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Abstract 

In the mathematical field of graph theory, the distance between two vertices in a graph is 

the number of edges in a shortest path connecting them. This is also known as the geodesic 

distance. The reciprocal Gd-distance   GRdGd  of a graph G is defined as, 

   
   

.
1

degdeg
, 


GVyx G

Gd

d
yxGRd  In this paper, we determine the exact value of the 

reciprocal Gd-distance of the tensor product and the strong product of two graphs.  

1. Introduction 

Throughout the article we consider nontrivial, finite, simple and 

connected graphs. Given an undirected graph     ,, GEGVG   with vertex 

set  GV  and edge set  .GE  The first Zagreb index is defined as 

      
  


GEuv GG vdudGM .1  The first Zagreb coindex is defined as 

      
  


GExy GG ydxdGM .1   
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Chartrand et al. introduced the concept of detour distance,  ,, vuD  which 

is the length of the longest path between u and v. The Dd-distance was 

introduced by A. Anto Kinsley and P. Siva Ananthi. If vu,  are vertices of a 

connected graph G Dd-length of a vu   path is defined as  vuDDd ,   

     .degdeg, vuvuD   

V. Maheswari et al. introduced the concept of Gd-distance by considering 

the length of the shortest path between u and v in addition to degree of end 

vertices. Set vu,  be the vertices of a graph G, then the Gd-length of a vu   

path is defined as        .degdeg,, vuvudvudGd   The Gd-distance of a 

connected graph G is defined as  

    
    


GVyx

Gd yxyxdGd
,

.degdeg,  

The reciprocal Gd-distance for a connected graph G is defined as 

  
 


   

.
,

1
degdeg

, 


GVyx
G

Gd

yxd
yxGRd  The Harary index of a 

graph G, denoted by  ,GH  is defined as the sum of reciprocals of distances 

between all pairs of vertices of a connected graph. That is, 

 
   


GVvu

G vud
GH

,
.

,

1
 The reciprocal Gd-distance for a connected 

graph G can also be defined as      
 

.deg1 


GVy

Gd ynGHGRd   

Graph products became an interesting area of research, and different 

types of products have been worked out in graph theory. The tensor product 

was introduced by Alfred North Whitehead and Bertrand Russell in their 

Principia Mathematica (1912). The tensor product HG   of graphs G and H 

is a graph such that the vertex set HG   is the Cartesian product of 

   HVGV   and vertices  vu,  and  yx,  are adjacent in HG   if and only 

if u is adjacent to x and v is adjacent to y.  

The strong product HG  of graphs G and H is a graph such that the 

vertex set of HG  is the Cartesian product    ;HVGV   and distinct 

vertices  vu,  and  yx,  are adjacent in HG  if and only if:  
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(i) xu   and v is adjacent to y, or  

(ii) yv   and u is adjacent to x, or  

(iii) u is adjacent to x and v is adjacent to y.  

In this paper, the exact formula for the reciprocal Gd-distance of the 

tensor product and the strong product of two graphs are obtained. The basic 

tools in our analysis are the following results.  

Lemma 1.1 [6]. Let G be a connected graph on 2n  vertices. For any 

pair of vertices   .3,,  rKGVxx rkpij   

(i) If  ,GEvv ki   then  

 
















Goftriangleaonisvvandpjif

Goftriangleaonisvvandpjif

if

xxd

ki

kikpijKG r

,3

,2

pj,1

,  

(ii) If  ,GEvv ki   then    kiGkpijKG vvdxxd
r

,,    

(iii)   .2,  ipijKG xxd
r

  

Lemma 1.2 [6]. Let G be a nontrivial connected graph and 

.
110 ,,, 


nrrrKK   Let KGH   and let    HVvu ji ,  and let .jj Vv   

Then the degree of  ji vu ,  is          ., jiGjKiGjiH rrudvdudvud    

2. Main Results 

2.1. Reciprocal Gd-distance of tensor product of graphs 

In this section, we compute the reciprocal Gd-distance of .rKG    

Theorem 2.1.1. Let G be a connected graph with 2n  vertices and m 

edges. Then  

         GMGM
n

rmrrKGR r
Gd

11 22
2

141
2

1
(    
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       
 

 









1

0, ,

1
2114

n

GEuu
ki
ki

kiG

ki

uud
GHGrn

  














1

0,

1

0,

1 2

,
3

1

2

1n

Euu
ki
ki

n

Euu
ki
ki

ki ki

  

where 3r  and     .GEG    

Proof. Set    nuuuGV ,, 21  and    .,,, 21 rr vvvKV    

Let ijx  denote the vertex  ji vu ,  of .rKG   

The degree of the vertex ijx  in rKG   is    ,jKiG vdud
r

 that is 

     .1 iGijKG udrxd
r

  By the definition of reciprocal Gd-distance  

 r
Gd KGR    

    
 


