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Abstract

The oscillatory mean involving power exponential mean and power mean and its dual are
introduced. Further, different kinds of Schur convexities are discussed.

1. Introduction

For h, k are positive real numbers, then

h+Fk
2 b

2hk

1
m and Fi = (hhkk)h+k

Ah, k) = G(h, k) = Yhk, H(h, k) =
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are respectively called arithmetic, geometric, harmonic and power
exponential mean. Lokesha et al. introduced the oscillatory mean and rth
oscillatory mean in [3, 4]. Further studied the various remarkable
inequalities involving power mean, logarithmic mean and identric mean. Also
obtained the best possible values. Results on convexities and Schur conditions
are found in ([1, 2, 17, 19, 20, 21], [6]-[9]) and studies on power type means in
([10]-[17], [22, 23]).

For A >k >0,r be a real number, B e (0,1) then, oscillatory mean

involving power exponential mean and power mean is given by;

1
1 r r\r
Oper = Openplhs 1, B,7) = B(hhkk>h+k+a—ﬁ>(h - J Ly
and its dual is given by
B L 1-B)
Oy = Ofoplhs . B, 7) = (W) [h L j (1.2)

When r =1, the oscillatory mean involving power exponential mean and

arithmetic mean is given by;

1
- btk
Opemp = Opemplls . B.1) = B 1: (- ) 212 (1.3)
and its dual is given by
0 (@ hheyieh o (Bt R
Oy = Oyl e . 7) = (WP [ RER T, (1.4)

Various researchers have studied several homogeneous functions and
obtained some identities involving means and established remarkable mean

inequalities.

Lemma 1.1[22]. With usual notations, recall

(h k)(a“’ gg) > 0(< 0) (1.5)
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(nh - 1nk)(h% - k%) >0 (< 0) (1.6)
200 ;200
(h—k)(h %k %j > 0(< 0) (1.7)

are respectively called the Schur, Schur geometric and harmonic

convex(concave) conditions.
2. Results

In this section, Schur convexities of the rth oscillatory mean involving
power exponential mean and power mean and its dual are discussed. Further,
declared results when r =1 for oscillatory mean involving power exponential

mean and arithmetic mean.
Theorem 2.1. For h >k >0,r be a real number, B € (0,1) then, rt

oscillatory mean Opemp(h, k, B, ) and its dual Og,de)mp(h, k, B, r) are Schur

convex, if r > 1.

Proof. From the definition, the rth oscillatory mean of power exponential

mean and power mean is given by;

2.1)

1
1 —
hr kk r
Opemp = Opemp(h’ k, B, 7‘) = B(hhkk)h+k+ (1 - B)( ; J

By finding the partial derivatives w.r.t A and &, gives

1
=1
00 BE ] @-B (R kR
pemp 1 n
o _(h+k)2 [h+k+hlnk}+ 5 5 (2.2)

1
20 eyl (o, kYL
pemp _ _ BFy [h+k+hlnk}+ =P [h tk jr (2.3)

ok (h+ k)2 h 2 2
00 00
_ pemp pemp
Then for r > 1, (h k)[ h o j
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1,
__BR nh—1In (LB A"+ k"
_(h+2)2[h(1 h—1nk)(h - k)] ( . )( : J

AL Hh-k)>0

00,0mp 00 em F
Ifrzl,(h—k)[ pemp _ 7 pe p):(h‘i}e)z [h(nh-Ink)(h k)] > 0

Thus Schur convexity condition holds for » > 1. From the definition, the

dual rth oscillatory mean of power exponential mean and power mean is given
by;

B 1-B
OI(OCQMP = Ogie)mp(hv k, B, 7‘) = (hhkk)h+k * (h—;k) . (2.4)

Take log on both sides gives
1 _
n(0\%),,,) = (h%k) (hInh+kInk)+ (Tﬁj (n(A +K*)-1n2)  (@.5)

By finding the partial derivatives w.r.t A and &, gives

0% @ [ B 1|
% = Oée)mp_(h e (h+k+k(nh-Ink)+1-B)h _ (2.6)
aO(de)m d [ B r= ]
b Oée)mp_(h P (h+k+h(nh-Ink)+(1-pk 1_ 2.7)

Then for r > 1

d d
h-) 004ty 90ty
oh ok

- Ol BE=BIRA IR 4y (- by = )| > 0

r=1 (he k)(aoggma ~ aog]zmaJ _ (h ; kj[ﬁ(h - k()}L(le)— In k)} 50

Thus Schur convexity condition holds for r >1. Hence the proof of
theorem 2.1.
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Theorem 2.2. For h >k >0,r be a real number, B e (0,1) then, rth

oscillatory mean  Opeppy(h, k, B, 1) and its dual 0\9) (h, k, B, ) are

pemp

geometric-Schur convex, if r > 1.

