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Abstract 

In this paper, we study semicircular-like elements, and semicircular elements induced by 

arbitrarily fixed unital -C probability spaces, and p-adic analytic structures over p-adic number 

fields ,p  for primes p. 

1. Introduction 

In this paper, we study weighted-semicircular elements and semicircular 

elements induced by p-adic analysis over the p-adic number fields ,p  for 

,p  where   is the set of all primes in the set   of all natural numbers. 

The main purpose of this paper is to expand, or to generalize the 

constructions of semicircular-like laws and the semicircular law obtained 

from “non-traditional” free-probability-theoretic senses of [12] and [8], to 

those from “traditional” free-probability-theoretic senses by tensoring p-adic-

analytic structures with unital -C probability spaces. 

In other words, we are interested in universalized constructions of 

weighted semicircular elements and corresponding semicircular elements 
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over p-adic analysis on ,p  for .p  The constructions of such operators, 

themselves, are one of the main results of this paper; we also consider free 

distributions of free reduced words in our weighted-semicircular, and 

semicircular elements. 

Our main results illustrate close connections among number theory, 

operator theory, operator algebra theory, representation theory, dynamical 

system and quantum statistics, via free probability theory. 

1.1. Remark: Non-Traditional & Traditional Free-Probabilistic 

Approaches. In the beginning of Introduction, we mentioned about “non-

traditional senses of free probability theory.” Note that the (usual, or 

traditional) free probability theory provides noncommutative operator-

algebraic version of measure theory and statistics (e.g., [10], [12], [23] 

through [29], and [31] through [35]). But the -algebra p  and 

corresponding -C algebra pM  in the sense of [8], [11] and [12] are 

“commutative,” (Also, see Sections 3, 4 and 5 below), and hence, they have 

commutative functional analysis (determined up to suitable linear 

functionals on them). We applied free probability-theoretic “methods,” “tools,” 

and “concepts” to study such analysis on these algebras. Remark that, under 

such “non-traditional” senses, free probability theory well-covers 

commutative operator-algebraic cases of [8], [9], [11] and [12], however, 

freeness on commutative structures are trivial (which is not interesting in 

free-probability-theoretic operator-algebraic point of view); but, in earlier 

works, we were only interested in operators assigning semicircular-like laws 

and the semicircular law which can be nicely obtained-and-explained by free-

probabilistic settings and language. So, we used concepts and terminology 

from free probability theory there “non-traditionally.” But, also remark that 

such non-traditional approaches become traditional under free product in [8] 

and [11], and under tensor product on -W algebras in [9]. 

In this paper, with help of (non-traditional) free-probability-theoretic 

approaches of [8], [9], [11] and [12], we work on (traditional) free-probability-

theoretic structures under tensor products on Banach -algebras. 

1.2. Preview and Motivation. Relations between number theory and 

operator algebra theory have been studied in various different approaches 



SEMICIRCULAR-LIKE AND SEMICIRCULAR ELEMENTS … 

Advances and Applications in Statistical Sciences, Volume 13, Issue 1, November 2018 

3 

(e.g., [2], [10], [13], [14], [15], [18], [19], [20], [21], [22] and [30]). We cannot 

help emphasizing that, in particular, there are close connections between 

primes and operators. For example, in [10], we studied operator theory on 

Hecke algebras   ,2 pGL   where  XGL2  mean the general linear groups 

consisting of all invertible  -22 matrices over X, via representation theory 

and (traditional) free probability theory. 

In [12], the author and Jorgensen construct weighted-semicircular 

elements, and corresponding semicircular elements in a certain Banach        

-algebra pLS  induced from the -algebra p  consisting of all measurable 

functions on a p-adic number fields ,p  for any fixed prime .p  For a 

fixed prime p, one can obtain - many weighted-semicircular elements 

jpQ ,  in certain Banach -probability spaces  ,jpLS  for all .j  By doing 

suitable scalar-multiples on ', jpQ s, we obtained corresponding semicircular 

elements sjp ',  in  ,jpLS  for all .j  

In [8], the author constructed the free product Banach -probability space 

LS  of the system    ,,  jpp j LS  over both primes and integers (which is a 

“traditional” free-probability-theoretic structure), and studied weighted-

semicircular elements ,', sQ jp  and semicircular elements sjp ',  in ,LS  as 

free generators of .LS  The free distributions of free reduced words generated 

by sQ jp ',  and sjp ',  were characterized there. 

