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Abstract

In the mathematical field of graph theory, the distance between two vertices in a graph is
the number of edges in a shortest path connecting them. This is also known as the geodesic

distance. The reciprocal Gd-distance (Rde(G)) of a graph G is defined as,
Rd%d (G)z [deg x + deg y + L] In this paper, we determine the exact value of the
{x, 5} V(G) dg

reciprocal Gd-distance of the tensor product and the strong product of two graphs.
1. Introduction

Throughout the article we consider nontrivial, finite, simple and
connected graphs. Given an undirected graph G = (V(G), E(G)), with vertex

set V(G) and edge set E(G). The first Zagreb index is defined as
M, (G) = ZuveE(G) [dg(w)+dg(v)l The first Zagreb coindex is defined as

My(G) =3 g6 (@) + do ()]
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Chartrand et al. introduced the concept of detour distance, D(u, v), which
is the length of the longest path between u and v. The Dd-distance was
introduced by A. Anto Kinsley and P. Siva Ananthi. If u, v are vertices of a

connected graph G Dd-length of a u—v path is defined as DP d(u, v)
= D(u, v) + deg (1) + deg (v).

V. Maheswari et al. introduced the concept of Gd-distance by considering
the length of the shortest path between u and v in addition to degree of end
vertices. Set u, v be the vertices of a graph G, then the Gd-length of a u —v
path is defined as d®%(u, v) = d(u, v) + deg (w) + deg (v). The Gd-distance of a

connected graph G is defined as
Gd _
d7G) = Z{x, SeV(E) [d(x, ¥) + deg x + deg y].

The reciprocal Gd-distance for a connected graph G is defined as

Rd¢ d(G) = deg x + deg y + ] The Harary index of a

1
dg(x, y)

graph G, denoted by H(G), is defined as the sum of reciprocals of distances

2 {x, ¥} VI(G) [

between all pairs of vertices of a connected graph. That is,

H(G) = Zu,veV(G)m' The reciprocal Gd-distance for a connected

graph G can also be defined as Rd“4G) = H(G) + (n - l)z 1eV(G) deg .

Graph products became an interesting area of research, and different
types of products have been worked out in graph theory. The tensor product
was introduced by Alfred North Whitehead and Bertrand Russell in their
Principia Mathematica (1912). The tensor product G x H of graphs G and H
is a graph such that the vertex set G x H 1is the Cartesian product of
V(G) x V(H) and vertices (u, v) and (x, y) are adjacent in G x H if and only

if u 1s adjacent to x and v is adjacent to y.

The strong product GX H of graphs G and H is a graph such that the
vertex set of GXH is the Cartesian product V(G)x V(H); and distinct
vertices (u, v) and (x, y) are adjacent in GX H if and only if:
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(1) v = x and v is adjacent to y, or
(1)) v = y and u is adjacent to x, or
(i11) v is adjacent to x and v is adjacent to y.

In this paper, the exact formula for the reciprocal Gd-distance of the
tensor product and the strong product of two graphs are obtained. The basic

tools in our analysis are the following results.

Lemma 1.1 [6]. Let G be a connected graph on n > 2 vertices. For any

pair of vertices x;j, xp, € V(G x K,.), r > 3.
Q) If vu, € E(G), then
L ifj=p
daxk, (xij» Xrp) =12, if j = pand vy, is onatriangle of G
3, if j = pandv;vy isonatriangle of G
(i) If vjvy, ¢ E(G), then dguk, (%, xrp) = dg(v;, vg)
(111) dGXKr (.’XJU, xlp) = 2.

Lemma 1.2 [6]. Let G be a nontrivial connected graph and
K=K, . .. Lt H=GxK and let (u;, v;) e V(H) and let vj € V;.

n-1" J

Then the degree of (u;, v;) is dg(u;, vj) = dg(u; )k (v;) = dg(w;) (r — ;).
2. Main Results

2.1. Reciprocal Gd-distance of tensor product of graphs

In this section, we compute the reciprocal Gd-distance of G x K,..

Theorem 2.1.1. Let G be a connected graph with n > 2 vertices and m

edges. Then

ROYG x K.) = %r{(r ~D)lm(r ~1)+ & + 2M,(G) + 2M(G)
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n-1 1
4(n -1 -1)e(G) + 2H(G . -—
-0 HO) 2@ Y gt
wiupeE(G)

+Zlk0 2 szo _’

izk
ujup ek uluk eEq

where r > 3 and ¢(G) = | E(G)|.
Proof. Set V(G) = {iy, ug, ...u,} and V(K,) = {v, vg, ..., U, }.
Let x;; denote the vertex (u;, v;) of G x K,.