Proof. From equations (2.1), (2.2) and (2.3), for r > 1, leads to

1
00 00 hpk\h+k
(Inh-1In k)(h pemp _, Pempj - BETRDME fan - 1 k) (2 - #2)
oh ok (h 4 k)

1
r r 7_1
+ hk(nh —1n k)] + (1 ‘Bj(h nal j (W —K")(Inh -1nk) > 0.

2 2
Ifr=1,
00 00
B pemp pemp
(Inh - 1In k) [h o k 7 j
1
B(n"k") %

e [(InA —Ink) (A% - k?) + hk(n h — In k)?].
+

Thus Schur geometric convexity condition holds for r > 1.

From equations (2.4), (2.5), (2.6) and (2.7) for r > 1, leads to

O0omp _, Ofomp
(Inh —1n k)[h 5 -k )
_ 0@ [B(hz k) (nh -Ink)+ 2hk(n h — In k)?
~ Ypemp

(h+k)
+(1-B)(nh-Ink)(h" - k)] > 0.

Ifr=1,
o0\d) o0\9)
_ pemp pemp
(Inh -In k)(h e

- ogie)mp{ﬁ(hz —k?)(Inh-1nk) 2 2hk(Inh - In k)Z} o
(h + k)
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Thus geometric-Schur convexity condition holds for r >1. Hence the
proof of theorem 2.2.

Theorem 2.3. For h >k >O0,r be a real number, B € (0,1) then, rth

oscillatory mean  Opepn(h, k, B, 7) and its dual Og,de)mp(h, k,B,r) are

harmonic-Schur convex, if r > 1.

Proof. From equations (2.1), (2.2) and (2.3), for r > 1, leads to

00,em 30, om
- e 2 e
BN () e e o
_W[(h_k) (h+ k)" + hk*(h — k)(h — k)(Inh — In k)
+

+ h22k(h — k)(Inh — In k) + 2k3(k — h)In k]

1
r r ;71
n (%j(h 42- k J (h _ k)(hr+1 _ kr+1) > 0.

00 00
_ _ 2 pemp 12 pemp
Ifr=1(h k)(h Lemp _ g —be j

_ B(hhkk)ﬁk

s bf [(h— kY (h + kY + hk*(h— k) (h - k)(Inh — In k)
N

+ h22k(h — k) (Inh — In k) + 2k3(k — h)In k]

+(1;B)(h—k)(h2 _k%) > 0.

Thus Schur harmonic convexity condition holds for r > 1.

From equations (2.4), (2.5), (2.6) and (2.7) for r > 1, leads to

(h- k)[hz Oponp _ 2 605’?’"1’]

oh ok
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Bi(h — k)2 (h + kY + hk(h® — E*)(Inh — In k)}
(h + k)

= Og)de)mp[

+1-B)(h—k) (A" —E )] > 0.

o\d) ) 20\

d
_ _ 2 pemp pemp
If r=1,(h-k)| h* =52 k=L
h—kPh+EY +hk(hZ —E2)(Inh-1Ink
:nge)mp[ﬁ{( ) (h + k)™ + hk( )(n A —In &)}

(h + kY
+(1=B)(h - k) (R - K2)] > 0.

Thus harmonic-Schur convexity condition holds for r >1. Hence the

proof of theorem 2.3.

(1]

(2]

(3]

[4]

(5]

(6]

(7

(8]

References

R. C. Lakshmi Janardhana, K. M. Nagaraja, R. Sampath Kumar and K. Murali, Schur
convexities and concavities of generalized heron means, International Journal of Pure
and Applied Mathematics 117(13) (2017), 69-79.

R. C. Lakshmi Janardhana, K. M. Nagaraja and V. Lokesha, Schur geometric convexity
of Stolarsky’s extended mean values, International Journal of Pure and Applied
Mathematics 114(1) (2017), 77-90.

V. Lokesha, S. Padmanabhan, M. Saraj and K. M. Nagaraja, Oscillatory mean for several
positive arguments, Journal of Intelligent System Research 2(2) (2008), 137-139.

