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Abstract

In this paper, the concept of continuity in the context of ideal topological spaces are defined
and discussed in a more natural and independent way; in follow the relationship between
continuous functions on topological spaces and ones on ideal topological spaces is studied,;
consequently, some interesting results on real valued continuous functions in the context of
ideal topological spaces are established.

1. Introduction

The notion of ideals in topological spaces is posted by Vaidyanathaswamy
[15]. The concept of ideals in topological spaces are studied and developed by
Noiri [4, 5], Levine [9] and many others [1, 9, 10, 12, 13, 14, 16]. In 1992,
Jankovic and Hamlett [3] introduced the notion of I-open sets in topological
spaces. El-monsef et al. [1] investigated I-open sets and I-continuous
functions. Levine [9] introduced the concept of semi-open sets and semi-

continuity. Hatir and Noiri [5] introduced and studied the concept of a-I-
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continuous, semi-I-continuous and so on.

Erdal and Noiri defined B*-I-continuity, pre *-I-continuity and also

studied their properties. Hatir and Jafari [4] introduced the notions of weakly
semi-I-open sets and weakly semi-I-continuous functions. Dontchev [2]
defined and discussed the notion of a contra-semicontinuous functions and
further investigated the class of strongly S-closed spaces. Jafari [10] studied
contra pre-I-continuous, contra semi-I-continuous, contra strong f-I-
continuous and so on. Yiksel [16] introduced the concept of 8-I-continuous
functions. Hatir and Noiri [6] introduced the concept of semi-J-irresolute

functions and prove some results.

In [11], several ideals on the same topological space (X, T) were

considered and the relationship among the topologies generated by these
ideals were discussed and proved some results on ideal topological spaces in
the context of connectedness. In this paper, we define and discuss continuous
functions in ideal topological spaces and prove some results. In Section 2, we
recall some definitions and results from the literature; in Section 3, we define
continuous functions in the context of ideal topological spaces and prove some

results.
2. Preliminaries

A closure operator on a set X is a function on the collection of all subsets

of X taking A to A satisfying the following conditions:
¢« 0 =0
e Foreach A, Ac A

e A-A4
e ForanyAand B, AUB = AUB.

These four conditions are called Kuratowski closure axioms [7]. This “ ” is

a closure operator on a set X. If

F={Ac X/A = A}
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and if T ={A c X/A® € F}, then T is a topology on X and A is the
T-closure of A for each subset A of X. This topology is said to be the topology

W

generated by the closure operator

Definition 2.1[15]. Let X be any set. An ideal in X is a nonempty
collection J of subsets of X satisfying the following.

e If A, BeJ, then AUB e 7.
e If AcJ and B < A, then B e J.

An ideal topological space, denoted by (X, 7, J), is a topological space
(X, T) with an ideal J on X.

The collection P(X) of all subsets of X and the collection {0} are some
trivial examples of ideals. We call {0} as the empty ideal. Throughout this
paper, X will denote a topological space, T will denote a topology on X and J

denote an ideal on X, unless otherwise specified. If (X, 7) is a topological

space and x € X, T(x) denote the set {U e T'/x € U}, the collection of all
open sets containing x. We denote the complement X — A of Ain X by A€.

Definition 2.2[8]. For any subset A of X, define

Ajy gy =1x e XJUNA ¢ 7 for every U e T(x)}.

Let A=AU A(*g’ 7)- Then “” is a Kuratowski closure operator which

gives a topology on X called the topology generated by J and denoted by TJ5.

As there is no ambiguity, we denote Afg, 7) by A*. We call A" as the

derived set of A, it is worthwhile to mention that the term derived set is used
to refer to the set of all limit points (or accumulation points) of A in the
literature. In fact, it is easy to see that when J = {0}, J; coincides with T; if T

is the discrete topology, J ={0} and if A is the singleton set {x}, then
A" = A whereas A has no limit point.

Let (X, T7) be a topological space, then the following results hold trivially.
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o If J; < Jy are two ideals on X, then Ty < Ty,.

o If Ais closed in TJj, then A* c A.

e If A eJ, then A" =0 and A is closed in (X, T).

