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Abstract 

In this paper, we prove some common fixed points for weakly compatible mappings 

satisfying generalized condition (B) on complex quasi-partial metric spaces. Some examples are 

given to illustrate the main results.  

1. Introduction 

The Banach contraction principle is one of the fundamental results of 

nonlinear functional analysis to prove the existence and uniqueness of fixed 

points of certain self-maps of metric spaces. There are many generalizations 
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of metric spaces such as partial metric spaces, generalized metric spaces, cone 

metric spaces, and quasi metric spaces. Recently, Azam et al. [4] obtained the 

generalization of Banach’s contraction principal by introducing the concept of 

complex valued metric space and established some common fixed point 

theorems for mappings involving rational expressions which are not 

meaningful in cone metric spaces.  

The partial metric was introduced by Matthews [12, 13], it differs from a 

metric in that points are allowed to have nonzero self-distances (i.e., 

  0, xxd  and the triangle inequality is modified to account for positive 

self-distance but the property of symmetric and modified version of triangle 

inequality is satisfied. Matthews [12, 13] obtained, among other results, a 

partial metric version of the Banach fixed point theorem. After the 

appearance of partial metric spaces, some authors started to generalize 

Banach contraction mapping theorem to partial metric spaces and focus on. 

Valero [18], Oltra and Valero [17], and Altun et al. [9] gave some 

generalizations of the result of Matthews. Partial quasi metric space was 

introduced by Künzi et al. [10] by dropping the symmetry condition in the 

definition of a partial metric. Karapinar et al. [11] called it a quasi-partial 

metric space and gave the first fixed point result in a quasi-partial metric 

space. Later, some more results on fixed point theory on partial metric spaces 

were published in [23]. 

The study of fixed point theorems concerning rational inequalities in 

complex valued metric spaces have been increasing vigorously [1, 2, 8, 9, 19 

and 20]. Along this direction, P. Dhivya et al. [8] introduced the notion of 

fixed point results on ordered complex partial metric spaces, which is broader 

than complex valued metric spaces. In this article, we prove some common 

fixed points of weakly compatible mappings satisfying generalized condition 

(B) on complex quasi-partial metric spaces. Our results generalize, extend 

and improve many results existing in the literature ([5-9, 16] and so on) 

illustrating the importance of the generalized condition (B) for quadruple of 

mappings in a complex quasi partial metric space. Two examples are given to 

illustrate this work.  
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2. Preliminaries 

Let  be the set of complex numbers and ., 21 zz  Define a partial 

order  on  as follows. 21 zz   if and only if      121 Im,ReRe zzz   

 .Im 2z   

Consequently, one can infer that 21 zz   if one of the following conditions 

is satisfied.  

(C1)        2121 ImIm,ReRe zzzz   

(C2)        2121 ImIm,ReRe zzzz   

(C3)        2121 ImIm,ReRe zzzz   

(C4)        2121 ImIm,ReRe zzzz   

In particular, we will write 21 zz   if 21 zz   and one of (C2), (C3) and 

(C4) is satisfied and we will write 21 zz   if only (C3) is satisfied.  

Definition 2.1 [4]. Let X be a nonempty set whereas be the set of 

complex numbers. Suppose that the mapping ,: CXXd   satisfies the 

following conditions.  

1.  yxd ,0   for all Xyx ,  and   0, yxd  if and only if yx    

2.    xydyxd ,,   for all Xyx ,  

3.      ,,,, yzdzxdyx    for all .,, Xzyx    

Then d is called a complex valued metric on X and  dX,  is called a 

complex valued metric space.  

Definition 2.2 [12, 13]. Let .oX   A partial metric is a function 

 RXXp :  satisfying  

1.    xypyxp ,,   (symmetry); 

2. if      ,,,,0 yypyxpxxp   then yx   (non-negativity and 

indistancy implies equality);  
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3.    yxpxxp ,,   (Small self-distances);  

4.        zypyxpyyzx ,,,,   (Triangularity); for all .,, Xzyx   

The pair  pX ,  is called a partial metric space.  

