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Abstract

In this study, we introduce new class of sedenion numbers associated with the Mersenne
numbers. We define Mersenne sedenion and Mersenne-Lucas sedenion by using the Mersenne
numbers. We obtain generating functions and Binet formulas for the Mersenne and Mersenne-
Lucas sedenion and some of interesting identities of these numbers.

1. Introduction

Sedenions are obtained by applying the Cayley-Dickson construction to
the octonions and form a 16-dimensional non-associative and non-
commutative algebra over the set of real numbers. Many different classes of
sedenion number sequences such as Fibonacci sedenion, Lucas sedenion, Pell
sedenion have been obtained by a number of authors in many different ways
[1-7].

In this paper we aim at developing new classes of sedenion numbers
associated with the Mersenne and Mersenne-Lucas numbers. We introduce
the Mersenne sedenion and Mersenne-Lucas sedenion and obtain some of
their identities.

2. Method of Analysis

The Mersenne numbers {M, } is defined by the recurrence relation

Mn = ?)Mn71 — 2Mn72, n > 2 with MO = O, Ml =1.
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The Mersenne-Lucas numbers {ML,} is defined recurrently by

ML, =3ML, | —2ML, 5, n>2 with ML, = 2, ML, = 3.

The generating functions for these sequences are

o0
T
1-3x +2x

n=0

~ 2-3

- 1-3x +2x
n=0

The Binet formulas for these sequences are
M, =ao" -p"

ML, =d" +B",

where o = 2, B =1 are roots of the characteristic equation x2-3x+2=0

. . 15
A sedenion S can be written as S = Zizo a;e;, where qq, aq, ..., aj5 are
reals.
We take the basis elements of S as {eg, e;, ..., e;5}, where e; is the unit
element and ey, eq, ..., e;5 are imaginaries.

Multiplication table for the basis of S.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1 0 3 2 5 4 7 6 9 8 11 10 13 12 15 -14
2 2 -3 -0 1 6 7 -4 -5 10 11 -8 -9 -14 156 12 13
3 3 2 -1 -0 7 -6 5 -4 1 -10 9 -8 -15 14 -13 12
4 4 -5 -6 -7 -0 1 2 3 12 13 14 15 -8 -9 -10 -11
5 5 4 7 6 1 0 3 2 13 12 15 14 9 8 11 -10
6 6 7 4 5 2 3 -0 1 14 15 12 13 10 11 -8 9
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8 8 -9 .10 -11 -12 -13  -14 15 -0 1 2 3 4 5 6 7
9 9 8 -11 10 -13 12 15 -14 -1 -0 -3 2 -5 4 7 -6
10 | 10 11 8 -9 -14 -15 12 13 2 3 -0 -1 -6 -7 4 5
11 (11 -10 9 8 -15 14 -13 12 3 -2 1 -0 -7 6 -5 4

12 | 12 13 14 15 8 -9 .10 11 4 5 6 7 -0 -1 -2 -3

13 |13 -12 15 149 8 11 -10 -5 -4 7 -6 1 -0 3 -2
14 | 14 -15 -12 13 10 -11 8 9 6 -7 -4 5 2 -3 -0 1
15 | 156 14 -13 -12 11 10 -9 8 -7 6 -5 -4 3 2 -1 -0

The n'* Mersenne sedenion is
15
M, = ZM n+s®s
s=0
The n'* Mersenne-Lucas sedenion is
15
MLn = ZMLrHses
s=0

3. Generating Functions and Binet formulas for the Mersenne and
Mersenne-Lucas Sedenions

Theorem 1. The generating functions for the Mersenne and Mersenne-
Lucas sedenions are

M\0+(1/\4\1—3]T/./B)x

f(x)=
) 1-3x + 2x°
MITO +(Ml\,1 —3@)x
g(x)= 3
1-3x+2x
Proof. Define f(x)= <?O()]Tl\lxi
1=
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f(x)= M\O+M\1x+21/\4\lxi
=2