As an application of [8], in [11], we studied free stochastic calculus on 

LS  under the free stochastic motions (or free stochastic processes) 

determined by the weighted-semicircular laws and the semicircular law of 

[8]. 

In this paper, we will extend the frameworks of [8] under tensor products 

(in the traditional free-probability-theoretic senses), and generalize the 

results. 

1.3. Overview. In Sections 2, we briey introduce backgrounds of our 

works: free probability theory, and p-adic analysis. 
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Our (non-traditional) free-probabilistic models on p  is established and 

considered in Sections 3. And then, in Section 4, we construct suitable 

Hilbert-space representations of ,p  preserving the free-distributional data 

of Section 3 implying number-theoretic information. Under representation, 

corresponding -C algebras pM  and corresponding (non-traditional) -C

probabilistic structures are studied in Section 5. 

In Section 6, we introduce terminology and concepts about free products 

which will be used in Sections 7, 8, 9 and 10. 

In Section 7, from non-traditional -C probabilistic structures of Section 

5, we construct-and-study (traditional) -C probability spaces induced by 

tensor products with a unital -C probability space  ,A  and certain -C

subalgebras of sM p '  determined by both free probability on  ,, A  and p-

adic analytic free-probabilistic structures of Section 5. 

In Section 8, we construct our weighted-semicircular elements implying 

free-distributions from both  A,  and p-adic analysis. Under additional 

conditions, semicircular elements are naturally constructed from our 

weighted-semicircular elements. Free distributions for weighted-

semicircularity and semicircularity are studied there. And the main results of 

Section 8 are generalized under free product in Section 9. 

In Section 10, the free-distributional data of free reduced words and free 

sums generated by our (weighted)-semicircular elements are computed. 

2. Preliminaries 

In this section, we briefly introduce backgrounds of our proceeding works. 

For more about pure number-theoretic motivation and background, see [16] 

and [17]. 

2.1. Free Probability. Readers can check fundamental analytic-and-

combinatorial free probability from [26] and [35]. Free probability is 

understood as the noncommutative operator-algebraic version of classical 

probability theory and statistics. The classical independence is replaced to be 

the freeness, by replacing measures to linear functionals. It has various 

applications not only in pure mathematics (e.g., [23], [24], [25], [27], [28], 

[29], [32], [33] and [34]), but also in related fields ([1], [3] through [12]). 
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Here, we will use combinatorial free probability theory of Speicher (e.g., 

[26]). Especially, in the text, without introducing detailed definitions and 

combinatorial backgrounds, free moments and free cumulants will be 

computed. However, some important concepts will be introduced precisely, 

e.g., see Section 6 and Section 8.1. 

2.2. Calculus on .p  For more about p-adic analysis and Adelic 

analysis, see [31]. Let p  be a prime, and let   be the set of all rational 

numbers. Define a non-Archimedean norm 
p

  on   by 

,
1
kp

k
p

pb

a
px   

whenever ,
b

a
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The p-adic number field p  is the maximal p-norm closure in .  So, for 

the norm topology, the set p  forms a Banach space (e.g., [31]). 

All elements x of p  are expressed by 


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If 





0k

k
k pxx  in ,p  then we call x, a p-adic integer. Remark that, 

px   is a p-adic integer, if and only if .1
p

x  So, by collecting all p-adic 

integers in ,p  one can define the unit disk p  of ,p  

 .1: 
ppp xx   

Under the p-adic addition and the p-adic multiplication of [31], this 

Banach space p  forms a ring algebraically, i.e., p  is a Banach ring. 