3. Continuous Functions in Ideal Topological Spaces

We start this section with the definition of a continuous function in the
context of ideal topological space. In the classical topology, a function
f:X >Y is continuous if and only if for every subset B of Y,

cl(f Y(B)) < f1(cl(B)). Motivated by this we define the continuity in the

context of ideal topological space as follows.

Definition 3.1. Let (X3, 7;) and (Xy, J3) be two topological spaces. Let
3, and Jy be two ideals on X; and Xy. A function f : X; — Xy is said to be

J-continuous with respect to the ideals (%, %) if f (Iy)ed for every

I; € J5 and

By, 5) < (B, 5)

for every B < X,.

When there is no ambiguity, we write J-continuous instead of

J-continuous with respect to the ideals (&, J7).

It can be proved that every J-continuous function with respect to the

ideals (J;,Jy) from X; to X, is continuous from the topological space

(X3, ‘3'191) to the topological space (Xo, ‘3'232) (See Theorem 3.5). However
there are functions that are continuous from the topological space (X7, 7131 )
to the topological space (Xs, T232) which are not J-continuous function with

respect to (J;, Jy) (See Example 3.6).

Furthermore, at present, we see that there is no relationship between

functions that are continuous from (Xj, 7;) to (X3, 75) and functions that
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are J-continuous with respect to the ideals (J;, J5) from X; to Xy. In fact,
there are functions that are continuous from (Xj, %) to (X3, J) which are
not J-continuous with respect to the ideals (J;, J5) and there are functions
that are J-continuous with respect to the ideals (J;, J5) which are not
continuous from (Xj, 7;) to (X3, J3). The following examples (Example 3.2
and Example 3.3) establish this. But we give a sufficient condition under
which every continuous function is J-continuous (See Theorem 3.4).

Example 3.2. Let X; =1{1,2 3,4}, 7 ={0, X3, {1}, {2}, {1, 2}}, J, = {0, {2}},
Xo =1{1, 2, 3}, T5 = {0, X5, {1}, {1, 2}}, Jp = {0, {2}}. Then clearly J; and T,
are the respective topologies on X; and X,;, where J; and J; are
corresponding ideals on X; and X,. Let f:X; — Xy be defined as
f) =2, f(2) =1, f(38) =3 and f(4) = 3, then it can be easily verified that fis
continuous. Let B=1{2} < Xy, then BeJy and hence B, 5,) =0.

Therefore
(B, 5,)) = 0,

also as f1(B) = {1}, we have [ffl(B)]a’Tl) = {1, 3, 4}, which implies

[ffl(B)]a,ql) < (B, 1))

and hence f is not J-continuous. Thus a continuous function need not be an
J-continuous function. Further, we note that f is not even continuous from
(X1, Ty ) to (Xp, Ty, )

Example 3.3. Let X; ={1,2 3,4}, 7 = {0, X, {1}, {1, 2}}, X5 = {1, 2, 3},
To = {0, Xo, {1}}, J, = {0, {1}}, 5 = {0, {2}}. Then T; and T, are the respective
topologies on X; and X,, where J; and Jy are corresponding ideals on Xj
and Xg. Let f: X; — X5 be defined as f(1) =2, f(2) =1, f(3) =3, f(4) =3,
then f is J-continuous. As the inverse image of an open set {I} in X, is not
open in J;, we have f is not continuous from (Xj, J7) to (X3, J3). Thus an

J-continuous function need not be continuous.
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We also note that f is continuous from a topological space (X7, 7151 ) to a
topological space (X, T2, ).
These two examples show that the concepts of continuity and J-continuity

are independent to each other. This happens since the function f has no

command over the ideals J; and Jy, the ideals appear independent of f. If we

further impose the condition
C: fl(Iy) e forevery Iy e s,
tying up the function and ideals, we get some interesting results.

Theorem 3.4. If f:(Xy, 7)) — (X3, T) is continuous and if the

condition C holds, then f is J-continuous with respect to (J;, Jp).