—-3xf (x) = —Sx]TJB - 32]@9&
=2

202 f (x) = 22]\/41_\2xi
=2

Adding these equations, we get

o0

(1—3x+2x2)f(x)=JT4\0+JT4\1x—3xJ/MB+Z(J/W\1—3J\//[; +2m )xi
i=2
My +(M; —3My)x
f(x)= 0 ( 1 20)
1-3x+2x
And define g(x)= iolﬁxi

g(x)= ]\//.IITd +Mf~lx +Zl\/éfl\,lxi
=2

-3xg(x) = —3x]/W-E) - 32@#’
=2

2x%g(x) = Zmei
i=2

Adding these equations, we get

(1—3x+2x2)g(x):]\//.lL\O—3x]l/4L\O+]/\4flx
+Z:(]\//[EL —3]%]]1\_1 +2m )xi
=2
]l//[L\O +(ML, —SML\O)x
1-3x + 22

s 8(x)=
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Theorem 2. For any integer n, the nt" Mersenne sedenion is
M, =o"A-B"B
and the n'* Mersenne-Lucas sedenion is
ML, =a"A-B"B,
where A = 225:0 a’e, and B = Zio Be,.

Proof. From the definition, we have

Mn+1 _Mn = Z(Mn+s+1 - Mn+s)es

From the identity M,,,; — M,, = o, we obtain

—

Mn+1 -M, =a"A eV

n

Similarly, we have
M,-2M, , =p"B ©)
Adding equations (1) and (2) and using the identity M, .1 - 2M,,_,
= ML, we get

ML, -o"A+B"B
And subtracting these equations, we get

M, —a"A-p"B.
When using the binet formulas to obtain identities for the Mersenne and

Mersenne-Lucas sedenions, we require AB, BA, A2, B2, these products are

given in the next lemma.
Lemma 1.

AB = —65, 533¢y — 11, 473¢; + 34, 427eq + 6, 583e5 — 57, 373¢4 — 21, 673e;
+13, 007eg — 39, 013¢; + 48, 659 — 11, 049eq + 36, 239, + 22, 875¢;; — 50,
11315 — 5, 9093 + 45, 491eyy + 25, 977e;5
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BA = —65, 533 + 11, 351e; — 34, 417e5 — 19, 1093 — 22, 465¢, + 21, 739%;
~12, 877eg + 39, 217e; — 64, 513eg + 12, 075eg — 34, T17e;q — 18, T77e;; + 58,

307e;5 + 22, 29513 — 13745, + 35, 35505
15 9% 15 s
(2 - zszg jeo + 225:12 es

15
—16ey + 2 E L6
S=

Proof. From the definition of A and B, and using the multiplication table

A2

BZ

for the basis of sedenions, we computed these results.

Theorem 3. For n > 1, r > 1, we have the following identities:

— 15
i My - M, =2") "~ 2%

s=0

Lo 15 15
. M, +M, = 3(2”)28:023es —22 0’
e e o OV15
iii. ML, ;- ML, =2 zs:()z e

—  _— 15 15
iv. ML, + ML, =3(2") ) Ozses+2z .

s= s=

Proof. From the definition

— 15 15
Mn+1 - Mn Z 5=0 Mn+s+les - s=0 Mn+ses

15
= ZS:O (Mn+s+1 - Mn+s)es

With M, ., - M, = 2", we get

— 15
My - M, =2" ) 2

Again, by using the identity M,,,; + M, = 3(2") - 2,

—  — 15 15
M, +M, = 3(2”)28102%8 —2)" " e

s=0 ¢
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Similarly, by using the identities ML,,; - ML, =2" and
ML, ,; — ML, = 3(2")+ 2 we obtain the results (iii) and (iv).