The degree of the vertex x;; in GxK, is dg(y)dg, (vj), that is

dgxk, (x;j) = (r = 1)dg(x;). By the definition of reciprocal Gd-distance

ROYG x K,)

1

1
== d x;;)+d Xpp)+ —F———
2 inj,xkpewaxx,)[ Gk, (%) + Ak, (rp) daxk, (Xij> Xpp)

1
daxk, (Xijs Xip)

= %{Z Z/ p 0 deK (xz]) + deK (xlp)

1

> oY 1[d (%)) + dowr, (%)
+ e . X;:) + Xpi)+ ——F——
i, k=0 j= Gx K, \*ij Gx K, \*kj deK,(xij’ xkj)

izk

1

o0 > da, (57) + dgrc, (xip) +
+Zl’k=0 j=0 XK Xij) T GGk, Sk ) g e )

1=k
1
= §(A1 +A2 +A3), (1)

where A; to Ag are the sums of the above terms, in order. We shall calculate

A; to As of (1) separately. First we compute A4;

1
daxk, (xij> Xip)

4 = Z Z] p 0 deK (xlj) + deK (xlp) +

For this initially we compute
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, r-1 1
A = z/ig O[deK (xU)+ deK (xlp)+ m

Zl p=0ldg(w;)(r —=1) + dg(u;) (r - 1)+—] by lemmas 1.1 and 1.2.
J%D

= (- Vdg()2(3) + 5 2(5)

= 2r(r - VPdg () + Y
Now A; = Z:ol [2r(r — 1)2dg(w;) + r(rT—l)]

= dmr(r —-1)% + nr(r D) 2

Next we compute A,

1

r—1
Ay = ZL . oz [deK (xy) + deK (xkj) + m]

For this initially we compute

n-1 1
Ay = d xX;;) + d Xpi)+ 55—
2 leié 0[ GxK, ( l]) GxK, ( k]) dGXKr(xij’ xk])

Let E; = {uv € E(G)luwv isona Cg in G} and Ey = E(G) - E;

1

n-1
o d Xij) + doxk, (Xpj) + 7—F——
Now Aj E [dxx, (xij) + doxk, (k) daxk, (Xij Xpj)

i, k=0

n-1 1
- Zii; o 160a) 0 1)+ dalue) 1)+ el
wupeE(G)

n-1 1
* Zhi,i_o [de(u;)(r —1) + dg(ug)(r —1) + §]
Z‘Euk S
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i,k=0
i=k
ujup€Eo

1)21 oo 16) o] + 2 ~DM(G)

uluk ¢E(G)

n-1 n-1

+ E .
i, k=0 Z =0 Zl k 0
R dG(uu uy,) 2

uju, e E(G) uluk ek uluk €E2

+ Zfl_l [dg(u;)(r —1) + dgug)(r —1) + %], by lemmas 1.1 and 1.2.

Now,

Ay =1(r 1>Zlk o ldow)+daluw)]+ 2r(r = 1)My (G)

ulukeE(G)
Site mm T 3k 30
+7ry . Ty . =+ =...
il;tizo da (ui, uk) il;tizo 2 i, k=0 3
ujup £E(G) uiup €k uif;]é@n
Now we compute Ag
n—-1 r-1 1
A b [doxr. () + daeg. (xpp) + 5—F—
32 k=0 2 poolda K, (xij) + doxk, (Xrp e
For this initially we compute
1
A [doxk. () + daxr. (1) + 55—
32;1@0 0 lYGxK, ( l]) GxK, ( kp) dGKr(xij’xkp)]
n-1 1
Zi r—olda(w;)(r —1) + dg(up)(r -1) + =———], by lemmas 1.1 and
ek da(w;,ur,)
1.2.
(=12 ol () + dote)+ o gy
=(r- he u; u —_—
E;tkk_o G\ G\Y%L i, k= OdG(uz’uk)
=4(n -1)(r -1)e(G) + 2H(G)
Now
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Ag = Z] p0[4(n -1)(r - 1)e(G) + 2H (G)]

J#D
= 4r(r —12(n - 1)(G) + 2r(r - 1)H(G) (4)
Using (2), (3) and (4) in (1) we have

1
:E[Al + Ag + Ag]

= Lamrr -2 0D G )Y (o) + dal)

i1#k
wiup2E(G)
n-1 1 n-1 1 n-1 1
+2r(r—1)M1(G)+rz. —+rz. —+rz. =
1, k=0 . 1, k=0 1,k=0
ixk de (s, uy,) e 2 L 8
wiu, 2E(G) wu,ekE; wupeEy

+4r(r -1 (n - 1)e(G) + 2r(r - 1)H(G)}
= % r{(r - 1)[Am(r - 1) + % +2M,(G) + 2M,(G) + 4(n - 1) (r — 1)&(G) + 2H(G))]

n-1 n-1 1}
+ . , =y
: :L,k=0 Zlk 0 1,k=0
ik dG(u“ ) 2 ik 3

wu, 2E(G) u; uk ek, wupekE,y

Thus

ROYGxK,) = %r{(r 1)+ % +2M,(G) + 2M,(G) + 4(n - 1) (r —1)&(G)

2HG)+ S oL wn
i " , . = where
i, k=0 Zl k 0 1,k=0 ’
ixk dG(u“ ) 2 I
wu, ¢E(G) u; uk ek, wiuy ek,
rz3.

2.2. Reciprocal Gd-distance of Strong Product of Graphs. In this
section we compute the reciprocal Gd-distance of the strong product Gy K Gy

of the graphs G; and Gs.