V. Lokesha, Zhi-Hua Zhang and K. M. Nagaraja, rth oscillatory mean for several positive
arguments, International J. Phy. Sci. 18(3) (2006), 5619-522.

V. Lokesh, K. M. Nagaraja, B. Naveen Kumar and Sandeep Kumar, Solution to an open
problem by Rooin, Notes on Number Theory and Discrete Mathematics 17(4) (2011), 33-
36.

V. Lokesh, K. M. Nagaraja, B. Naveen Kumar and Y. D. Wu, Shur convexity of Gnan
mean for positive arguments, Notes on Number Theory and Discrete Mathematics 17(4)
(2011), 37-41.

V. Lokesha, B. Naveen Kumar, K. M. Nagaraja, Abdelmejid Bayad and M. Saraj, New
means and its properties, Proceedings of Jangjeon Mathematical Society 14(3) (2010),
243-254.

V. Lokesha, K. M. Nagaraja, B. Naveen Kumar and S. Padmanabhan, Extension of
homogeneous function, Tamsui Oxford Journal of Mathematical Sciences 26(4) (2010),
443-450.

Advances and Applications in Mathematical Sciences, Volume 22, Issue 6, April 2023



1124 SAMPATH, NAGARAJA, CHETHANKUMAR, NANDINI and CHINNI

[9]

(10]

(11]

(12]

[13]

(14]

(18]

(16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

V. Lokesha, K. M. Nagaraja and Y. Simsek, New inequalities on the homogeneous
functions, J. Indone. Math. Soc. 15(1) (2009), 49-59.

K. M. Nagaraja, R. Sampathkumar and B. Venkataramana, Properties of power
exponential mean and its invariant mean, International Journal of Science, Technology,
Engineering and Management 3(2) (2021), 19-24.

K. M. Nagaraja, S. Ramachandraiah and V. Siddappa, Power exponential mean labeling
of graphs, Montes Taurus Journal of Pure and Applied Mathematics 3(2) (2021), 70-79.

K. M. Nagaraja, S. Araci, V. Lokesha, R. Sampath Kumar and T. Vimala, Inequalities for
the arguments lying on linear and curved path, Honam Mathematical Journal 42(4)
(2020), 747-755.

K. M. Nagaraja, V. Lokesha and S. Padmanabhan, A simple proof on strengthening and
extension of inequalities, Advanced Studies in Contemporary Mathematics 17(1) (2008),
97-103.

K. M. Nagaraja and P. S. K. Reddy, Logarithmic convexity and concavity of some double
sequences, Scientia Magna 7(2) (2011), 78-81.

K. M. Nagaraja and Sudhir Kumar Sahu, Schur geometric convexity of Gnan mean for
two variables, Journal of the International Mathematical Virtual Institute 3 (2013), 39-
59.

K. M. Nagaraja, P. S. K. Reddy and K. Sridevi, Schur harmonic convexity of Gnan mean
for two variables, Journal of the International Mathematical Virtual Institute 3 (2013),
61-80.

K. M. Nagaraja and Sudhir Kumar Sahu, Schur harmonic convexity of Stolarsky
extended mean values, Scientia Magna 9(2) (2013), 22-34.

K. M. Nagaraja and T. Vimala, Convexity and concavity of means, International Journal
of Research-Granthaalayah 5(4) (2017), 92-97.

B. Naveen Kumar, Sandeep Kumar, V. Lokesha and K. M. Nagaraja, Ratio of difference
of means and its convexity, International Journal of Mathematics and Engineering 2(2)
(2011), 932-936.

R. Sampath Kumar and K. M. Nagaraja, The convexities of invariant contra harmonic
mean with respect to geometric mean, International Journal of Pure and Applied
Mathematics 116(22) (2017), 407-412.

K. Sridevi, K. M. Nagaraja and P. Siva Kota Reddy, Note on different kinds of Schur
convexities of Heinz type mean, Proceedings of the Jangjeon Mathematical Society 23(4)
(2020), 479-484.

B. S. Venkataramana, K. M. Nagaraja, R. Sampath Kumar and A. M. Hejib, The
properties of one parameter power exponential mean and its invariants, Advances and
Applications in Mathematical Sciences 20(7) (2021), 1197-1208.

B. S. Venkataramana, K. M. Nagaraja, R. Sampath Kumar and A. M. Harish, The
Ky-Fan type in-equalities for power exponential mean and its invariant, GIS Science
Journal 8(1) (2021), 106-115.

Advances and Applications in Mathematical Sciences, Volume 22, Issue 6, April 2023