Also, one can understand the Banach ring p  as a measure space, 

   ,,, pppp    

where  p  is the -algebra of ,p  consisting of all -p measurable 

subsets, where p  is the left-and-right additive invariant Haar measure on 

,p  satisfying 

  .1 pp   

If we define 

 ,: pp
k

p
k

k xxppU    (2.2.1) 

for all ,k  then these -p measurable subsets sUk '  of (2.2.1) satisfy 

,







k

kp U  

and 

   ,
1

kpkkp Ux
p

U   for all ,k  

and 

.21012    UUUUU p  (2.2.2) 

In fact, the family   kkU  forms a basis of the Banach topology for p  

(e.g., [31]). 

Define now subsets k  of p  by 

,\ 1 kkk UU  for all .k  (2.2.3) 
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We call such -p measurable subsets ,k  the k-th boundaries (of kU  in 

,p  for all .k  By (2.2.2) and (2.2.3), one obtains that 

,







k

kp  (2.2.4) 

and 

      ,
11

11  
kkkpkpkp

pp
UU  

for all ,k  where  means the disjoint union. 

Now, let p  be the (pure-algebraic) algebra, 

  ,: pSp S    (2.2.5) 

where S  are the usual characteristic functions of -p measurable subsets S 

of .p  

i.e., the algebra p  is the algebra consisting of -p measurable 

functions. So, ,pf   if and only if 

 





pS

SStf



,  with ,St  (2.2.5) 

where  is the finite sum. 

Then the set p  of (2.2.5) forms a -algebra over .  Indeed, this algebra 

p  has the adjoint, 

   


























pp GS

SS

GS

SS tdeft ,  

where ,St  having its conjugate St  in .  

Let pf   be in the sense of (2.2.5)’. Then one can define the p-adic 

integral of f by 

 

 





p
p S

pSp Stdf




.  (2.2.6) 
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Note that, by (2.2.4), if  ,pS   then there exists a unique subset S  

of ,  such that 

 ,:  jS Sj   (2.2.7) 

satisfying 

 


 
p

S

j
p j

pSpS dd


  

 




Sj

jp S   

by (2.2.6) 

  




















SS j
jj

j

jp
pp

,
11

1
 (2.2.8) 

by (2.2.4), where S  is in the sense of (2.2.7). 

More precisely, one can get the following proposition. 

Proposition 2.1. Let  pS   and let .pS   Then there exist 

,jr  such that 

10  jr  in ,  for all ,Sj   

and 

.
11

1


 














S
p j

jjjpS
pp

rd


 (2.2.9) 

Proof. The existence of jr  and the p-adic integration in (2.2.9) is 

guaranteed by (2.2.6), (2.2.7) and (2.2.8). 

3. Analysis on p  

Throughout this section, fix a prime ,p  and ,p  the corresponding 

p-adic number field, and let p  be the -algebra (2.2.5). In this section, we 
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establish a suitable (non-traditional, in the sense of Section 1.1,) free-

probabilistic model on .p  

Let kU  and k  be in the sense of (2.2.1), respectively, (2.2.3) in ,p  i.e., 

,p
k

k pU   for all ,k  

and 

,\ 1 kkk UU  for all .k  (3.1) 

Define a linear functional  pp :  by the p-adic integration 

(2.2.6), 

   
p

pp dff


,  for all .pf   (3.2) 

Then, by (3.2), one naturally obtain that 

  ,
1

jUp
p

j
  and   ,

11
1 

jjp
pp

j
 

for all ,j  by (2.2.2) and (2.2.4). 

Definition 3.1. The pair  pp ,  is called the p-adic free probability 

space, for ,p  where p  is the linear functional (3.2) on .p  

Let k  be the k-th boundary of (3.1) in ,p  for all .k  Then, for 

,, 21 kk  one obtains that 

,
1212121

, kkkkk kk     

and 

   
12121

, kkk pkkp    

,
11

1,
1121 















kkkk
pp

 (3.3) 

where  means the Kronecker delta. 

Proposition 3.1. Let   ,,,1
N

Njj   for .N  Then 

 
11 ,,

1

jN
l

j jj

N

l





    in ,p  
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and 

  ,
11

1,,

1
111 

































 jjjj

N

l

p
pp

N
l

j   (3.4) 

where 

   .
1

1
,1 ,

1

1

,, jj

N

l

jj N
l

j
l

jN















 








  

Proof. The proof of (3.4) is done by induction on (3.3). 