Each partial metric p on X generates a 0T  topology p  on with a base of 

the family of open-balls   ,0,:,   XxxBp  where  ,xBp   

      xxpyxpXy ,,:  for all Xx   and .0   

Definition 2.3 [10]. A quasi-partial metric is a function 
 RXXq :  

satisfying  

1.    xyqxxq ,,   (Small self-distances);  

2.    yxqxxq ,,   (Small self-distances);  

3. yx   iff    yxqxxq ,,   and    xyqyyq ,,   (Indistancy implies 

equality and vice versa);  

4.        zyqyxqyyqzxq ,,,,   (Triangularity);  

for all .,, Xzyx   The pair  qX,  is called a quasi-partial metric space. 

Note that, if    xyqyx ,,   for all ,, Xyx   then  qX,  becomes a partial 

metric space. It is easy to see that for a partial metric p on X, the function 

 RXXdp :  defined by  

       yypxxpyxpyx ,,,2,   

is a (usual) metric on X. Analogously for a quasi-partial metric p on X, the 

function  RXXdp :  defined by  

         yyqxxqxyqyxqyxdq ,,,,,   

is a (usual) metric on X.  

Definition 2.4 [6]. A complex partial metric on a non-empty set X is a 

function  CXXpc :  such that for all .,, Xzyx    

1.    yxpxxp cc ,,0  (small self-distances) 
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2.    yypyxp cc ,,   (symmetry) 

3.      yypyxpxxp ccc ,,,   if and only if yx   (equality)  

4.        zzpyzpzxpyxp cccc ,,,,   (Triangularity)  

For the complex partial metric cp  on X, the function  CXXdpc :  

given by  

     yypxxpyxpd ccpc ,,,2   

is a (usual) metric on X. Each complex partial metric cp  on X generates a 

topology pc  on X with the base family of open cp -balls 

   0,:,   XxxBp  where          xxpyxXyxB cpc ,,:,   

for all Xx   and .0  C   

Definition 2.5. A complex quasi partial metric on a nonempty set X is a 

function  CXXqpc :  which satisfies  

(CQPM1) If      ,,,, yyqpyxqpxxqp cc   that yx   (equality)  

(CQPM2)    yxqpxxqp cc ,,   (small self-distances) 

(CQPM3)    xyqpxxqp cc ,,   (small self-distances) 

(CQPM4)        ,,,,, zzqpyzqpzxqpyxqp cccc   for all .,, Xzyx   

(Triangularity)  

A complex quasi partial metric space (CQPMS) is equal to  cqpX ,  such 

that X is a nonempty set and cqp  is a complex quasi partial metric on X. Note 

that, if    yxqpyxq c ,,   for all ,, Xyx   then  cqpX ,  becomes a complex 

partial metric space.  

It is easy to see that for a complex partial metric cp  on X, the function 

 RXXdpc :  defined by  

       yypxxpyxpyxd cccp ,,,2,   

is a (usual) complex metric on X. Analogously for a complex quasi-partial 
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metric cqp  on X, the function  CXXdqpc :  defined by  

         yyqpxxqpxyqpyxqpyxd ccccqpc ,,,,,   

is a (usual) metric on X. Each complex quasi partial metric cqp  on X 

generates a topology ,qPc  on with the base family of open cqp -balls 

   ,0,:,   XxxBqp  where          xxqpyxqXyxB cqpc ,,:,   

 for all Xx   and .0  C   

Example 2.6. Let   ,0X  endowed with complex quasi partial metric 

cq  is defined by  CXXqc :  with       ,,max,max, xyxiyxyxq    

for all ., Xyx    

A complex valued metric space is a complex partial metric space. But a 

complex partial metric pace need not be a complex valued metric space. The 

following example illustrates such a complex partial metric space.  

Example 2.7 [6]. Let   ,0X  endowed with complex partial metric 

cp  is defined by  CXXpc :  with      ,,max,max, yxiyxyx    

for all ., Xyx    

It is easy to verify that  cpX,  is a complex partial metric space and note 

that self-distance need not be zero, for example   .011,1  i  Now the 

metric induced by cp  is follows,  

       yypxxpyxpyxd ccc ,,,2,   

without loss of generality suppose yx   then  

          ,,max,max2, iyyixxyxiyxyxd   for all ., Xyx   

therefore,   ., yxiyxyxdpc    

It is also true for complex quasi partial metric spaces.  

