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Abstract

In this paper we have obtained some results of the exponential transform like exponential
transform of partial derivatives, Initial value theorem and Final value theorem and discussed
some applications of the exponential transform to evaluate definite integral, to finding solutions
of partial differential equation, simultaneous differential equation and integral equation.

1. Introduction

Many integral transforms specially Laplace transforms is useful to find
the solution of integral equations, solution initial value problem and
boundary value problem. It is also useful to solve definite integrals, it 1s also
useful to find solution of difference, differential difference equations also
useful in transfer function and impulse response function of a linear system,

fractional differential equation, partial differential equations.
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Recently N. S. Ambarkhane, H. A. Dhirbasi, K.L.. Bondar [1] introduced
an integral transform named “Exponential transform” and proved its some
properties like Linearity, Shifting, Second Shifting, Change of Scale.
Moreover, exponential transform of some basic functions are derived.
Ambarkhane Nagnath S., Bondar Kirankumar L. [2] discussed convolution
theorem and the exponential transform of derivatives and integrations of a
function f(¢). Nagnath S. Ambarkhane [3] discussed some results and

application of the inverse exponential transform. Several authors [4-16]
discussed the applications of different integral transformations along with its

results.

Like Laplace transforms we have some significant applications of
Exponential transform to finding solution of initial value problems,
evaluating some definite integrals, solution of partial differential equation, to
find the solution of simultaneous differential equations and to find the
solution of integral equations. The main aim of this paper is to obtain some

results and applications of the exponential transform.
2. Preliminaries

2.1. Exponential transform

Definition 2.1 [1]. Let f(¢) be function defined for all positive values of ¢,
then

0

f(s) = j.a*“f(t)dt, a>1.

0

Provided the integral exists is called exponential transform of f(¢). It is

denoted by A[f(¢)]. Thus,

o0

A[f@®)] = f(s) = ja_Stf(t)dt, a>1.

0

Here A is called exponential transformation operator, the parameter s is

real or complex number.
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2.2. Exponential transform of some functions [1]:

. 1
(l) A[l] = m ,a > 1, Re(S) > 0.
!
(i) A[t"]= —2—— a>1,n>0Re(s) > 0.
(slog a)"*!
i) A[t"] = M, n>-1,a > 1, Re(s) > 0.
(slog @)™
n!

(iv) Ale"] = a > 1, (sloga) > k, Re(s) > 0.

(sloga — kY

n!

———.a>1 (slog @)® > k® Re(s) > 0.
(sloga)” -k

(vil) A[sinh kt] =
k

(viil) Afsin kt] = —————,
(slog a)® + k2

a > 1, Re(s) > 0.

(ix) Alcos kt] = (31°—g2a)2, a > 1, Re(s) > 0.
(sloga)” +k

2.3. Exponential transform of derivatives [2]

... 2143

Theorem 2.3.1. If A[f(t)] = f(s), then A[f'(t)] = (slog a).A[f()] - f(0).

Theorem 2.3.2. If A[f(t)] = f(s), then

A[f"(t)] = (slog a)* A[f(t)] - (s log a).£(0) - £(0).

Theorem 2.3.3. If A[f(t)] = f(s), then
A[f"(6)] = (s log a)* A[f(£)] - (s log @)*£(0) - (s log @)"(0) - f"(0).
Theorem 2.3.4. If A[f(t)] = f(s), then
A[f*(1)] = (slog @) A[f(t)] - (s log @) £(0) - (s log @) *f'(0)

—(sloga)* 2 f"(0) - ... — f*1(0).
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2.4. Exponential transform of integration [2]

Theorem 2.4.1. If A[f(t)] = f(s), then

A[ | ; f(t)dt} _ 1 F)

(slog a)
2.5. Exponential transform of a function multiplied by ¢ [2]

Theorem 2.5.1. If A[f(t)] = f(s), then
n 3 (_ l)n :| dn _
At ft) = | ———|— .
(0] { | g
2.6. Exponential transform of a function divided by ¢ [2]

Theorem 2.6.1. If A[f(t)] = f(s), then
Al7 0] = tog ) Fisids

2.7. Inverse exponential transform [3]

Definition 2.7.1. If the Exponential Transform of a function f(¢) is f(s)

ie. A[f(t)] = f(s), then f(¢) is called as Inverse Exponential Transform of

f(s) and is written as f(t) = A7[f(s)].