Thus, one can get that, for any  ,pS   

  


 














Sj
jjjSp

pp
r ,

11
1

 (3.5) 

by (3.4), where 10  jr  and S  are in the sense of (2.2.9), for all .j  

Also, if  ,, 21 pSS   then 


































 








2

2

1
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S

j

S
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S

k
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 




 

21

21

, SS

jk

jk

SS   

 

 






21

21

,

,

SS

j

jk

SSjk   

  ,

2,1

21




SS

j

j

SS   (3.6) 

where 

.
2121, SSSS    

By (3.5) and (3.6), one can get that there exist ,jw  such that 

,10  jw  for all ,
21, SSj   
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and 

  


 














2,1

21
,

11
1

SSj
jjjSSp

pp
w  (3.7) 

for all  ., 21 pSS   In (3.7), definitely, if 
21, SS  is empty, then 

  .0
21

 SSp  

Proposition 3.2. Let  ,plS   and let  ,, ppSl
   for 

,,,1 Nl   for .N  Let 



N

l

SSS lN

1

,,1



  in ,  

where 
lS  are in the sense of (2.2.7), for .,,1 Nl   Then there exist 

,jr  such that 

10  jr  in ,  for ,,,1 NSSj   

and 





































NSS

l

j
jjj

N

l

Sp
pp

r

,,1

.
11

1
1 

 (3.8) 

Proof. The proof of (3.8) is done by induction on (3.7). 

4. Representations of  pp ,  

Fix a prime p in .  Let  pp ,  be the p-adic free probability space. 

By understanding p  as a measure space, construct the -2L space of ,p  

     ppppp LLdefH  22 ,,   (4.1) 

over ,  consisting of all square-integrable -p measurable functions on .p  

Then this -2L space is a well-defined Hilbert space equipped with its inner 

product ,, 2  

 

p
pdhhdefhh


,, 21221  (4.2) 

for all ., 21 pHhh   
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The -2L space pH  of (4.1) is the -
2

 norm completion in ,p  where 

,,
22

ffdeff  for all ,pHf   

where 2,   is the inner product (4.2) on .pH  

Definition 4.1. We call the Hilbert space pH  of (4.1), the p-adic Hilbert 

space. 

By the definition (4.1) of the p-adic Hilbert space ,pH  our -algebra p  

acts on ,pH  via an algebra-action ,p  

    ,fhhfp   for all ,pHh   (4.3) 

for all .pf   i.e., for any ,pf   the image  fp  is a multiplication 

operator on pH  with its symbol f contained in the operator algebra  pHB  of 

all bounded linear operators on .pH  

Notation Denote  fp  by ,p
f

  for all .pf   Also, for convenience, 

denote p

S
  simply by ,p

S
  for all  .pS   For instance, 

 ,
k

kUk
U

ppp
U




 

and 

 ,
k

kk

ppp





 

for all ,k  where kU  and k  are in the sense of (3.1), for all .k  

By the definition (4.3), the linear morphism p  is a well-determined -

algebra action of p  acting on ,pH  equivalently, it is a well-defined -

homomorphism from p  into  ;pHB  Indeed, 

   hffhffhp
ff 2121, 21

  

    ,
212

1 hhf p
f

p
f

p
f

  (4.4) 
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for all ,pHh   for all ;, 21 pff   and 

    

p
p

p
f

dhhfhfhhh


21221221 ,,  

  


pp
pp dfhhdhfh


2121  

    ,,
22121 hhdhfh p

f
p

p


 



 (4.5) 

for all ,, 21 pHhh   for all .pf   

Therefore, one obtains the following proposition. 