Example 2.8. The following example illustrates such a complex quasi 

partial metric space. It is easy to verify that  cqpX ,  is a complex quasi 

partial metric space and note that self-distance need not be zero, for     
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example   .022,2  ip  Now the metric induced by cqp  is              

follows,          yyqpxxqpyxqpyxqpyxp ccccc ,,,,,   without loss of 

generality suppose yx   then  

           yxyixyxyxiyxyxdqpc  ,max,max,max,max,  

     ,yiyyxixx   for all ., Xyx    

therefore,  

  ., yxiyxyxdqpc   

Theorem 2.9. Let  cqpX ,  be a complex quasi partial metric space, then 

 cqpX ,  is 0T  topology.  

Proof. Suppose Xyx ,  and ,yx   from condition (CQPM1) and 

(CQPM3) in Definition (3.1), we get    yxqpxxqp c ,,   or 

   .,, yxqpyyqp cc   We suppose that    ,,, yxqpxxqp   which implies 

that    .,,0 xxqpyxqp cc   Now let   Ccx  such that  xc0  

   .,, xxqpyxqp cc   So we find that. Then  xcxBx
cqp

 ,  and 

 ., xcxBy
cqp

  Then we conclude that  cqpX ,  is 0T  topology.    

Definition 2.10. Let  cqpX ,  be a complex quasi partial metric space 

(CQPMS). A sequence  nx  in a CQPMS  cqpX ,  is converges to ,Xx   if 

for every  0  there is N  such that for all Nn   we get 

   ., xBx qn   Then said to be a limit of  ,nx  which is denoted by 

xxn
n




lim  or   .xxn   

Lemma 2.11. Let  cqpX ,  be a complex quasi partial metric space and 

let  nx  be a sequence in X. Then  nx  is converges to Xx   if and only if 

    .,,  xxqpxxqp cn    

Proof. Suppose that  nx  converges to x, for a given real number ,0  

let  

22


 ic   



BALRAJ, KUMAR, GOVINDHARAJ and BALASUBRAMANIYAN 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 5, March 2022 

2628 

Then  c0  and there is a natural number N, such that 

 cxBx qn ,  for all Nn   i.e.  

   .,, xxpccxxqp nc    

So that when  

    .,,,  xxqpxxqpNn cnc  

It follows that  

     .,,  nasxxqpxxqp cnc  

Conversely, suppose that      .,,  nasxxqpxxqp cnc  For each 

,0  c  there exists a real number 0  such that for z   

.czz   

For this ,0  there exists N  such that, for all Nn   we have  

     xxqpxxqp cnc ,,  

which implies that  

   .,, xxqpcxxqp cnc    

for all .Nn   Hence nx  converges to x.   

Note that let  cqpX ,  be a complex quasi partial metric space. If  

     .,,  nasxxqpxxqp cnc  

Then  

     .,,  nasxxqpxxqp cnc  

Lemma 2.12. Let  cqpX , be a complex quasi partial metric space and let 

 nx  be a sequence in X. Then  nx  is a Cauchy sequence if and only if 

    .,,  xxqpxxq cmn   

Proof. Suppose that  nx  converges to x, for a given real number ,0  

let  
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.
22


 ic   

Then  c0  and there is a natural number N, such that 

 cxBx qpn ,  for all Nmn ,  i.e.  

   .,, xxpccxxqp mnc    

So that when  

    .,,,,  xxqpxxqpNmn cmnc  

It follows that  

     .,,  nasxxqpxxqp cnc  

Conversely, suppose that      .,,  nasxxqpxxqp cnc  For each 

,0  c  there exists a real number 0  such that for z  

.czz   

For this ,0  there exists N  such that, for all Nmn ,  we have  

     xxqpxxqp cmnc ,,  

which implies that  

   .,, xxpccxxqp mnc    

for all ., Nmn   Hence  nx  is a Cauchy sequence.  

Definition 2.13. Let  cqpX ,  be a complex quasi partial metric space 

CQPMS. A sequence  nx  in a CQPMS  cqpX ,  is called Cauchy if there is 

, c  such that for every 0  there is N  such that for all Nmn ,  

  .,  cxxqp mnc  

Lemma 2.14. Let  cqpX ,  be a complex quasi partial metric space. A 

sequence  nx  is Cauchy sequence in the CQPMS  cqpX ,  then  nx  is 

Cauchy in a metric space  ., cqpX  
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Proof. Let  nx  be a Cauchy sequence in  ., cqpX  There is  c  such 

that for every real ,0  there is ,N  for all Nmn ,  

  .
4

,


 cxxqp mnc   

Hence  

             cxxqpcxxqpcxxqpxxd nncmncmncmnqpc  ,,,,  

   ., cxxqp mnc   

for all ,, Nmn   we have  

  .,  cxxqp mnc  

That is  

   .,0,  mnasxxd mnq   

Let X be a complex quasi partial metric space and .XA   A point Xx   

is called an interior point of set A, if there exists  r0  such that 

        .,,:, ArxxqpyxqpXyrxB ccq   A subset A is called open, 

if each point of A is an interior point of A. A point Xx   is said to be a limit 

point of A, for every     .,,0 oxArxBr q    A subset XB   is 

called closed, contains all its limit points.  