A7! is called the Inverse Exponential Transformation operator.
2.8. Inverse exponential transform of some functions [3]

Using definition of inverse exponential transform we get,

[1] A_l[slolga} =1, a>1,(sloga)>0.

n
mA™ —L =L 451 (sloga)>0,n=0,123,..
(sloga)™* n

1

-1
[} A [(s loga)-k

}z e’ a>1,(sloga)> k.
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[IV] A‘l{%} = coshkt, a>1,(sloga)l > k2.
sloga)-—

_ 1 1,.
[W A 1|:W:| = E(Slnh kt), a > 1, k> O, (S log a)2 > kZ.

1

v A —
Ls log a)? — k2

}z%(sinkt), a>1 k>0

[VII] A—l{%} —coskt, a>1.
sloga)” -k

3. Main Results

3.1. Initial value theorem

Theorem 3.1.1. If A[f(t)] = f(s), then
tlirr(l) f@) = lim[(s log a).f(s)].

Proof. We have,

A[f'@)] = (s log a).f(s) - £(0)

[ Feat = (s Tog a)f(s) - £(0)

0

Taking s — o

0

lim | a"*f/(t)dt = lim [(s log a).f(s) - £(0)]

§—>0

lim (s 1og a).f(s)] = £(0) + | [lim o~} (t)at
0
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lim [(s log @).f(s)] = £(0) + f 0. f(¢)dt
§—>0
0

Jim [(s log a)f(s)] = /(0)+ 0
Jim [(s log a).f(s)] = £(0)

lim [(s log a).f(s)] = lim £(¢)
s—>o® t—0

= lim f(¢) = lim [(s log a).f(s)].

3.2. Final value theorem

Theorem 3.2.1. If A[f(t)] = f(s), then tlim f(¢) = lin%[(s log a).f(s)]

Proof. We have,

A[f'(@)] = (s log a).f(s) - £(0)
j a S f()dt = (s log a).f(s) - £(0)
0
Taking s —> 0

lim g a ¥ f()dt = ;ii%[(s log a)f(s) - f(0)]

0

lim(s log a)f(5)] = £(0) + { [lim o™ ]f(t)dt

tim((s log a)f(s)] = £(0)+ £ f(t)dt

Sli_r:%[(s log a).f(s)] = f(0) + [F@)ly
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lim|(slog a)f(s)] = £(0) + lim £(¢) - £(0)
lim((s log a).f(s)] = lim £(2)
w lim f(t) = liml[(s log a).f(s)]

3.3. Exponential transform of partial derivatives

Theorem 3.3.1. If v = y(x, t), then

O A[%} = (slog a)3(x, 5) - ¥(x, 0),

a1 A{Zj—g} = (slog OL)2 ¥(x, s) — (slog a).y(x, 0) — y;(x, 0),

wl_dy
(It A[@x} S dx’

(IV) A{az_y} = ﬁ
o2 dx?

Where A[y(x’ t)] = y(x’ 3)’ yt(x’ S)’ yt(x’ O) - [%:L:O.

Proof. (I) We have,

[0y ] T st 6yj
Al Y| = A
i (Ot dt
0

k

[ Y ~st( 0y

A5 | = fim | a (8tjdt
0

M Ay ] k
A2 - tim [a St y(x, t)]fzo + (slog a)J. a Sty(x, t)dt
| Ot | k—o0 0

A :%: [[— y(x, 0)] + (s log a)j(:o aiStydt}

Advances and Applications in Mathematical Sciences, Volume 22, Issue 10, August 2023



2148 N. S. AMBARKHANE, S. P. HATKAR and K. L. BONDAR

A[%} = (slog a).y(x, s) — y(x, 0).

(II) Let v = [G_y} =y, then

ot
—azy— ov
ALY ||
| ot? | [at}
_azy— _
A pocy = (slog a)v(x, s) — v(x, 0) by (I)
e
A peal i (slog a).A[v] - v, (x, 0)
- o A
A1 %3 | = (slog )isTog @)3(x, )~ y(x, O]l - y(x, 0) by ()

A{Zj—g} = (slog a)*¥(x, s) — (slog a).y(x, 0) — y,(x, O).

(IIT) We have,

o ]" i &
Alz]= o (F )
0
] d [
A[@x}_dx.[a ydy

0
oy _i
A\ 2| L Al o)

Al Ay
"A[ﬁx}_dx'

(IV) We have,
62y ou oy
A —5|= A[—}, where u = =
O ox ox
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_azy— d

2
A9y 2 iA[a_y}
dx

6x2_ ox
0%y d (d&)
2| === | by (III
A_axQ_ dx \ dx y (D
A{a‘o‘_y} _d%y
o> dx?

