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Abstract

The paper deals with an introduction and study of fuzzy stack as generalization of fuzzy
grill [1]. The basic intent, among other things, is to determine the extent to which the results in
[9] obtained via fuzzy grills, can be extended to our setting of fuzzy stacks, and also to address

the digression by suitable counterexamples. Two operators viz. ®s and yg where Sis a fuzzy

stack on a fuzzy topological space X, are considered on X and it turns out that these operators
ultimately give rise to a strong generalized fuzzy topology on X instead of fuzzy topology, latter

being the case with similar operators in terms of a fuzzy grill.

1. Introduction

It is well known that Zadeh [13] was the initiator of the celebrated notion
of fuzzy sets in 1965. Fuzzy topology is just a kind of topology developed in
terms of fuzzy sets, which originated from a paper of Chang [2] in 1968. The
concept of grills on a general topological space was first introduced by
Choquet [4] in 1947. In fuzzy setting, the concepts of fuzzy grills and fuzzy
stacks on fuzzy topological spaces were initiated by Azad [1] in 1981,
basically for the study of a fuzzy basic proximity and related ideas. Many
other mathematicians (e.g. see [3, 5, 12]) utilized fuzzy grills as well for

investigations of different others fuzzy topological aspects.

In [9], the authors defined and studied an induced fuzzy topology on the
ambient set, associated rather naturally to the existing fuzzy topology on the

set and a fuzzy grill on it.
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In 2012, W. K. Min and Y. K. Kim [7] introduced an operator defined by a
stack on a given topological space and investigated some basic properties.
Certain recent endeavours by some mathematicians are being noticed
towards extension of these works to more generalized frameworks for dealing
with many topological concepts more effectively.

In what follows in this paper, simply X, shall stand for a fuzzy topological
space (fts, in short) X endowed with a fuzzy topology Fuzzy grill, Fuzzy stack,

operators 1, as defined by Chang [2], I X' denotes the set of all fuzzy sets on a
nonempty set X, where I stands for [0; 1]. For a fuzzy set V in X, the set
{x € X : V(x > 0)} is called the support of V and is denoted by supp V. The

constant fuzzy sets taking on the constant values 0 Fuzzy Stack and its
applications and 1 respectively on X shall be denoted by Ox and 1x [13].

For fuzzy sets A and B, the notation AgB stands for the fact that A is
quasi-coincident (g-coincident) with B, A(y)+ B(y) > 1 for certain y € X [8]
The negation of this statement is denoted by AgB.

A fuzzy singleton or a fuzzy point [8] with support y and value
a(0 < a <1) is denoted by y,. According to prevalent definitions, we have

for two fuzzy sets P,R in X,(P<R < P(y)<R(y)Vy e X) and

Yq < P < a < P(y), where y, is a fuzzy singleton in X.

A non-zero fuzzy set B is such that supp B # ¢, i.e., B # 0x. A fuzzy set
A is said to be a g-nbd of a fuzzy set B [8] if for some fuzzy open set V, BqV
and V < A. A g-nbd A of B is called an open g-nbd of B if A is fuzzy open. For
a given fuzzy singleton y,, @(y,) will denoted the set of all open g-nbds of
Yo. Given an fts X and a fuzzy set P in an fts X, cl(P), int(P), 1x — P (or

sometimes as 1— P) respectively denote the closure, interior and fuzzy
complement of P respectively in X.

In this article, the idea of fuzzy stack is initiated as a generalization of
fuzzy grill and study the concept at length. Our primary objective is, inter-
alia, to see as to how far the results obtained in terms of fuzzy grill, can be
extended to our present setting of fuzzy stacks. In the next section, we will

recall three operators on the set [ X and find a few elementary properties
concerning them as prerequisites.
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In Section 3, we introduce fuzzy stack and define an operator ®g5 by
means of a stack S in the same way as is done in terms of a fuzzy grill. We

achieve some generalizations of the corresponding results in [9], the

digressions are also justified by suitable examples.
2. Some Operators on X

Here, we recall the definitions of three operators on the set [ X of all
fuzzy sets on a set X and derive a few results concerning them as pre-

requisites.