Theorem 4. (Catalan’s Identities). For any positive integers n and r such
that r < n, we get

BA
2 r

- —2
i M, .M, ,-M, =—2n[ +2AB(2’"‘1—1)}

Lo— e 2 BA 4
i. M, M, -M, =-2" [ZVBA r (1-2" )}
2 BA g

iii. ML,,, ML, , - ML, =2" [2—r +2AB(2" —1)}

AB
27‘

e —  _— 2
iv. ML, ,ML,,, - ML, =2" [ZrBA + (1- or-1 )}

15 e
s=0 "%

where A = Zio 2°¢; and B = )

Proof. Using binet formula for Mersenne sedenions and applying lemma

1, we have
— 2
M, M, ,-M, =(2""A-B)(2""A-B)-(2"A-B)
= —zn[ﬁ +2AB(E2 ! - 1)}
2

_ e 2 BA 1
Similarly, M, .M, . —-M, =-2" {2’3A+2—r(1—2r+ )}

Also, by using the binet formula for Mersenne-Lucas sedenions and

applying Lemma 1, we obtain
- _— 3
ML, ML, ,—ML, =(2""A+B)(2""A+B)-(2"A+B)’

= zn{ﬁ +2AB(2"! - 1)}

27'
- s AB .
Similarly, ML, .ML,,.—- ML, =2" [2’ BA + 2—r(1 - )}
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Theorem 5. (Cassini’s Identity). For any positive integer n, we have

— —2 n

i M n

n

—_

) =2
ii. M, \M,,,—~M, =-2"[4BA-3AB]

n n

— —2
iti. ML, ML, , - ML, =2"1BA

- - - —2
iv. ML, | ML, ., - ML, =2"[4BA-3AB],

15 e
s=0"8°

where A = 225:02868 and B =)

Proof. By substituting r =1 in Catalan’s identity, we obtain these
identities.

Theorem 6 (d’'Ocagne’s Identity). For any positive integers m and n, if
m > n then

—

i M, M, -M,_ M, =2"(2""AB-BA)

ii. ML, ML, ., - ML, ML =3(2")(2" " AB+BA)

Proof. Using Binet formulas for Mersenne and Mersenne-Lucas

sedenions and Lemma 1, we obtain
M, M _-M,  M,=(2"A-B)2""A-B)- (2" A-B)(2"A- B)
= 2" BA - 2™ AB + 2" BA + 2™ AB

—2"BA + 2™ AB

2"(2"" AB — BA).

Similarly,

J—— P

ML, ML, - ML, ML =(2"A-B)2""'A+B)
—(2™1A+ B)(2"A + B)

= 2" BA + 2" AB + 2" BA + 2™ AB

Advances and Applications in Mathematical Sciences, Volume 21, Issue 1, November 2021



ON MERSENNE AND MERSENNE-LUCAS SEDENIONS 391

= 3(2")(2" " AB + BA)
Theorem 7. For any positive integer n, we have
1@2 _JEZ =22 AB and J/W_L\n2 +]1/4;2 — (22" A2 + B?)
Proof.
ML\nz —M;z =(2"A+B)? —(2"A- B)*
_ o242 B2 L on+l gAB _ 921 A2 _ B2 . on+l 4R
_ on+2 4R
ML, +M, =(2"A+B) +(2"A- By
_ 92142 . B2 L on+l g, 920 A2 L B2 _ontl R
= 2(2°" A% + B?)

Theorem 8. For any positive integers n, r and s, we have

ZWLn+rMn+s - mn+s Mn+r =2" (BA - AB)(ZS + 27")

Proof.

ML, M, s~ MLy, M,,,, = (2" A+ B)(2"** A~ B)
- (2"*A+B)(2"""A - B)
= 2"*%(BA - AB) + 2"""(BA - AB)
= 2"(BA - AB)(2° +2")
Theorem 9. For any positive integer’s n and r, we have
M, M, ~ ML, M, _, =2""7) (2% ~1) A-2"7 (2% ~1)(A + B)

M, ML,  —M, ML, B =22"") (2% _1)A—92"" (2% +1)(A- B)-2B

ML, ML, -ML ML, . =22"7) (2" +1)A+2"7 (2% +1)(A+B)+2B
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Proof. Using Binet formulas for Mersenne and Mersenne-Lucas

sequences, and Binet formulas for Mersenne and Mersenne-Lucas Sedenions

we obtain these relations.

(1]
(2]

(3]

(4]

(5]
(6]

(7
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