Theorem 2.2.1. Let G be a connected graph with n vertices and m edges.
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Then RA°YGRK,) = r[2mnr® — 2mr + n?r? - % nr+ %n —n?r + rH(G))

Proof. Let V(G) = {uy, uo, ..., u,} and V(K,)={v, vg, ..., U.}. The
degree of the vertex x;; in GRK, is dg(y;)+dg, (vj)+dg(w;)dg (v)), that

is dgmk, (x;) = rdg(u;) + (r - 1).

For any pair of vertices x;, x3, € V(GRK,), dgrk, (¥, xjp) =1 and
damk, (xij, Xpp) = da(w;, up).

By the definition of reciprocal Gd-distance
RA“YGRK,)

1
dawk, (%ijs Xrp)

=3 zxij,kaEV(GgKr)[deK, () + dowmk, (rp) +

1
dowk, (Xij Xpp)

n-1
22 Z;p O[dGﬁK (xz])"'dGIZK (xzp)+

n-1 n-1 1
+ ) ik . Ndork (xij) + dogrk (xg;) +
Zii’t]}: 0 L joo ORI RGRIG R g i, (i, %)
n-1 n-1 1
+ ) i k=0 oldomk, (xij) + damk, (xpp) +
Zil;tk ]]7:5 Y P7 dagrk (%, Xpp)
1
=5 (A + Ay + Ag) (5)

where A; + Ay + Ag are the sums of the above expression, in order.

First we calculate

1

n-1
4 = Z Z] p= o[dG&K (xz])+dG&K (xzp)+m

J#D
For this initially we compute

1

r-1
Al = - _old x;;)+d D B S sw—
1 ZJ,P—O[ G@Kr( i) G&Kr( in) dGlXK,(xij’xip)

J#D
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r-1
= > ip-ol2rdg(u;) + 200 1) +1]
J#D

= 2r‘2(r - 1)dG(ui) + 27‘(7‘ _ 1)2 i 7‘(7‘ _ 1)
4 = z ?:—01 [2r2(r - 1)dg(y;) + 2r(r = 1% + r(r - 1)]

= 4mr?(r = 1)+ 2nr(r — 1) + nr(r — 1)
= r(r —1)[4mr + 2nr — n] (6)
Now

1

Ay =300 D Wdow, (xij) + dgm, (o) + 71—
9 = i, k=0 . GRK, \Xjj)taAgr K, \XEj) +
; Jj=0 P P dark, (%, X))

ik

First we compute

n-1 1
Ay =i old x;i)+d )b
2 iL;;sz[ G&Kr( L]) G&K,( kj) dG&K,(xij’xkj)

- Ziz}gio e ) + (1) + rdl ) + 5]

=2mr(n — 1)+ 2mr(n - 1) + 2n(n - 1)(r — 1) + 2H(G)
=4mr(n-1)+2n(n-1)(r —1) + 2H(G)
Now

Ay = Z;:; [4mr(n 1) + 2n(n - 1) (r — 1) + 2H(G))]

= 4mr’(n - 1) + 2nr(n — 1) (r — 1) + 2rH(G)
= 2r2mr(n —1) + n(n - 1) (r - 1) + H(G)] (7)
Eventually we calculate

1
dar K, (*ij Xpp)

n-1 n-1
Ay = Z;‘,k:o j.p=0lderk, (%) + derk, (Xpp) +
lip ]#p
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First we compute

, r-1 1
Az = ij;tg:o ldowmk, (%) + dow K, (Xkp) + dom . i )

r—1 1
- Zj,p=0 [rdg(u;)+ (r —1)+ rdg(ug,) + (r =1) + Do)

= r2(r - 1)dg(uj) + r(r - 17 + r%(r — 1)dg () + r(r — 1)

1

N ey

Now As = Z;,_I::O [r2(r -1)dg(u;) + rz(r -1)dg(ug) + 2r(r - 1)2
1#

L

+rir 1) dg(u;, up,)

=2mr?(r-1)(n - 1)+ 2mr?(r = 1)(n — 1) + 2r(r = 1)?n(n — 1)
+2r(r — 1)H(G)
= 2r(r —1)[2mr(n - 1) + n(n - 1) (r — 1) + H(G)]
(8) Using (6), (7) and (8) in (5), we have
A- %(A1 LAy + Ag)

1
=5 {r(r —1) [4mr + 2nr — n]

+2r2mr(n -1)+n(n —-1)(n - 1)(r - 1) + H(G)]

+2r(r —=1)[2mr(n - 1) + n(n - 1) (r —1) + HG)]}

- %[—nr2 — 4mr® + nr + amnr® + 2n%r3 - 2n%r% + 2r2H(G))

= r[2mnr? - 2mr + n?r? - % nr+ % n—n’r + rH(G)]

Thus
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®



RECIPROCAL GD-DISTANCE OF PRODUCT GRAPHS 2253

RAYGRK,) = r[2mnr® — 2mr + n%r® — Lorsln_n2rs rH(G)]

(1]

(2]

(3]

(4]

(5]

(6]

(7

(8]

2 2
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