Proof. It is enough to show that,
[f_l(B)]ijl,Tl) < f_l(BEk:JZJz))
for any B < Xy. For, let

B C X2 and x ¢ f_l(BEka,T2))’

then f(x) ¢ 362,72), consequently, there exists an open set V' € T, containing
f(x) such that VN BeJy. In addition, by condition C, we have
fY(VNB)ed, which results that f(V)Nf(B)ed. Let U =fYV),

then U is open in 7, as f is continuous; also x € U. Thus there exists an
open set U € F;(x) such that U () f71(B) e J,, which in turn results our need

that x ¢ [f_l(B)]a,‘H) as desired.

Theorem 3.5. If f: (X1, T7) — (Xg, T) is J-continuous with respect to
the ideals (J;, J3), then f : (X7, Ty, ) = (Xs, 7232) is continuous.

Proof. Let f: (X7, 7, 3) — (X5, T3, J5) be J-continuous. We wish to
show that f: (X, lel)—> (X, 3'232) is continuous. Let B be closed in
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(X5, T, ), then since B is closed in (X5, T2y, ). we have B(j, 5,) € B which
implies
1 -1
[~ (Bigy,m3)) = [ (B).
Also as fis J-continuous, we get
[fil(B)]zsjl,‘Il) = f71(3532,72))7

which implies

[f_l(B)]zﬁlel) S f_l(B)
and thus it results that f1(B) is closed in (X, Ty, ) as needed.

Note that the converse of the above statement is not true; that is, a

continuous function from (X, Ty, ) to (X, Ty, ) need not be J-continuous.

Example 3.6. Let X; ={1,2,3,4}, 7 ={0, X1, {1}, {2}, {1, 2}}, X5 = {1, 2, 3},
Ty =1{0, Xo, {1}}, , = {0, {2}}, Iy = {0, {1}, {2}, {1, 2}}. Then T} and T, are the
respective topologies on X; and X,, where J and Jy are corresponding

ideals on X; and X,. Further, we obtain
%, = 0. X, {1, (2 {1 2 1. 3, 4}

and
Ty, = 0. X, {1, 18), 2.3}, 1, 3}

Let f:X; » X5 be a mapping defined as f(1) =3, f(2) =1, f(3) = 2,
f(4) =2, then f:(Xj, 3'131) — (X, 7232) is continuous. Let B = {2} ¢ Xy,

then B € J5, which implies Bfka,j'2) = 0, consequently, we get

f_l(B@,trz)) = 0.

But it 1s visible that
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[f_l(B)]zjl,irl) = {3, 4},
as f~1(B) = {3, 4}, which implies

By, 5) « £ (B, )
and hence fis not J-continuous.
Theorem 3.7. Let f be J-continuous from (X, 7, §) to (Xg, To, J3), then
for any closed set Fin T, and x ¢ f~1(F), there exists an open set U e T;(x)
such that UNf1(F) e .

Proof. In order to prove our claim, it is enough to prove that

x ¢ [ffl(F)]Z]lJl). From the given hypothesis that F is closed in T, and

x ¢ f Y(F), we have Fis closed in Ty, and F{5, ) < F, which results that

FUFS 5 < £F)
Also as fis J-continuous, we have
[ Ny, 5) < £ (FGy, ) < £HF),
consequently, we get x ¢ [f1(F )]’{31,71 ) as required.

Note that the condition given in the above theorem is just a necessary
condition but not a sufficient condition for a function to be an J-continuous

function as seen in the following example.

Example 3.8. Let X; ={1,2 3,4}, 75 = {0, X, {1}, {2, {1, 2}, %, = {0, {4}},
Xo =1{,2 38}, Ty =1{0, Xy, {1}, {1, 2}}, 5 = {0, {1}}. Then T; and Ty are the
respective topologies on X; and X,, where J and Jy are corresponding
ideals on X; and X,. Let f:X; > X, be defined as
fQ) =2, f(2) =1, f(8) =2, f(4) = 3, then clearly f satisfies the hypothesis of
the above theorem. If we let B = {l} ¢ Xy, then BeJy and By, 5,) = 0.

Therefore
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f_l(BEkJZ,?@)) = 0.