 


 

 
rKGVkpij r

rrxx kpijKG
kpKGijKG xxd

xdxd
, ,

1

2

1
 

     
  











 

1

0

1

0, ,

1

2

1 n

i

r

pj
pj

ipijKG
ipKGijKG xxd

xdxd
r

rr
  

    
  








 
 

1

0,

1

0 ,

1n

ki
ki

r

j kjijKG
kjKGijKG xxd

xdxd
r

rr
 

    
 

 







 
 

1

0,

1

0 ,

1n

ki
ki

r

j kpijKG
kpKGijKG xxd

xdxd
r

rr
 

  )1(,
2

1
321 AAA    

where 1A  to 3A  are the sums of the above terms, in order. We shall calculate 

1A  to 3A  of (1) separately. First we compute 1A  

    
 

 










 

1

0

1

0,1 ,

1n

i

r

pj
pj

ipijKG
ipKGijKG xxd

xdxdA
r

rr
 

For this initially we compute  
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    
 








 

1

0,1 ,

1r

pj
pj

ipijKG
ipKGijKG xxd

xdxdA
r

rr
  

         



 

1

0, 2

1
11

r

pj
pj iGiG rudrud  by lemmas 1.1 and 1.2.  

       rr
iG udr 22 2

2

1
212    

   
 

2

1
12

2 


rr
udrr iG  

Now     
 









1

0

2
1 2

1
12

n

i
iG

rr
udrrA  

 
 
2

1
14

2 


rnr
rmr  (2)  

Next we compute 2A   

    
 

 


 





 

1

0,

1

0
2 ,

1n

ki kjijKG
kjKG

r

j
ijKG xxd

xdxdA
r

rr
  

For this initially we compute  

    
 


kjijKG

kjKG

n

ki
ki ijKG xxd

xdxdA
r

rr ,

11

0,2







      

Let    uvGEuvE |1   is on a 3C  in G  and   12 EGEE    

Now     
 


kjijKG

kjKG

n

ki
ijKG xxd

xdxdA
r

rr ,

11

0,
2







    

 

 

      
 


kiG

KG

n

GEuu
ki
ki iG uud

rudrud

ki

,

1
11

1

0,








  

         
2

1
11

1

0,

1








rudrud KG

n

Euu
ki
ki iG

ki
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         ,
3

1
11

1

0,

2








rudrud KG

n

Euu
ki
ki iG

ki

 by lemmas 1.1 and 1.2.  

   

 

      GMrududr kG

n

GEuu
ki
ki iG

ki

1

1

0,
121  







  

 

 
























1

0,

1

0,

1

0,

21

3

1

2

1

,

1 n

Euu
ki
ki

n

Euu
ki
ki

n

GEuu
ki
ki

kiG

kikiki

uud
  

Now,  

          

 










1

0, 12 121
n

GEuu
ki
ki kGiG

ki

GMrrududrrA  

 

 

 3
3

1

2

1

,

1 1

0,

1

0,

1

0,

21
























n

ki

n

Euu
ki
ki

n

GEuu
ki
ki

kiG

nEjuiu
ki

kiki

rr
uud

r  

Now we compute 3A   

    
 

 











 

1

0,

1

0,3 ,

1n

ki
ki

r

kj
pj

kpijKG
kpKGijKG xxd

xdxdA
r

rr
 

For this initially we compute  

    
 





  
1

0
0,3 ,

1n

i
ki

kpijrG
kpKGijKG xxKd

xdxdA
rr

  

        
 

,
,

1
11

1

0,



 

n

ki
ki

kiG
kGiG uud

rudrud  by lemmas 1.1 and 

1.2.  

      
 









 

1

0,

1

0, ,

1
1

n

ki
ki

kiG

n

ki
ki kGiG uud

ududr   

       GHGrn 2114    

Now  
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        



 
1

0,3 2114
n

pj
pj GHGrnA  

         GHrrGnrr 12114
2

  (4)  

Using (2), (3) and (4) in (1) we have  

 3212

1
AAA    

  
 

      

 












1

0,
2

1
2

1
14

2

1 n

GEuu
ki
ki kGiG

ki

ududrrG
rnr

rmr   

   
 

 
























1

0,

1

0,

1

0,1

21

3

1

2

1

,

1
12

n

Euu
ki
ki

n

Euu
ki
ki

n

GEuu
ki
ki

kiG

kikiki

rr
uud

rGMrr   

         GHrrGnrr 12114
2

   

                GHGrnGMGM
n

rmrr 211422
2

141
2

1
11    

 

 

 






