Definition 2.15. Let  cqpX ,  be a complex partial metric space 

(CQPMS).  

(1) A CQPMS  cqpX ,  is said to be complete if a Cauchy sequence  nx  

in X converges, with respect to ,qPc  to a point Xx   such that 

   .,,lim
,

xxqpxxqp cmnc
mn




   

(2) A mapping XXT :  is said to be continuous at Xx 0  if for every 

,0  there exists ,0  such that      .,, 00 xTBxBT qpcqpc    

Definition 2.16. A subset of a complex quasi-partial metric space 

CQPMS  cqpX ,  is closed if whenever  nx  is a sequence in M such that 
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 nx  converges to some ,Xx   then .Mx   

Lemma 2.17. Let  cqpX ,  be a CQPMS. Then the following statement 

hold true.  

(1) If   ,0, yxqpc  then yx    

(2) If ,yx   then    0, yxqpc  and   0, xyqc   

Definition 2.18. Let A and S be self-mappings on a set X. A point Xx   

is called a coincidence point of A and S if ,wSxAx   where w is called a 

point of coincidence of A and S.  

Definition 2.19 [9]. Let X be a non-empty set. Two mappings 

XXSA :,  are said to be weakly compatible if they commute at their 

coincidence point, i.e., if SuAu   for some ,Xu   then .SAuASu   

Definition 2.20 [3]. Let A, B, S and T be four self-mappings of a quasi-

partial metric space  ., qx  The pair of mappings  SA,  satisfies generalized 

condition (B) associated with    SATB ,,  is a generalized almost  TB, -

contraction) if there exist  1,0  and 0L  such that for all Xzyx ,,  

we have  

        ,,,,,,max, TyByqpSxAxqpByAxqpTySxq ccc   

    


2

,, TyAxqpBySxqp cc 
 

        .,,,,,,,min SxByqpTyAxqpTyByqpSxAxqpL cccc  (3.1) 

3. Main Result 

Theorem 3.1. Let ,,   and  be self-mappings of a complex quasi-

partial metric space  ., cqpX  If the pair of mappings  ,  satisfies 

generalized condition (B) associated with  ,  for all Xzyx ,,  and we 

have 

1. XX    and ,XX     

2. X  or X is closed,  
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3.   ,12  L  then the pairs  ,  and  ,  have a coincidence 

point. Further,  ,,  and have a unique common fixed point, provided that 

the pairs  ,  and  ,  are weakly compatible.  

Proof. Let .0 Xx   Since ,XX    there exists a point ,1 Xx   such 

that .011 xxy    Suppose there exists a point 12 Txy   corresponding to 

this point .1y  Also since ,XX    there exists ,1 Xx   such that 

.122 xxy    Continuing in this manner, we can define a sequence  ny  

in X as follows  

,21212 nnn xxy     

.122222   nnn xxy   

Now  

   1222212 ,,   nncnnc xxqpyyqp   

      ,,,,,,max 121222122  nncnncnnc xxqpxxqpxxqp   

    
.

2

,, 122122   nncnnc xxqpxxqp 
 

      ,12,2,12,12,2,2min  nxnxqpnxnxqpnxnxqpL ccc   

    

   


2

,,,

,max2,12

2212122

122





nncnnc

nncc

yyqpyyqp

yyqpnxnxqp 

  

        12121221212122 ,,,,,,,min  nncnncnncnnc yyqpyyqpyyqpyyqpL  

       ,,min,,,,max 2222212122   nncnncnnc yyqpLyyqpyyqp  

      22212121212 ,,,,   nncnnnnc yyqpyyqpyyqp  

Now the following four cases arise:  