Proposition 4.1. The linear morphism p  of (4.3) is a well-defined -

algebra action of p  acting on .pH  Equivalently, the pair  p
pH ,  is a 

well-determined Hilbert-space representation of .p  

Proof. By (4.4) and (4.5), the morphism p  of (4.3) is a -homomorphism 

from p  to  .pHB  So, the pair  p
pH ,  is a Hilbert-space representation 

of .p  

Definition 4.2. The Hilbert-space representation  p
pH ,  is said to be 

the p-adic representation of .p  

Depending on the p-adic representation  p
pH ,  of ,p  one can 

construct the -C algebra pM  in the operator algebra  .pHB  

Definition 4.3. Let pM  be the operator-norm closure of p  in the 

operator algebra  ,pHB  i.e., 

   p
p
fp

p
p fdefM   :  in  ,pHB  (4.6) 

where X  mean the operator-norm closures of subsets X of  .pHB  Then this 

-C subalgebra pM  of  pHB  is called the p-adic -C algebra of  ., pp   
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5. Functional Analysis on pM  

Throughout this section, let’s fix a prime ,p  and let  pp ,  be the 

corresponding p-adic free probability space. And let  p
pH ,  be the p-adic 

representation of ,p  and let pM  be the corresponding p-adic -C algebra 

(4.6) of  ., pp   We here consider suitable (non-traditional, in the sense of 

Section 1.1,) free-probabilistic models on .pM  In particular, we are 

interested in a system    j
p
j

 of linear functionals on ,pM  determined by 

the j-th boundaries    jj  of .p  

Define a linear functional  p
p
j

M:  by a linear morphism, 

    ,,
2jj

p
a

p
j

defa    for all ,pMa   (5.1) 

for all ,j  where 
2

,  is the inner product (4.2) on the p-adic Hilbert 

space pH  of (4.1). 

First, remark that, if ,pMa   then 

 





pS

SSta



 in ,pM  

where  is finite or infinite (limit of finite) sum (s) under -C topology of .pM  

Definition 5.1. Let ,j  and let p
j

  be the linear functional (5.1) on 

the p-adic -C algebra .pM  Then the pair  p
jpM ,  is said to be the j-th p-

adic -C probability space. 

So, one can get the system 

   jM p
jp :,  

of the j-th p-adic -C probability spaces. 
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Now, fix ,j  and take the corresponding j-th p-adic -C probability 

space  ., p
jpM   For  ,pS   and a generating operator ,p

p
S

M  one 

has that 

   
22

,,
jjjj S

p
S

p
S

p
j     

  



p
jj

p
jj pSpS dd


  

  ,
11

1 














 jjSjppS
pp

rSd
p

j



 (5.2) 

for some 10  Sr  in .  

More precisely, we obtain the following theorem. 

Theorem 5.1. Let  ,plS   and    ,, p
jpS

pp
S

M
ll

  for a 

fixed ,j  for ,,,1 Nl   for .N  Then there exists   ,,,1


NSSr   

such that 

  10 ,,1


NSSr   in ,  

and 

  ,
11

1,,

1

1 
















































 jjSS

nN

l

p
Sj

pp
r

Nl
  (5.4) 

for all .n  

Proof. The formula (5.4) is obtained by (3.8) and (5.2). See [9] for details. 

The above free-distributional data (5.4) characterizes the “joint” free 

distributions of finitely many projections p
S

p
S N

 ,,
1
  in the j-th -C

probability space  ,, p
jpM   for .j  

6. Free Product -Probability Spaces 

Before proceeding our works we here introduce concepts and terms used 

below. More above free products, and free product -probability spaces, see 

[26] and [35]. 
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Let  kkA ,  be arbitrary (topological) -probability spaces of 

(topological) -algebras ,kA  and (bounded) linear functionals ,k  for ,k  

where  is an arbitrary countable (finite or infinite) index set. 

The free product -algebra A, 

l
l

AA

  

is the -algebra generated by the noncommutative reduced words in 


N

l lA
1

,


 having the free product linear functional, 

.l
l




 

This (topological) -algebra A is understood as a (Banach) vector space, 

   











































o
i

n

kaltiin kn
n

A
1,,1

1 
  

With 

,kk
i

o
i

AA   for all ,,,1 nk   (6.1) 

where 

   

 

,

,

,,

,,

|,,

1

3221

1

1
























 nn

n
n

n
n

ii

iiii

ii

iialt





  

for all ,n  and where  is the (topological) direct product; and  is the 

(topological) tensor product of (Banach) vector spaces. 