Definition 2.1. ([9, 6]) Given two fuzzy sets P and @ in
X, (P + @), (P - @) and the Lukasiewicz conjunction P * @ are defined to be
the following fuzzy sets:

P(y)+Q(y), ifP(y)+@Q(y) <1
L if P(y)+ Q(y) > 1

P(y)-Q(y), if P(y) > Q(y)
0, if P(y) < Q(y)

P(y)+Q(y)-1 if P(y)+@Qy) > 1
0, otherwise,

®<P+wa={
<m(P—wa={

ﬁm@*@m={

where y € X.
Lemma 2.2. For any three fuzzy sets P, @ and R in an fts X,
@ P*@QvR)=(P*Q)v (P*R).
() P<@ =>P+*R<Q=*R.
Proof. We omit the straightforward proof. o

Lemma 2.3. For any three fuzzy sets P, Q and R in X,
P+(@+R)=(P*@)*Q = (P*Q)*R.

Proof. For any y € X,
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(P*@+R-1)(y), ifQy)+R(y) >1
0, otherwise

(P (@ R)(y) = {

_ {P(y) +Q(y) + R(y) -2, if P(y)+@Q(y)+ R(y) > 2
- 0, otherwise

_ {((P +R-1)*Q)(y), if P(y)+@Q(y)+ R(y) > 2

0, otherwise

= (P *R)*Q)(y)

Thus P*(Q * R) = (P * R)* Q.

The above calculations establish P * (@ * R) = (P * @) * R as well. o

The following result will be used in the sequel.

Lemma 2.4. (9) If P,Q are fuzzy sets in an fts X, then

P-(P-Q)<Q.

Lemma 2.5. If P, @, U, V are fuzzy sets in an fts X, then

Pv)*(UAV)<(PxU)v(Q*V), ..., (a)

Proof. Let us denote the left-hand side and right hand side of (o) by L
and R respectively.

Let z € X be arbitrary. Without loss of generality we can assume that

Pv@)(2)+(UAV)(z)>1. We first see that [(P*U)v (Q *V)](z)
cannot be 0. For, otherwise P(z)+ U(z) <1 and Q(z)+ V(z) <1, which give
(Pv@)(z)+ (U AV)(z) <1, acontradiction.

Now, two cases may arise:
@) P(z)+U(z) <1 and Q(z)+ V(z) > 1
() P(z)+U(z) >1 and Q(z) + V(z) < 1.

We deal with case (i) only, case (i1) being quite similar. For this case, the
right hand side of (o) = Q(z) + V(z) - 1.

Subcase (1): P(z) < Q(z) and U(z) < V(2).
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We have, L(z) = Q(z) + U(z) — 1 or 0 < Q(z) + V(2) - 1 = R(2).
Subcase (ii): P(z) < Q(z) and U(z) > V(2).
Then L(z) = Q(z) + V() - 1 = R(2).
Subcase (iii): P(z) > Q(z) and U(z) < V(2).
Here, L(z) = P(z) + U(z) -1 < 0 = L = Ox.
Subcase (iv): P(2) > Q(z) and U(z) > V().

Here we see that L(z) = P(z)+U(z) > Q(z) + V(z). But P(z)+U(z) <1

while Q(z) + V(z) > 1 for the case under consideration.

Hence this subcase 1s not tenable.

3. Fuzzy Stack and Operator ®g4

Definition 3.1. ([1]) A fuzzy stack S is a non-empty collection of fuzzy
sets in an fts X such that

@) 0x ¢S
(1) If P, @ arefuzzysetson X, Pe Sand P<Q = @ € S.

If, in addition, the following condition (iii) is satisfied, then S is called a

fuzzy grill [1] on X, where
GI)IfP,QelX and PvQeS=>PecSorQcsS.

Remark 3.2. It is clear that a fuzzy grill G on X is a fuzzy stack on X. But

the converse may not be true as is shown below:

Example 38.3. Let X ={x;,x9} and t={0x,1lx, P, @ where
P(x;) = 0.3 and P(x9) = Q(x1) = Q(x9) = 0.6. Clearly, (X, t) is an fts. Let
G, contain 1x and all those fuzzy sets G; on X for which 0.3 < Gy(x7) <1
and 0.2 < Gy(xg) < 1.

Now consider the fuzzy sets A and B in X given by
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A(xy) = 0.5, A(xg) = 0 and B(xg) = 0, B(xy) = 0.4. We see that A v B € G;
but neither A € G; nor B € G;.

Thus G, is not a fuzzy grill but is obviously a fuzzy stack on X.

An fts (X, t) endowed with a fuzzy stack S will be called an sfts, to be
denoted by (X, 1, S).