1

0,

1

0,

1

0,

1 2

.
3

1

2

1

,

1 n

Euu
ki
ki

n

Euu
ki
ki

n

GEuu
ki
ki

kiG

ki kiki

uud
  

Thus  

             GrnGMGM
n

rrKGR r
Gd  11422

2
1

2

1
11  

 
 

 
























1

0,

1

0,

1

0,

21

,
3

1

2

1

,

1
2

n

Euu
ki
ki

n

Euu
ki
ki

n

GEuu
ki
ki

kiG

kikiki

uud
GH  where  

.3r   

2.2. Reciprocal Gd-distance of Strong Product of Graphs. In this 

section we compute the reciprocal Gd-distance of the strong product 21 GG   

of the graphs 1G  and .2G   

Theorem 2.2.1. Let G be a connected graph with n vertices and m edges. 
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Then     .
2

1

2

1
22 2222 GrHrnnnrrnmrmnrrKGRd r

Gd    

Proof. Let    nuuuGV ,,, 21   and    .,,, 21 rr vvvKV   The 

degree of the vertex ijx  in rKG  is        ,jKiGjKiG vdudvdud
rr

  that 

is      .1 rurdxd iGijKG r   

For any pair of vertices     1,,,  ipijKGrkpij xxdKGVxx
r  and 

   .,, kiGkpijKG uudxxd
r

  

By the definition of reciprocal Gd-distance 

 r
Gd KGRd    

    
 


  


rkpij r

rrKGVxx kpijKG
kpKGijKG xxd

xdxd
 


, ,

1

2

1
 

    
 

 







 

1

0

1

0, ,

1

2

1 n

i

n

pj
pj

kpijKG
ipKGijKG xxd

xdxd
r

rr


  

    
 

 










1

0,

1

0 ,

1n

ki
ki

n

j kjijKG
kjKGijKG xxd

xdxd
r

rr


  

    
 

 








 

1

0,

1

0, ,

1n

ki
ki

n

pj
pj

kpijKG
kpKGijKG xxd

xdxd
r

rr


  

 3212

1
AAA   (5) 

where 321 AAA   are the sums of the above expression, in order. 

First we calculate  

    
 

 







 

1

0

1

0,1 ,

1n

i

r

pj
pj

ipijKG
ipKGijKG xxd

xdxdA
r

rr


  

For this initially we compute  

    
 





 

1

0,1 ,

1r

pj
pj

ipijKG
ipKGijKG xxd

xdxdA
r

rr


   
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     



 

1

0, 1122
r

pj
pj iG rurd   

       11212
22  rrrrudrr iG  

        





1

0

22
1 11212

n

i
iG rrrrudrrA  

     11214
22  rnrrnrrmr  

   nnrmrrr  241  (6) 

Now  

    
 

 










1

0,

1

0
2 ,

1n

ki
ki

r

j kjijKG
kjKGijKG xxd

xdxdA
r

rr


   

First we compute  

    
 





 
1

0,2 ,

1n

ki
ki

kjijKG
kjKGijKG xxd

xdxdA
r

rr


  

      
 





 
1

0, ,

1
1

n

ki
ki

kiG
kGiG uud

urdrurd  

         GHrnnnmrnmr 21121212   

       GHrnnnmr 211214    

Now  

        





1

0
2 211214

n

j
GHrnnnmrA  

       GrHrnnrnmr 211214 2   

        GHrnnnmrr  11122  (7)  

Eventually we calculate  

    
 

 








 

1

0,

1

0,3 ,

1n

pi
ki

n

pj
pj

kpijKG
kpKGijKG xxd

xdxdA
r

rr


  
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First we compute  

    
 





 

1

0,3 ,

1r

pj
pj

kpijKG
kpKGijKG xxd

xdxdA
r

rr


  

        
 







1

0, ,

1
11

r

pj kiG
kGiG uud

rurdrurd   

           2222 1111  rrudrrrrudrr kGjG  

    
 kiG uud

rr
,

1
1  

Now           



 

1

0,
222

3 1211
r

i
ki kGiG rrudrrudrrA  

 
 


kiG uud

rr
,

1
1  

           112112112
222  nnrrnrmrnrmr  

   GHrr 12   

          GHrnnnmrrr  111212  (8) 

(8) Using (6), (7) and (8) in (5), we have  

 3212

1
AAAA   

    nnrmrrr  241
2

1
 

          GHrnnnnmrr  111122  

           GHrnnnmrrr  111212   

  GHrrnrnmnrnrmrnr 22232322 22244
2

1
  

  GrHrnnnrrnmrmnrr  2222

2

1

2

1
22   

Thus 
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    GrHrnnnrrnmrmnrrKGRd r
Gd  2222

2

1

2

1
22   
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