Also as f~}(B) = {2}, we have [f _1(B)]Z‘31’71 ) =12, 3, 4}. Thus

BNy m) € (B, 5))
and hence fis not J-continuous.

Definition 3.9. Let (X7, 7;) and (X5, 75) be two topological spaces, let
% and Jy be two ideals on X; and X,. Let xy € Xj, then a function
f: Xy - X, is said to be J-continuous with respect to the ideals (J;, Jp) at

the point x if
o for all I e Jy containing f(x), we have f1(Iy) € J.
o if f(xg) & B(y,,7,), then x; ¢ [f_l(B)]Z]l’le) for all B ¢ Xs.

Theorem 3.10. A function [ : X; - X5 is J-continuous with respect to
the ideals (J;, J5) if and only if it is J-continuous with respect to the ideals
(31, %) at all points in X;.

Proof. Assume that f is J-continuous with respect to the ideals (%, Jp).
Let xq, Xj, B< Xy, Iy €Jy and f(xg) € Iy. We aim to prove that f is

J-continuous at xg. Since f is J-continuous with respect to the ideals (J;, J5),
we have f1(I,) e 9. Let f(xg) ¢ By, 7,), then xg ¢ fﬁl(B(*jz’g'z)), also as f is

J-continuous,
[fil(B)]z‘jl,‘J‘l) < (B, 5)):
which implies xg & [f 71(B)]a’r_rl ) and therefore fis J-continuous at x.

Conversely, let Iy € J, then clearly f(Iy) € . Let B < X5. We have
to show that

By, 5) < 7 (B, 3))

Advances and Applications in Mathematical Sciences, Volume 22, Issue 8, June 2023



1948 S. SATHIYANARAYANAN and S. MURUGESAN

For, let xg ef‘l(B@,%)) and then f(x)¢ B[y, 7,)- Since [ is

J-continuous at xy, we have x ¢ [}‘_I(B)]ztjl,fIl ) and therefore

B3 < 7 (B, 1))

Theorem 3.11. Let J; and Jy be two ideals on topological spaces (Xi, T;)
and (Xg, Tg). Let [ : X; — X5 be a function, then

[f_l(B)]fgl,ql) < (B, )

for every B < Xy if and only if

(A, 5) 2 F(AQ,5))
for every A < Xj.

Proof. Let A < X, then f(A) < Xy and
[ (P 5y < £ (A, 5)
Since Ajy ) [f_l(f(A))E}Q’TZ), we have

A(*jlyj'l) c f_l([f(A)]zjz,Tg))
and therefore

F(Ap ) < 1A, )
But as /(' (f(A),5,)) < [(A)fy, 5, we have

f(A(*fJQ,‘Iz)) < [f(A)]zjl,ﬂi)
To prove the converse, let B < X5, then f~(B) < X; and

U By, 5,) < L By -

Advances and Applications in Mathematical Sciences, Volume 22, Issue 8, June 2023



SOME RESULTS ON CONTINUOUS FUNCTIONS ... 1949

Further as [f(f _1(B))]a,71 ) € B, 5,), We have

f(F B, 5)) € Bliy.w)
and therefore
[ffl(B)]zsjl,frl) = fﬁl(B(*UzﬁE))‘

Result 3.12. Let J; and & be ideals on (X;, 7;) such that ; < 4 and
Jy be an ideal on (Xy, Tg). Let f: (X7, J;) = (Xo, T5) be a function. If fis
J-continuous with respect to the ideals (J;, J3), then f is J-continuous with

respect to the ideals (J;, J5).
Proof. Since f is J-continuous with respect to the ideals (J;, J5), we have
f1(I,) e 3, for every I, € Jy and

f(AEkjl,g'l)) < [f(A)]Zkfb,Tg)

for every A c X;. Also as J = &, we have f1(I,) is in @ for every

I, €J5. Let A c X3, then A(*jl’r‘]'l) c Aézﬂz) and therefore

(Al 5)) < (Al 3) < [F(A)g,,5).
consequently, f is J-continuous with respect to the ideals (J;, J5).