In particular, if an element Aa   is a free “reduced” word, 






n

l

il
aa

1

 in A, (6.2) 

then one can understand a as an equivalent “vector” 
li

n

l
a

1
  in the vector 

space A of (6.1), contained in a direct summand, .
1

o
i

n

k k
A


  
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Or this free reduced word a of (6.2) can be regarded as an “operator” in the 

(topological) -subalgebra 

,
11












o
i

n

k
i

n

k
kk

AA   

of A (up to -isomorphisms), where   means the (topological) tensor 

product of (topological) -algebras. 

7. On -C Subalgebras pS  of pM  

In this section, from our non-traditional free-probabilistic structures, we 

construct traditional free-probabilistic structures, and then establish 

foundations to study semicircular-like laws and the corresponding 

semicircular law in following sections. 

7.1. -C Subalgebras pS  of .pM  Let pM  be the p-adic -C algebra for 

.p  Take operators 

,, p
p

jp MP
j



 (7.1.1) 

for all ,j  for .p  

As we have seen, these operators jpP ,  are projections on the p-adic 

Hilbert space pH  in ,pM  i.e., 

,2
,,, jpjpjp PPP   

moreover, 

,
12121 ,,,, jpjjjpjp PPP   (7.1.1) 

for all ,p  and .,, 21 jjj  We now restrict our interests to these 

projections jpP ,  of (7.1.1). 

Definition 7.1. Fix ,p  and let pS  be the -C subalgebra 

       
  jjpjjpp PPC ,,S  of ,pM  (7.1.2) 
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where jpP ,  are projections (7.1.1), for all .j  We call this -C subalgebra 

,pS  the p-adic projection  -C subalgebra of .pM  

The p-adic projection subalgebra pS  satisfies the following structure 

theorem in .pM  

Proposition 7.1. Let pS  be the p-adic projection subalgebra (7.1.2) of the 

p-adic -C algebra .pM  Then 

  ,iso-iso- ,



 


 jp

j
p PS  (7.1.3) 

in .pM  

Proof. The isomorphism theorem (7.1.3) is proven by (7.1.1) and (7.1.2). 

By the definition (7.1.2) of the p-adic projection subalgebras ,pS  one can 

get the (non-traditional) -C probability spaces 

 ,, p
jp S  for p  and .j  (7.1.4) 

as a free-probabilistic sub-structures of   sM p
jp ',   where the linear 

functional p
j

  of (7.1.4) mean the restrictions 
p

p
j S
|  on pS  of the linear 

functionals p
j

  of (5.1) on ,pM  for all ,j  and .p  

Notation. For convenience, we denote the -C probability spaces 

 p
jp ,S  of (7.1.4) by ,, jpS  for all ,p  and .j  

Proposition 7.2. Let jp,S  be the -C probability space (7.1.4) for 

,,  jp   and let kpP ,  be the generating projections (7.1.1) of ,, jpS  for 

all .k  Then 

   ,
11

1,, 














jjkj
n

kp
p
j

pp
P  for all ,n  (7.1.5) 

for all .k  
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Proof. The formula (7.1.5) is proven by (5.3) and (5.4). 

Let  be the Euler totient function, the arithmetic function   :  

defined by 

 
 

,
1,gcd

,in1
|














nkand

nk
kn


  (7.1.6) 

for all ,n  where Y  mean the cardinalities of sets Y, and  ,gcd  is the 

greatest common divisor. It is well-known that 

  ,
1

11 






 
p

ppp  for all .p  

So, the above formula (7.1.5) can be re-formulated to be 

 
 

,
1,, 











 


jkjkp
p
j

p

p
P  for all .,  jp   (7.1.7) 