3.4. Application to evaluating some definite integrals

o0
Example 3.4.1. Consider the definite integral jt.e_St sint - dt

0
Let I = J.ef‘gt (¢ sin t)dt
0

Put, 3 = (slog a)

o0

o1 = [e G120 (¢ gin £

0

0

oI = -afst(t sin ¢t)dt

0

o0

o1 = [e G120 (¢ sin £z

0

I = Alt.sint]

o1 d 1
(log @) ds (sloga)® +1

... 2149
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~ (oga)| [(slog a)? +1]

I =—

I =

oI

t.e
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1 1

5 % (2slog a) x (log a)
2(slog a)
[(slog @) +1]?

2x3
[9 + 1

6

[L0]?

_8
50

e 3
tdt = —.
sin 50

3.5. Application to Partial Differential Equation (PDE)

Example 3.5.1. Consider the PDE,

& _

ox

%zl—e_t,0<x<1,t>0, given that y(x, 0) = x

By taking exponential transform, we get

% ~[(slog @).5 — y(x, 0)] =

dy
dx

dy

dy

—(sloga)y +x =
ae (sloga)y =

e (sloga)y =

1
"~ (sloga) (sloga+1)

1
(sloga) (sloga+1)

1 1
(sloga) (sloga+1)_x

1
(sloga)(sloga +1)

—x (3.5.1)

It is linear equation,

CIF - e—j(sloga)dx
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The solution of (3.5.1) is given by,

Se—(sloga)x _ I 1 _ —(sloga)x
e € [(sloga)(slogaJrl) x}e dx

= —(sloga)x _ 1 —(sloga)x g,. —(sloga)x

ye _C+J.[(sloga)(sloga+1)}e dx Ixe dx
—(sloga)x

~ —(sloga)x _ 1 e

e _c+(sloga)(sloga+1){—(sloga)}

xe—(s log a)x e—(s log a)x p
| —=(sloga) J —(sloga) x

ye—(sloga)x —c 1 |:

ef(s log a)x
* (sloga)(sloga +1) }

—(slog a)

—(sloga)x —(sloga)x
xe e
_{ —(slog a) _J.—(sloga) dx}

— —(sloga)x _ 1 |:

ef(s log a)x
e _c+(sloga)(sloga+1) }

—(slog a)

xe—(s log a)x e—(s log a)x

+
(slog a) (s log a)?

oy = ceBlogaj _ 5 1 T — 1 5
(sloga)(sloga +1) (sloga) (slog a)
Ly = celsloga) X | 5 1
(sloga) (sloga)(sloga +1)
Ly = ce(sloga)x i X 1 1

(slog a) * (sloga) (sloga +1)
y is bounded = ¥ is bounded = ¥y isfiniteas x >0 =¢ =0

= x + 1 _ 1
Y " (sloga) T (sloga) (sloga +1)
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By taking Inverse exponential transform, we get

y:x+1—e7t.

3.6. Application to integral equations

Example 3.6.1. Consider the Integral equation,
t

f6) =1+ I f(w)sin( — u)du
0

The given equation is expressed as
f(¢) =1+ f(t)*sint
By taking exponential transform, we get

1

)= — 1 LR — L
fle) = (sloga) +le) (sloga)?® +1

1
(sloga) +1

o G

(sloga)® +1 (sloga)

1

f(s)— f(8)=m

Fis) (sloga?)+1
fle) (slog a)(slog a)?

1 4 1
(sloga) (slog a)®

f(s) =

By taking Inverse exponential transform, we get

AN = A gy |+ A_{;}

(slog a)®

t2
3.7. Application to Simultaneous Differential Equations
Example 3.7.1. Consider the Simultaneous Differential Equations
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dx 0 D
+y=0, ar

7 -x=0,ifx(0) =1, y(0) =0

Given equations can be written as,
x'+y=0

y-x=0

By taking exponential transform, we get
[(sloga)x —x(0)]+y =0

[(sloga)y — »(0)] - X = 0

Using conditions, we get

(sloga)x +y =1

(sloga)y +x =0

Solving above equations for ¥ and ¥y, we get

5 (sloga) 1

(sloga)?® +1 , (sloga)® +1
By taking Inverse exponential transform, we get
Alx] = A‘{—(S log o) } A3 = A‘l{—l 5 }
(sloga)” +1 (sloga)” +1

.. X =cost,y = sint.

4. Conclusion

In this work we have obtained some results of the exponential transform
like exponential transform of partial derivatives, Initial value theorem and
Final value theorem and discussed some applications of the exponential
transform to evaluate definite integral, to finding solutions of partial
differential equation, simultaneous differential equation, and integral
equation.
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