)=0
with respect to Riemannian connection D, we obtain (3.14) (a).
By virtue of equations (3.8), (3.12) and (3.13) we have
'K(X,Y,Z,U)=RX,Y,, Z U)+3g(Y, $Z)g(¢X, U)
-3g(X, $2)g(¢Y, U). (3.15)

Now interchanging X and Y in (3.15) and using the equation (3.8), we get
(3.14) (b). Immediately we obtain the equations (3.14) (c) and (3.14) (d).

Lemma 3.1. Let M" be an n-dimensional Lorentzian Para-Sasakian

manifold with the generalized Tanaka-Webster connection V. Then, we have

K(X,Y,)=RX,Y,¢), (3.16)
n(K(X’ Y, &)) =0, 3.17)
S(X. &) =S(X, ¢) (3.18)

forall X,Y e TM™.
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4. Weyl Projective Curvature Tensor of Lorentzian Para-Sasakian
Manifolds with Respect to Generalized Tanaka-Webster Connection

Analogous to the definition given in (1.2), the Weyl projective curvature

tensor W of type (1, 3) in a Lorentzian Para-Sasakian manifold M"™ with

respect to generalized Tanaka Webster connection V is given by
W(X,Y,Z)=K(X,Y, Z)- ﬁ (S(y, 2)x - S(X, Z)Y}. (4.1)

By making use of (1.2), (3.2), (3.8) in (4.1), we have
VT/(X, Y,Z)=W(X,Y, Z)+3g(Y, $Z)$X - 3g(X, ¢Z)oY

1

+
n-1

3g(Y, Z)X - 3g(X, Z)Y

+3(Y(2)X - 3n(X)n(2)Y}. (4.2)

From (4.2), we have, the Weyl projective curvature tensor with respect to
generalized Tanaka-Webster connection V satisfies the following algebraic

properties
WX, Y, Z)+W(Y, X, Z) = 0,
and
WX, Y, Z)+ W(Y, X, Z)+ W(Z, X,Y) =0
for vector fields X, Y, Z on M™.

Theorem 4.1. An n-dimensional Lorentzian Para-Sasakian manifold is
&-Weyl projectively at with respect to generalized Tanaka-Webster connection if
and only if the manifold is also & Weyl projectively flat with respect to the

Riemannian connection.

Proof. Putting Z = & in (4.2) and using (2.1), (2.4) (i) it follows that

W(X, Y, &) =W(X,Y,E). (4.3)

Hence proofs the theorem.
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5. m-Projective Curvature Tensor on Lorentzian Para-Sasakian
Manifolds

Analogous to the (1.1), the m-projective curvature tensor W in a

Lorentzian Para-Sasakian manifold M"™ with respect to generalized Tanaka-
Webster connection V.

1

D) (S(Y, 2)X - S(X, 2)Y

W*X,Y, Z)=K(X,Y, Z)-

+g(Y, Z)QX - g(X, Z)QY}. (.1)

Theorem 5.1. An n-dimensional Lorentzian Para-Sasakian manifold

M"™ is m-projectively at with respect to generalized Tanaka-Webster
connection if and only if the manifold has constant scalar curvature

n? +2n 1.
Proof. Let W* = 0. From the equation (5.1) we have

KXY, Z) =5 (S(Y, 2)X - S(X, Z)Y

_1

(n-1)

+ 8(Y, 2)QX - ¢(X, Z)QY)}. (5.2)
With the help of (3.2), (3.3) and (3.5), the equation (5.2) becomes

R(X,Y, Z) = -3g(Y, 6Z)0X + 3g(X, ¢6Z)oY + 5 ! {S(Y, 2)X

(n-1)
~3g(Y, Z)X - 3n(Ym(2)X - S(X, Z)Y
+32(X, Z)Y + 3n(X)M(Z2)Y + G(Y, Z)QX
-3g(Y, 2)X - 3g(Y, Zn(X)e - 8(X, 2)QY
+3g(X, Z)Y + 3g(X, ZMm(Y)e}. (5.3)

Replacing Z by € in (5.3) and then using (2.1), (2.4) (1), (2.6) (1) and (2.13),
we obtain

(7 + 2 (V)X - n(X)Y} = n(Y)QX - n(X)QY.
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Again putting Y = £ in the above relation and using (2.1), we have

QX = (n+2)X + n(X)E

S(X, Y) = (n+2)g(X, Y) + n(XIn(Y). (5.4)

Let {e;, ey, ..., e,} be an orthonormal basis of the tangent space at each

point of the manifold M". By putting X =Y = {e;} in the above relation

(5.4) and taking the summation over i, 1 <i < n, we get

r=n%+2n-1.

This completes the proof.

6. Conclusion

Starting from generalized Tanaka-Webster connection on Lorentzian

Para-Sasakian manifolds, we derived the Riemannian curvature of this

connection and obtained some properties of the different curvature tensors

viz, Weyl projective curvature tensor, m-projective curvature tensor.

(1]

(2]

(3]

(4]

(5]

(6]

(7

References
G. Ayar and S. K. Chaubey, m-projective curvature tensor over cosymplectic manifolds,
Differential Geometry-Dynamical Systems 21 (2019), 23-33.

S. K. Chaubey and R. H. Ojha, On the m-projective curvature tensor of a Kenmotsu
manifold, Differential Geometry-Dynamical Systems 12 (2010), 52-60.

U.C. De, K. Matsumoto and A. A. Shaikh, On Lorentzian Para-Sasakian manifolds,
Rendicontidel Seminaro Matemetico di Messina, Serie II, Sulemento al 3 (1999), 149-158.

M. S. Devi and J. P. Singh, On a type of m-projective curvature tensor on Kenmotsu
manifolds, International J. of Math. Sci. and Engg. Appls., 9(1I) (2015), 37-49.

G. Ghosh and U. C. De, Kenmotsu manifolds with generalized Tanaka-Webster
connection, Publications De L’Institut Mathematique Nouvelle Serie, tome 102(116)
(2017), 221-230.

K. Matsumoto, On Lorentzian Para contact manifolds, Bull. of Yamagata Univ., Nat. Sci.
12 (1989), 151-156.

K. Matsumoto and I. Mihai, On a certain transformation in Lorentzian Para-Sasakian
manifold, Tensor, N.S. 47 (1988), 189-197.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 6, April 2022



3200 M. S. DEVI et al.

[8] I. Mihai and R. Rosca, On Lorentzian P-Sasakian manifolds, Classical Analysis, World
Scientic Puble, (1992).

[9] R. S. Mishra, Structures on a differentiable manifold and their applications, Chandrama
Prakashan, 50-A Bairampur House Allahabad, (1984).

[10] G. P. Pokhariyal and R. S. Mishra, Curvature tensor and their relativistic significance
II., Yok. Math. J. (1971), 97-103.

[11] A. A. Shaikh and S. Biswas, On LP-Sasakian manifolds, Bull. Malaysian. Sc. Soc. 27
(2004), 17-26.

[12] N. Tanaka, On non degenerate Real hypersurface, graded Lie algebra and Cartan
connections, Japan. J. Math., New Ser. 2 (1976), 131-190.

[13] S. Tanno, The automorphism groups of almost contact Riemannian manifold, Tohoku
Math. J. 21 (1969), 21-38.

[14] S. Tanno Variational problems on contact Riemannian manifolds, Trans. Amer. Math.
Society 314 (1989), 349-379.

[15] S. M. Webster, Pseudohermitian structures on a real hypersurface, J. Differential
Geometry 13 (1978), 25-41.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 6, April 2022