As proposed in the introduction, we now define an operator ®g in an sfts

as follows.
Definition 3.4. For an sfts (X, 1, S), we define an operator

s : IX > IX givenby ®5(P) = viy, : P*U € S, VU € Q(y,)}-

Some properties of the operator @ are stated in the following.

Theorem 3.5. In an sfis (X, t, S), the following results hold:

(i) ®5(0x) =0x, Ps(ly) =1x.

() IfP,QelX, P<@= 0g(P)< ds(Q)

(iii) Given two fuzzy stacks S; and Sq in fts (X, 1) with S; < Sy, then
D5, (P) < @, (P), forany P e 1.

(iv) ®5(P) < cl(P), for any P e IX

(v) ®5(P) is closed, for any P e Ix.

(vi) ®5(Pg(P)) < ©5(P) for any P e I%, where equality does not hold,
in general.

(vii) Forany P e IX, P ¢ ®4(P) = 0.

Proof. (1) It is obvious.

(1) Let y, < ®g(P). Then UeQ(y,) =>P+*UecS=Q+UecS (as
P<Q=PsU<@QxU).

Hence y, € ©5(Q).
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(i) y, € @5 (P)=> for all UeQyy)P*UeS <S8y = v,
<@g, (P).

(iv) Let y, £ cl(P); then there exists U € Q(y,) such that UgA. Then
Uiz)+P(z)<1,Vze X, so that (U#*P)(z)=0,Vze X. ie, U=*P
= 0x ¢ S. This gives y, £ ®5(P).

(v) Let y, < cl(®g(P)) and U € Q(y, ), gives ®5(P)qU, so that 3z € X
such that ®g(P)(z)+U(z) > 1. Let [®5(P)](z) =¢t. Then z, < ®4(P) and
U e Q(z;), which give P*U € S.

(vij  From (v), we have ®g(P)<cl(P) and from (v),
(), cl(®g(P)) = ®g(P). Thus Dg[@5(P)] < cl(®g(P)) = @g(P). That the
inclusion cannot, in general, be reversed is shown in the following example.

(vil) Let y, < ®g(P). Then for every U e Q(y,), P*U € S. Clearly
P e S, we have contradiction. Thus ®g(P) = Ox. o

Example 3.6. Let X = {x;, x9} and © = {0x, 1x, A}, where A(x;) = 0.6
and A(x9) = 0.8. Then (X, 1) is an fts. Let S be the fuzzy stack consisting of
all fuzzy sets G on X such that 0.5 < G(x;) <1 and 0.6 < G(x3) < 1.

Now let P be a fuzzy set in X such that P(x;) = 0.8, P(x3) = 0.6. Then
®g(P)=C, where C(x;)= 0.4, C(xg)=0.2. Again ®g5(®g(P)) = D5(C)
= 0x. So, ©5(DP5(P)) # ®s(P).

Remark 3.7. It follows from (ii) and (ii1) of the above Theorem 3.5 that
the operator @5 increases with the increase of the fuzzy stack S and also of
the fuzzy set on which ®g is operated. It is thus clear that if P, @ are fuzzy
sets in an sfts (X, 1, S), P5(P)v @5(Q) < (P v Q), where equality may not
prevail, as is shown by the example below.

Example 3.8. Let X = {x{, x9} be endowed with the fuzzy topology
1={0x,1x, A, B}, where A(x;)= 0.3 and A(xy)= B(x;) = B(xy) = 0.6.
Let S be a fuzzy stack consisting of all those fuzzy sets G on X for which
0.3 <G(x7) <1 and 0.2 < G(x9) < 1.
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Suppose C and D are two fuzzy sets in X such that
C(x1) =0.5,C(x9) =0 and D(x;) =0, D(xy) = 0.4. We easily check that
®5(C) = dg(D)=0x, where-as ®5(Cv D)=E where E(x;)=0.4 and
E(QCZ) = 0.4. Thus (Ds(c \ D) * (DS(C) \ (DS(D)

Theorem 3.9. If for some fuzzy point y, in X and some
UeQ(y,),U*xP ¢S holds, then Ux*®g(P)¢ S and in particular,
U*®g(P)=0y.

Proof. Let U € Q(y,) with U*P ¢ S. Assume that U * ®5(P) ¢ S;
then U * ®4(P) # Oy, so that 3x € X such that ®g5(P)(x)+ U(x) > 1. Let
[@s(P)](x) = B. Thus xg < ®g(P) and U e Q(xg), so that PxU e S,
contradiction. Thus U * ®5(P) ¢ S.