Case I. When  

      1222212122 ,,,,max   nncnncnnc yyqpyyqpyyqp  

and  
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      1221212222 ,,,,min   nncnncnnc yyqpyyqpyyqp  

then  

     2221222212 ,,,   nncnncnn yyLqpyyqpyyqp  

       ,12,,, 1222212122   nyqpynyyqpyqpLyyqp cncnncnnc  

      221212212 ,,   nncnncn yyqpLyypLy  i.e., 

       1222212 ,,1   nncnn yyqpLyyqpL  

i.e.,  

 
 
 

 .,
1

, 1222212  


 nncnnc yyqp

L

L
yyqp  

Now let  

 
 

,
11 L

L




  since   12  L  and ,0L  then .11   Therefore  

   .,, 12212212   nncnn yyqpyyq  

Case II. When  

      1222212122 ,,,,max   nncnncnnc yyqpyyqpyyqp  

and  

      .,,,,min 1221212222   nncnncnnc yyqpyyqpyyqp  

Then  

     12121222212 ,,,   nncnncnn yyLqpyyqpyyq  i.e., 

     1221222212 ,,,   nncnncnn yyLqpyyqpyyq  i.e., 

     .,, 1222212   nncnn yyqpLyyq  

Now let  .2 L  Since   ,12  L   then .12   Therefore  

   .,, 12222212   nncnn yyqpyyqp  

Case III. When  
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      22122212122 ,,,,max   nncnncnnc yyqpyyqpyyqp  

and  

      ,,,,,min 2221212222   nncnncnnc yyqpyyqpyyqp  

then  

     22222121212 ,,,   nncnncnn yyLqpyyqpyyqp  

or  

        22121222212 ,,,1   nncnncnn yyqpyyqpLyyqpc  

 1212 ,  nnc yyqp  

i.e.,  

     1222212 ,,1   nncnn yyLqpyyqL  i.e., 

 
  

 1222212 ,
1

1
,  

 nncnnc yyqp
L

yyqp  

 1212 ,  nnc yyqp  

Let 
  

,
1

1
3 L
  since   ,12  L  then .13   Therefore  

   .,, 12232212   nncnn yyqpyyqp  

Case IV. When  

      22122212122 ,,,,max   nncnncnnc yyqpyyqpyyqp  

and  

      ,,,,,min 12121212222   nncnncnnc yyqpyyqpyyqp  

then 

     121222122212 ,,,   nncnncnn yyLqpyyqpyyq i.e., 

     1222212 ,,1   nncnn yyLqpyyq i.e., 

 
 

 1222212 ,
1

,  
 nncnnc yyqp

L
yyqp  
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Let 
 

,
14 


L

  Since   ,12  L  then .14   Therefore  

   .,, 221241212   nncnn yyqpyyqp  

Choose  .,,,max 4321   Therefore 10   and we get  

     nncnncnn yyqpyyqpyyq 212212222212 ,,,    

   .,, 10
12

12223 yyqpyyqp c
n

nnc


    

So by induction we get  

   101 ,, yyqpyynqp c
n

n   

Which tends to 0 as n tends to .  

So  ny  is convergent and hence its subsequence    2222   nn xy   is 

also convergent to z. Let X  be closed.  

So ,Xz   i.e., there exists Xu   such that .Xz   We claim .uz   

If not, by using (3.1), we get  

 12, nc xuqp   

      ,,,,,,max 121212  nnccnc xxqpuuqpxuqp   

       ,,min,,
2

1
1212 uuqpLxuqpxuqp cncnc     

     .,,,, 12121212 uxqpxuqpxxqp ncncnnc    

Letting ,n  then  

           zuqpzzqpuuqpzuqpzuqp ccccc ,
2

1
,,,,,,max,    

          uzqpzuqpzzqpuuqpLzuqp ccccc  ,,,,,,,min,   

i.e.,  

     ,,, zuqpLzuqp cc    

a contradiction to (3). Hence,   ,0, zSuqp  i.e., .zSu    
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So ,uu    i.e.,  and  have a coincidence point. Since ,XX    

there exists Xv   such that .vuz     

We claim that .zv   If not, by using (3.1) we get  

           vuqpvvqpuuqpvuqpvuqp ccccc  ,
2

1
,,,,,,max,   

        ,,,,,,min, vuqpvvqpuuqpLvuqqp cccc    

 uvqpc  ,  

i.e.,  

             vzqpzzqpvzqpzzqpzzqpvzqp cccccc  ,,
2

1
,,,,,,max,   

        zzqpvzqpvzqpzzqpL cccc ,,,,,,,min   

i.e., 

     vzLqpvzqpvzqp ccc  ,,,   

i.e., 

     ,,, vzqpLvzqp cc    

a contradiction to (3). Hence,   ,0, vzq   i.e., .zv   So ,vv    i.e.,  

and   have a coincidence point.  