Theorem 3.13. Let J,Jy and I3 be ideals on X, Xy and Xj
respectively. If f : X; — Xy is J-continuous with respect to the ideals (J;, J5)
and g : Xy — X3 is J-continuous with respect to the ideals (Jy, J3), then

gof:X; > Xz is J-continuous with respect to the ideals (3, J3).
Proof. Let g o f = h and let I3 € J3, then we have
g7 (I3) e % and [ (g7 (g7 (I3)) € 9.

But as f (g (g7 (I3)) = (g o f) '(I3), we have h™}(I3) e . We wish to
show that

Advances and Applications in Mathematical Sciences, Volume 22, Issue 8, June 2023



1950 S. SATHTYANARAYANAN and S. MURUGESAN
h(AG, 3)) < [MA)g,, 5)

for every A < X;. For, let A < Xj, then h(A{y 5)) < [M(A)]y, ), also as
f(A) < X5, we have

(A, 5,)) < [2FA, ) M

Further, since f(A(y 5)) < [f(A)]asz)’ we have

g(f(AQ, 7)) g([f(A)]Z}%TZ)). @)
From (1) and (2), we get
(g ° MA@, 5) = (A, 5)) < [e(F(A)y, 5) = [(g > Ny, 7)

as desired.

Theorem 3.14. If f : X; —> Xy is J-continuous with respect to the ideals
(%, 739) at xo and g : X9 — X5 is J-continuous with respect to the ideals
(33, J3) at f(xg), then gof :X; — X3 is J-continuous with respect to the

ideals (Jy, J3) at xg.
Proof. We skip the proof, as it is analogous to the above.

Remark 3.15. Note that the theory developed in this section is new and
independent from the concepts like J-continuous, semi-J-continuous, Pre-J-
continuous, J-irresolute mappings, which are already available in the
literature. As it is a fact that those concepts of J-continuous, semi-J-
continuous and so on are defined for functions whose codomains are
topological spaces without any ideal structure, which we do not follow in our

case of study.
4. Real Valued Continuous Functions

We define real valued continuous functions in the context of ideal

topological spaces and prove some results.

Definition 4.1. Let (X, T) be a topological space and J be an ideal on X.
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Let xg € X. A function f: X — R is said to be Jp-continuous at xy with

respect to the ideal J if given € > 0, there exists U € T(xy) such that

/| f(x)— flxg)| = e} NU € 7.

The function fis said to be Jp -continuous with respect to an ideal J if it is

Jp -continuous at all points in X.

If we consider R with usual topology and the empty ideal consisting of

only the empty set as the ideal, then the above definition coincides with the
definition of J-continuity with respect to the ideals (J;, J5) where J; = J and

Jy = {0} as seen in Theorem 4.2. Clearly constant functions, in particular the
zero function defined by O(x) = 0 and the unit function defined by 1(x) =1,

are Jp-continuous functions with respect to any ideal J because
/| f(x) = f(x) | = €} = 0.

Theorem 4.2. Let (X, T}, J) be an ideal topological space, then a
function f:X; — R is Jp-continuous at xq if and only if f is J-continuous
with respect to the ideals (J;, J5) at xq, where Jo = {0} and the topology on R
is the usual topology.

Proof. Let f be Jp-continuous at x, then clearly the first condition of

Definition 4.1 is satisfied. Let J5 be the usual topology of R. Let B < R and

flxg) & Bfgz,%), then we have BEka,g'z) = cl(B) with respect to Ty, as
Jo = {0}, which results that f(xq) ¢ cl(B). Thus there exists € > 0 such that

(f(xg) =€ f(x9) +€)N B =0 3)

Now we claim that f1(B)c {x/|f(x)-f(xg)|=>¢}. Indeed, let
y & {x/| f(x)—f(xg)| =€}, then |f(x)—f(xg)|<e  Therefore f(y)e
(fxg) -6 f(xg)+€) and hence y ¢ fH(B) as needed. Since f is Jp-

continuous at xg, there exists U € TJ;(xy) such that

/| f(x) = flxo)| 2 e NU € 34,
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consequently, xq & [{x/| f(x)— f(xq) | > e}]a,rfl). Also since

fH(B) = {x/| f(x) - flxo) | = €},

we have [ffl(B)]z{jl,Tl) c [{x/] fx)= f(xg) | = 6}]61,71) and therefore

Xg ¢ [f_l(B)]afH)‘ Thus f is J-continuous with respect to (J;, J3) at x.