7.2. On Tensor Product Banach -Algebras .pA S  Throughout 

this section, let’s fix ,p  and a unital -C probability space  ,, A  

satisfying 

  ,11  A  

where A1  is the unit (or the multiplication-identity) of A, satisfying 

,11 AA aaa   for all .Aa   

Define now the tensor product -C algebra A
pS  by 

,p
A
p Adef SS   (7.2.1) 

where A is the -C algebra from the given -C probability space  ,A  and 

pS  is the p-adic projection subalgebra (7.1.2) of the p-adic -C algebra .pM  

Define linear functionals jp,  on the -C algebra A
pS  of (7.2.1) by 

bounded linear transformations from A
pS  into ,  satisfying 

     ,,,, kp
p
jkpjp PaPa   (7.2.2) 
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for all  ,,  Aa  and ,, kj  where p
kp

k
P


,  are the generating 

projections (7.1.1) of .pS  

The linear functionals sjp ',  of (7.2.2) are indeed well-defined on .A
pS   

Thus, the pairs 

 ,, ,,, jp
A

jp
A

jp denote SS  (7.2.3) 

form well-defined (traditional) -C probability spaces, for all .j  

Definition 7.2. Let A
pS  be the tensor product -C algebra (7.2.1) for a 

fixed ,p  and let jp,  be linear functionals (7.2.2), for all .j  Then 

A
pS  is called the A-tensor p-adic projection  -C algebra for .p  The -C

probability spaces 

 jp
A
p

A
p denote ,, SS  of (7.2.3) 

are said to be the A-tensor j-th p-adic  -C probability spaces (induced by 

,pS  for all .j  

Let A
jp,S  be the A-tensor j-th p-adic probability space (7.2.3) induced by 

,pS  for .,  jp   Observe that 

     kp
p
jkpjp PaPa ,,,   

by (7.2.2) 

 
 

  ,
11

1,1, 

























 


 jjkjjkj
pp

a
p

p
a  (7.2.4) 

by (7.1.5) and (7.1.7), for all  ,,  Aa  and ., jk  

Proposition 7.3. Let kp
a

kp
PaT ,,

  be an operator of the A-tensor j-th 

p-adic probability space ,,
A

jpS  for  ,,  Aa  and .k  Then 

    
 

1,,, 




j

n
kj

na
jpjp

p

p
aT  

  ,
11

1, 














jj

n
kj

pp
a  (7.2.5) 

for all .n  
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Proof. Let A
jpkp

a
kp

PaT ,,,
S  as above. Then 

  ,,,, kp
nn

kp
nna

kp
PaPaT   

for all .n  

So, we obtain that 

    
   

1,,,,, 




j

n

kjkp
n

jp
na

kpjp
p

pa
PaT  

  ,
11

1, 














jj

n
kj

pp
a  

by (7.2.4), for all .n  

Therefore, the above free-distributional data (7.2.5) holds. 

7.3. Certain Banach -Probability Spaces Induced by .,
A

jpS  In this 

section, we fix ,p  and ,j  and a unital -C probability space  ., A  

Let 

 jp
A
p

A
jp ,, ,  SS  

be the A-tensor j-th p-adic probability space (7.2.3). Also, we let 

,,, kp
a

kp
PadenoteT   with ,,

p
kp

k
P


  (7.3.1) 

for all   .,,  kAa  

Let’s now focus on the A-tensor p-adic projection algebra ,p
A
p A SS   

and define linear morphisms A
pc  and A

pa  “acting on ,A
pS ” by the bounded 

linear transformations satisfying 

  ,1,1,, 
 kp

a
kp

a
kp

A
p PaTTc  

and 

  ,1,1,, 
 kp

a
kp

a
kp

A
p PaTTa  (7.3.2) 

for all generating operators a
kp

T
,

 of (7.3.1) in .A
pS  
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Such bounded linear transformations A
pc  and A

pa  of (7.3.2) are well-

defined on A
pS  by the structure theorem (7.1.3) of the p-adic projection 

algebra pS  (which is the tensor-factor of ,A
pS  and by the definition (7.2.1) of 

the A-tensor p-adic algebra .A
pS  Note that such linear morphisms A

pc  and 

A
pa  can be understood as Banach-space operators by regarding the -C

algebra A
pS  as a Banach space. In other words, A

pc  and A
pa  are contained in 

the operator space  A
pB S  in the sense of [13]. 