If we assume that X  is closed, then an argument analogous to the 

previous argument establishes that the pairs  ,  and  ,  have a 

coincidence point. Hence, .zvvuu     

Since  ,  and  ,  are weakly compatible,  

,zuuz    and 

.zvuz     

Now we will show that .zz   If not, by using (3.1) we get  

           vzqpvvqpzzqpvzqpvzqp ccccc  ,
2

1
,,,,,,max,   
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 vzqpc  ,  

        ,,,,,,,,min zvqpzzqpvvqpzzqpL cccc   

           zzqpzzqpzzdzzqpzzqp cccc ,,
2

1
,,,,max,    

        zzqpzzqpzzqpzzqpL cccc  ,,,,,,,min  

i.e., 

     zzLqpzzqpzzqp ccc ,,,    

i.e., 

     ,,, zzqpLzzqp cc    

a contradiction to (3). So   ,0, zzqpc   then .zz   Similarly we can 

prove that .zz   Hence, ,zzzzz    i.e., z is a common fixed 

point for  ,,  and .  

Uniqueness of the fixed point is an easy consequence of (3.1).   

Example 3.2. Let  2,0X  be a set endowed with complex quasi-

partial metric   ., yxiyxyxdqpc   Let ,  and  be self-

mappings defined by  



























,20,
4

3

10,
4

3

20,
8

5

10,
4

x

x
x

x

x

x
x

x   



























20,
8

1

10,
8

20,
4

1

10,
12

x

x
x

x

x

x
x

x   

Here  















8

5

4

1
,0 X  and .

4

3
,0






X  So XX  






8

1
,0  and 

.
4

1

12

1
,0 XX  














   
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The point 0 is a coincidence point of the four mappings. Further 

000    and ,000    i.e., the two pairs  ,  and  ,  

are weakly compatible.  

Case I. For  ,1,0, yx  we have  

 
812812

,
yx

i
yx

yxd
cqp   

.
4

3

44

3

45

4







 

yx
i

yx
 

Case II. For  ,1,0x  and  ,2,1y  we have  

  .
8

1

128

1

12
, 

x
i

x
yxd

cqp   

.
8

1

4

3

8

1

4

3

5

4







 

x
i

x
 

.
8

1

4

1

8

1

4

1

5

4







  i  

Case III. For  ,2,1  and  ,1,0y  we have  

  .
84

1

84

1
,

y
i

y
yxd

cqp   

.
4

3

44

3

8

5

5

4







 

yx
i

y
 

Case IV. For  ,2,1, yx   we have  

  .
8

1

4

1

8

1

4

1
,  iyxd

cqp   

.
8

1

4

3

8

1

4

3

5

4







  i  

Consequently, all hypotheses of Theorem 3.1 are satisfied (for 
5

4
  and 

)0L  and 0 is the unique common fixed point of  ,,  and .  
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If    and ,   we get the following corollary  

Corollary 3.3. Let  and  be self-mappings of a complex quasi-partial 

metric space  ., cqpX  If  satisfies generalized condition (B) associated with 

 for all Xyx ,  and we have  

1. ,XX     

2. X  is closed,  

3.   ,12  L  then  and  have a coincidence point. Further,  and  

have a unique common fixed point, provided that the pair  ,  is weakly 

compatible.  

Corollary 3.4. Let ,  and  be self-mappings of a complex quasi-

partial metric space  ., cqpX  If the pairs of mappings  ,  and  ,  

satisfy  

 yxq  ,  

      
    


2

,,
,,,,,,

yxqpyxqp
yyqpxxqpyxqpmax cc

ccc





  

for all Xyx ,  and we have  

1. ,XX    and ,XX    

 2. X  or X  is closed, then the pairs  ,  and  ,  have a 

coincidence point. Further,  ,,  and   have a unique common fixed point, 

provided that the pairs  ,  and  ,  are weakly compatible.  