For the second part, let us suppose U * ®g(P) # Ox for some U € Q(y,)-

Then there exists a fuzzy point xg < U * ®s(P) and so by an argument as

above, U * P € S. Thus U * ®5(P) = Oy. o
Theorem 3.10. For any fuzzy set Ain X, ®g(A v ®g5(A)) = Dg(A).

Proof. It is obvious that ®g(A) < ®g(A v ®g(A)). Let x, £ ®s(A)
then there exists an open g-nbd U of x, such that U*A ¢ S. Hence
Ux®s5(A)=0x and U*(Av D5(A)=U*A)vU*dg(A)=U=*A¢ S

(using Theorem 3.9 and Lemma 2.2). So, x, £ ®g5(A v ®5(A)). O
4. Operator ¥g

In this section, we consider a new operator ¥g, defined in terms of ®g,
in an sfts (X, 1, S). It is shown in [9] that if Sis a fuzzy grill on X, then the
corresponding operator Wg gives rise to a fuzzy topology 15 on X, finer that
7. But in the context of our setting with a fuzzy stack S, it will be seen that

the induced structure tg is a strong generalized fuzzy topology (i.e., a

structure which satisfies all the axioms of a fuzzy topology except that it is
not necessarily closed under finite intersections) [10].
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Definition 4.1. For an sfts (X, 1, S), we define an operator
¥g : IX - IX givenby ¥5(P)= P v ®4(P) for P e I,

Theorem 4.2. Let S be a fuzzy stack on an fts X. Then the following

conditions hold:
(i) Ws(0x)=0y.
(1) P < Ws5(P), for every fuzzy set P in X, moreover ¥Y5(1x) = 1x.
(i) P, @ are fuzzy setsin X with P < @ = ¥Ys(P) < ¥Y5(Q).
(iv) Ws(¥s(P)) = ¥s5(P).

Proof. (1), (i1) and (ii1) follow from the corresponding results of Theorem
3.5.

(iv) ¥s5(¥s(P)) = ¥s(P v @5(P)

=(Pv ®g(P))v ®g(P v ®g(P)), by definition of ¥g(P)

= (P v ®g(P)) v ®g(P) (using Theorem 3.10)

=P v ®g(P)

= Y5(P).

Definition 4.3. For an sfts (X, 1, S), we define a collection tg of fuzzy
sets given by 15 = {U € IX : Ws(lx —U) =1y - Ul

Theorem 4.4. Let Sbe a fuzzy stack on an fts X. Then

(@) Ox,1x € tg.

@) If U, € tg for a € dJ, then VU, € 1g.

Proof. (i) Since Ws5(lx)=1x and ¥5(0x) = 0x, both Oy, and 1x are

in tg.
(i1) Let U, € 15 for a € J,

Then 1x — VUQ = /\(].X —Ua) < (1X —Ua), Vo € J
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=¥s(lx —vU,) < Ws(lx -U,) = (Ix - U,), Vo € J
= Y51y -VvU,) < Alx -VU,) =1x —vU, and hence VU, € tg5.
Remark 4.5. For two elements of tg5, the intersection may not be an

element of 15 as is shown in the next example.

Example 4.6. Let X = {a, b} and t={0x, 1y, A}, where A(a)=0.4
and A(b) = 0.6 Then (X, 1) is an fts. Let S be a fuzzy stack consisting of all
fuzzy sets Von X for which 0.4 < V(a) <1 and 0.4 < V(b) < 1.

Now consider the fuzzy sets P and € in X such that
P(a) =0.8, P(b) = 0.5 and Q(a) = 0.6, Q(b) =0.9. Then ®5(1x — P)=0x
and @®g(lxy —Q)=0x. This implies WYs(ly -P)=1x-P and
Ys(ly -Q)=1x -Q, ie, P,Qerts. But for PAQ=C where
C(a) = 0.6, C(b) = 0.5, ®5(1x — (A A B)) = D, where D(a) = 0.6, D(b) = 4.

Now ¥s(lx —(PrQ))=(1x ~(PAQ))vPs(1x -(PArQ))=(1x -(PrQ))
vD=E #(1x - (P AQ)), where E(a) = 0.6, E(b) = 0.5.

Thus PAQ ¢ tg.