To prove the converse, we have to prove that there exists U € J;(x) such
that {x/| f(x)— f(xg)| =€} NU €73 for every e>0. For, let ¢>0 and
B =[(f(xg) —¢, f(xg) + €)]°, then clearly cl(B)= B. Since J, ={0} and
f(xo) ¢ B, it follows that f(xo) ¢ B(y, 7). further as f is J-continuous at x,

we have x( ¢ [f_l(B)]le,‘Il)- Thus there must exists an open set U e T;(xq)

such that

fH(B) = {x/| fx) - f(xo) | 2 e} NU € %
as desired.

Corollary 4.3. Let (X;, T;,J;) be an ideal topological space, then a
mapping f : X3 —> R is Jp-continuous on Xj if and only if f is I-continuous
with respect to the ideals (3, J;) where J, = {0} and the topology on R is the
usual topology.

Let us have a discussion on the algebraic sum, product and scalar product
of Jg-continuous functions. Let f and g be two real valued functions on

(X, 7, J), throughout this section.

Theorem 4.4. Let f and g are Jp -continuous with respect to the ideal J at

Xg, then
1. f + g is Jg -continuous with respect to the ideal J at x.

2. cf is Jp-continuous with respect to the ideal J at x,, where c is a

constant.

3. fg is Jp -continuous with respect to the ideal J at x.
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Proof. Let x3 € X and let f and g be J -continuous with respect to the
ideal J at x3. Let ¢ > 0. To prove (1), we have to show that there exists an
open set W in T(xg) such that {x/|(f +g)(x)—(f +g)(xp)| = efNW €.

Since f and g are Jg -continuous at x, there exists Uj, Uy € T(xq) such that

{x/| f(x) = flxg) | = %} NU; €J and {x/| g(x) - glxg) | = %} NUy €7

and therefore

e/l + £) )~ (F + ) (x0) | = )
< {wl 1)~ f(wo) | = S} U w1l gta) - elwo) | = 51

Let W =U; NU,, then Wis an open set in J containing x;, further we

have

/] (7 + £)() = (7 + 8)(xo) | = N {/] £6) = Fx0) | = 5
Ul e) - g | 2 )N W
Ul ee) - gtoo) | = 5

= ({11 £0)= Fwo) 12 5 W)U ({60 - o) | = G MW 9

as required.

To prove (2), we have to prove that for every ¢ # 0, there exists an open
set Win T(xq) such that {x/| (cf)(x)—(cf)(xg) | = e} N W € J. Now since f is

Jp -continuous at x, there exists U € T(xy) such that

fall 1) - flx) | 2 1 U e

el

If we let U = W, then clearly W is an open set in J containing x, with

the required property.
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To prove (3), we have to show that there exists an open set W e T(x)
such that {x/| (fg)(x) - (fg)(xg)| = e} N W € J. Now since f is Jp -continuous
at xg, there exist U, Uy € T(xg) such that

fol 1)~ flwo)| = G 103 e
and
{x/| F2) — floxo) | 2 W} AU, <9,

Also since g is Jp -continuous at x, there exist Us, U, € T(x) such that

fol o) - gto) |2 35} 105 €
and
2= gto0) | 2 Sy N0 <

Thus if we let W =U; NUy N Uz N Uy, then clearly Wis an open set in J

containing xg and

/| (f2)(x) = (fg)(x0) [ = e} N W € T

as desired.

Corollary 4.5. Let f and g be IJg -continuous with respect to the ideal J
and c € R, then f + g, fg, cf are Jgp-continuous with respect to the ideal J.

Conclusion

The concept of continuity in the domain of ideal topological spaces are
defined and discussed in a natural way; further the relationship between
continuous functions on classical topological spaces and on the ideal
topological spaces is studied; parallel justifications are provided to establish
the consistency of the theory developed. Sequentially, some interesting
results are posted in the turf of real valued continuous functions in the
context of ideal topological spaces.
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