Proof. The proof follows similar lines to the proof of Theorem 3.1, using 

.0L   

Corollary 3.5. Let A and T be self-mappings of a complex quasi-partial 

metric space  ., cqpX  If the pair of mappings  TA,  satisfies  

 
     
    















2

,,

,,,,,,
, TyAxqpAyTxqp

TyAyqpTxAxpqAyAxqp
maxTyTxq cc

ccc
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for all Xyx ,  and we have  

1. AXTX   

2. AX  is closed, then the pair  TA,  has a coincidence point. Further, A 

and T have a unique common fixed point, provided that the pair  TA,  is 

weakly compatible.  

Proof. The proof follows similar lines to the proof of Theorem 3.1, using 

BaL  ,0  and .TS    

Corollary 3.6. Let A and T be self-mappings of a complex quasi-partial 

metric space  ., cqpX  If the pair of mappings  TA,  satisfies  

    AyAxqpmaxTyTx c ,,   

for all Xyx ,  and we have  

1. AXTX   

2. AX  is closed, then the pair  TA,  has a coincidence point. Further, A 

and T have a unique common fixed point, provided that the pair  TA,  is 

weakly compatible.  

Proof. The proof follows similar lines to the proof of Theorem 3.1.  

Theorem 3.7. Let SBA ,,  and T be self-mappings of a complex quasi-

partial metric space  ., cqpX  If there exist  1,0  and ,0L  such that 

for all ,, Xyx   the pairs of mappings  SA,  and  TB,  satisfy  

          ,,,,,,,,, TyAxqpTyByqpSxAxqpByAxqpmaxTysxq cccc  

          .,,,,,,,, SxByqpTyAxqpTyByqpSxAxqpLminBySxqp ccccc   

(3.2) 

1.  AXTX   and BXSX   

2.   ,12  L  then the pairs  SA,  and  TB, have a coincidence point. 

Further, SBA ,,  and T have a unique common fixed point, provided that the 

pairs  SA,  and  TB,  are weakly compatible.  

Proof. It can be proved following similar arguments to those given in the 
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proof of Theorem 3.1.  

Example 3.8. Let   ,0X  be endowed with the complex quasi-partial 

metric:  

  ., yxiyxyxdqpc   and let SBA ,,  and T be mappings 

defined by  





















,1,1

10,
2

1,2

10,

x

x
x

Bx
x

xx
Ax  

























,1,
2

1

10,
5

1,1

10,
10

x

x
x

Tx
x

x
x

Sx  

Here we have  

    AXTX 













 21,0
2

1

5

1
,0   

    .1
2

1
,01

10

1
,0 BXSX 












   

The point is a coincidence point of the four mappings. Further 

000  SAAS  and ,000  BTTB  i.e., the two pairs  SA,  and  TB,  

are weakly compatible.  

Case I. For  1,0, yx  we have  

 
510510

,
yx

i
yx

TySxd
cqp   

 yxiyx  22
10

1
 

.
229

5







 

y
xi

y
x  

Case II. For  1,0x  and ,1y  we have  

 
210210

,
yx

i
yx

TySxd
cqp   
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.
5

1
2

1
9

5







 

y
i

y
 

Case III. For  1,0  and ,1x  we have  

 
2

1
1

5
1,  i

y
TySxd

cqp  

.
5

2
2

2
9

5







 

y
i

y
 

Case IV. For ,1, yx  we have  

 
2

1
1

2

1
1,  iTySxd

cqp  

 .1
9

5
i  

Consequently, all hypotheses of Theorem 3.2 are satisfied (for 
9

5
  and 

)0L  and 0 is the unique common fixed point of SBA ,,  and T.  

For BA   and TS   Theorem 3.2 reduces to following corollary  

Corollary 3.9. Let A and T be self-mappings of a complex quasi partial 

metric space  ., cqpX  If there exist  1,0  and ,0L  such that for all 

,, Xyx   the pair of mappings  TA,  satisfies  

 TyTxq ,   

          AyTxqpTyAxqpTyAyqpTxAxqpAyAxqp ccccc ,,,,,,,,,  

        .,,,,,,, TxAyqpTyAxqpTyAyqpTxAxqp cccc  (3.3) 

max   

minL   

1. ,AXTX     

2.   ,12  L  then the pair  TA,  has a coincidence point. Further, A 

and T have a unique common fixed point, provided that the pair  TA,  is 

weakly compatible.  
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