Remark 4.7. It now follows that for an sfts (X, 1, S), 15 is a strong

generalized fuzzy topology but not necessarily a fuzzy topology on X.
Let S be a fuzzy stack on an fts X. Then the elements of 15 are said to be

1g-open. If the complement of a member A of ¥ is Tg-open, then A is said

to be tg-closed.

Definition 4.8. For an sfts (X, 1, S) and P e IX, we define the

operators tg-cl : ¥ 5 1% asthe following:
t5-int(P)=v{U<IX :U<P,Uerg}

t5-cd(P)=A{F<IX :P<F,1x - F € 15).
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Theorem 4.9. Let S be a fuzzy stack on an fts X. For P, @ e IX, the

following conditions are satisfied:
(i) 15-int(0x ) = Ox.
(i) tg-int (P) < P.
(iii) Pis tg-open if and only if P = t5-int (P).
(iv) If P < @, then t5-int (P) < 15-int ().
(v) 1g-int (t5-int (P)) = t1g-int (P).
Proof. (i) and (i1) are obvious.

(iii) Clear from the definition of tg- int (P) and Theorem 4.4.

(iv) Since P < @ = 15-int(P) < P < @ and tg-int(P) is tg-open (by
(ii1)), by definition, tg-int (P) < tg-int (Q).

(v) Since 1tg-int(P) is a 1g-open (by (i), 1g-int(tg-int(P))
= 1g-int (P). Dually, we have: o

Theorem 4.10. Let (X, 1, S) be an sfts. For A, B < X, the following
hold:

() tg-d (1%) = 1%,

(i) A < tg-cl(A).

(iil) A is t5-closed if and only if 15-cl (A) = A.

(iv) If A < B, then 15-cl(A) < tg-cl (B).

(v) 15-cl (r5-cl (A)) = tg-cl (A).

(vi) 1g-cl(1x — A) =1x — 15-int (A).

Proof. The proof follows in a straightforward manner. o
Theorem 4.11. Let S be a fuzzy stack on an fts X. For A € IX, A is tg-

closed iff Y5(A) = A.
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Proof. A is tg-closed 1y —A is rtg-open iff ¥Ys(ly —(1x — A))
= 1X - (lX - A), i.e., l}ls(A) = A. O
Theorem 4.12. Let S be a fuzzy stack on an fts X. Then the following

conditions are satisfied:
(i) tg-cl (P) = Wg(P) for P e IX.
G)If P ¢ S, then 1x — P e 15 for P e IX.
(i) ®5(P) is tg-closed for P e IX.

Proof. (i) By Theorems 4.11 and 4.2(iv), ¥5(P) is tg-closed. From
P < ¥g(P), it follows that P <rtg-cl(P)< W¥s(P) Again, since
P < tg-cl(P), from Theorems 4.2, 4.9 and 4.10, it follows that
Ys(P) < Ws(tg-cl (P)) = t5-cl (P). Consequently, tg5-cl (P) = WYs(P).

@) If P ¢S, then by Theorem 3.5 (vii), we have ®g(P)=0x. So

\Ps(lX—(].X—P))Z‘Ps(P)ZP\/(DS(P)ZP=1X—(1X—P). Thus
lx - P e 5.

(ii) For P e IX, from Theorem 3.5 (vi), ¥s(@s(P)) = ®s(P)
v®g(®g(P)) = ®g(P). By Theorem 4.11, we have @ g(P) is 15 -closed. o

Theorem 4.13. Let (X, 1, S) be an sfts. A fuzzy open base Bg of 15 is
givenby Bg ={U-A:U etand A ¢ S}.

Proof. To ensure that the members of Bg are tg-open, let V e Bg.
Then for some Uet and A¢S,V=U-A We only prove that
Os(ly - V) <1x —V (which in turn, will prove Ys(lx - V) <1x -V, ie,
(Ix - V) is tg-closed). On the contrary, let, for some fuzzy point x,, one
have

Xy < Dgllyx — V) ..., ()

but x, £ (g - V) ..., (id)
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Now for any C e Q(xy), a routine check gives
Cx(lx -V)=C-V,...(iit) and also in view of (i) we have
C = (lX - V) e S.

Consequently, C -V =C - (U - A) € S foreach C € Q(x,), ..., (iv)

Again, x, £ (1x - V) by (i) = a>1-V(x)=1-(U - A)(x).

We claim that U(x) > A(x). For otherwise, 1- (U -A)(x)=1-0< q,
contradiction.

Thus a >1-U(x) + A(x), sothat o + U(x) > 1 + A(x) > 1.

Hence U € Q(x,) which in virtue of (iv) gives U - (U - A) e S. Now
since by Lemma 2.4, (U - (U - A)) < A, we have A € S, which contradicts

the assumption that A ¢ S. Hence ®g5(lx —V)<1x -V, proving our

contention.

It remains to show that given any fuzzy point x, and an open g¢-nbd V of
%o in (X, tg), 3B; € Bs such that x,q B; < V. As Vis a g-nbd of x, in
(X, t5), there exists a B € 15 with x,¢ B and B < V.

Clearly ®5(1x — B) < (1x — B) and hence x, £ ®5(1x — B). Then for
some open ¢-nbd W of x, in (X, 1, S) we have (1x - B)*W ¢ S. Then
W - B¢ S. (using (iii)).

If we now take B; = W — (W - B), then B; € Bg, and by Lemma 2.4,
W-(W-B)<B<V.

Finally, we need to show that x,¢B;. In fact, if W(x) < B(x) then
a+Wx)-(W-B)(x)=a+W(x)>1 and, if W(x)> B(x) then
a+ W(x)-(W-B)(x)=a+Wk)-[W(x)- Bx)] = a+Bkx)>1. a)

Thus in any case x,q B; and we are through.

Corollary 4.14. Let (X, 1, S) be an sfts. If P e 15, P = v(U, — A,) for
U, €t and A, ¢ S (o € A-some indexing set).
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Theorem 4.15. Let (X, t, S) be an sfts. Then 1 < tg.

Proof. Clear. o

Definition 4.16. Corresponding to a given fuzzy set P in an sfts

(X, 1, S), a fuzzy set P is definedby P = {y, < P : y, £ ®5(P).

Remark 4.17. It follows at once from the above definition that for any

PeIX,
G) y, £ P iff y, < ®g(P).
(i) P A ®g(P) = 0x.

The following theorem shows that a given fuzzy set can be decomposed
via the above operator.

Theorem 4.18. Let (X, t, S) be an sfts. Then P = P v (P A ®5(P)) for
PeIX,

Proof. Clearly P < P, and hence P v (P A Og(P) <P, ..., @1)

Again, for any fuzzy point y, < P, either y, < ®g(P) orelse y, < p.
Thus in either case, y, < Pv (P A ®s(P)) which gives
P<Pv(PAdg(P)), ..., (i)

Thus the proof is complete in view of (1) and (i1).
Theorem 4.19. For any fuzzy set P in a sfts (X, 1, S),
ﬁ/\P/\(Ds(ﬁ) = OX

Proof. It suffices to show that y, < ®g(P) = y, £ P.

Now, y, < CDS(}~3) — for each U e Qy,), P+*U € S, hence P*U € S
(as P < P)foreach U < Q(y,)- Thus y, < ®5(P) sothat y, £ p. O

Theorem 4.20. Let (X, 1, S) be an sfts. Then the following conditions are

equivalent:
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(a) Forany P e IX, PA®g4(P)=0x = P ¢ S.
(b) For any P € IX, P ¢ S.
(c) For any tg-closed set Pin X, P¢S.
(d) Forany P e IX, if B = Pv ®g(P), then B ¢ S.

Proof. (a)= (b): Let x esupp(P) and x, < P(0 <a <1). Then
xy ¢ ®s(P) and hence x, ¢ <DS(I3) (as P <P). We claim that
x € supp (©(P)). If not, then ®5(P)(x) = agy(say) < o, where oy > 0. Then
Xgy < Ds(P) < dg(P). On  the other hand, ag < a and
x, e P> Xgy < P= Xq, £ ®s(P). Hence we arrive at a contradiction. We
thus find that supp (P) N supp (CDS(ﬁ)) = ¢, ie, P A (Dg(ﬁ) = 0y and then
by (a), it follows that P ¢ .

(b) = (c) : Obvious.
© (¢c)= (d): B = W5(P) is t5-closed and hence B ¢ S by (c).

(d) = (a): Let B =P v ®g4(P). In view of (d) it is only to be shown that
B=P. Indeed, x, <B=x,<B x, £Dg(P) (by Theorem 3.10)
= x, <P(as B=Pv®dg(P)); and again, x4, <P = x, £ Pg(P) (as
PA®g(P)=0x)=®s(B), but x, € B (as P < B) = x, € B. o
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