Remark 7.1. In [8], [11] and [12], we introduced the Banach-space 

operators pc  and pa  acting on the p-adic projection subalgebra pS  defined 

by 

  ,1,,  kpkpp PPc  and   ,1,,  kpkpp PPa  

for all ,k  for a fixed prime p. So, one can/may regard our operators A
pc  

and A
pa  of (7.3.2) as the equivalent forms, 

,1 pA c  respectively, pA a1  

on .A
ppA SS   

Definition 7.3. Let A
pc  and A

pa  be the operators (7.3.2) on .A
pS  Then we 

call them, the p-adic A-creation, respectively, the p-adic A-annihilation on 

.A
pS  Define now a new operator A

pl  by 

A
p

A
p

A
p acl   on .A

pS  (7.3.3) 

This operator A
pl  is called the p-adic A-radial operator on .A

pS  

By (7.3.3), the p-adic A-radial operator A
pl  is regarded as a well-defined 

Banachspace operator in the operator space  ,A
pB S  too (e.g., [13]). 
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Consider that: if a
kp

T
,

 are in the sense of (7.3.1) in ,A
pS  then 

    ,
,1,,

a
kp

a
kp

A
p

a
kp

A
p

A
p TTcTac 


 

and 

    ,
,1,,

a
kp

a
kp

A
p

a
kp

A
p

A
p TTaTca 


 

i.e., 

A
p

A
p

A
p

A
p caac A

p


S
1  on ,A

pS  (7.3.4) 

where 

 ,111 A
pA B

pA
p

SSS
  

where A1  is the unit of A, and 
pS

1  is the identity operator on ,pS  satisfying 

  ,1 TT
p

S  for all .pT S  

Proposition 7.4. Let A
pc  and A

pa  be the p-adic A-creation, respectively, 

the p-adic A-annihilation of (7.3.2) in  .A
pB S  Then 

        ,1221 nA
p

nA
p

nA
p

nA
p caac   

and 

      A
p

nA
p

nA
p

nA
p

A
p acac

S
1  

      ,
nA

p
A
p

nA
p

nA
p caca   (7.3.5) 

for all .,, 21 nnn  

Proof. The proof of (7.3.5) is done by (7.3.4). 

By (7.3.4) and (7.3.5), one can realize that: if A
pl  is the p-adic A-radial 

operator on ,A
pS  then 

     













n

k

knA
p

kA
p

nA
p ac

k

n
l

0

,  (7.3.6) 



ILWOO CHO 

Advances and Applications in Statistical Sciences, Volume 13, Issue 1, November 2018 

24 

for all ,n  with identity: 

    ,1
00 A

p
A
p ac A

p


S
 

where 

 
,

!!

!

knk

n

k

n











 for all  00   nk  

Define a closed subspace A
pL  of the operator space  A

pB S  by 

  ,


 A
p

nA
p lL  (7.3.7) 

where 


Y  mean the operator-norm closures of subsets Y of  A
pB S  and 

 X  mean the collection of all multi-variable polynomials in X, naturally 

closed under addition and multiplication, and where 

  ,
1

thatsuch,
|sup




















A
p

A
p T

T
TXX

A
p

S
S

S
 

where ,A
pS

  is the -C norm on the p-adic A-tensor projection algebra .A
pS  

By the definition (7.3.7), this closed subspace A
pL  forms a algebra 

embedded in  .A
pB S  Furthermore, if we define an operation 

   























00

,

n

nA
pn

n

nA
pn ltlt  

on ,A
pL  where nt  are the conjugates of nt  in ,  then it forms a -algebra 

over .  i.e., all elements of A
pL  are adjointable in the sense of [13]. In 

conclusion, this topological sub-structure A
pL  of (7.3.7) forms a Banach -

algebra in the operator space  .A
pB S  

Now, define a new tensor product Banach -algebra ,A
pLS  by 

.A
p

A
p

A
p def SLLS   (7.3.8) 
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Since ,A
pL  is a Banach -algebra, and A

pS  is a -C algebra, the tensor 

product - algebra A
pLS  of (7.3.8) is a well-defined Banach -algebra under 

product topology. 

Definition 7.4. The tensor product Banach -algebra A
pLS  of (7.3.8) is 

called the A-tensor p-adic radial-projection (Banach--) algebra (induced by 

,pS  for .p  

Let A
pLS  be the A-tensor p-adic radial-projection algebra (7.3.8), for a 

fixed prime p. Define a linear morphism 

A
p

A
p

A
pE SLS:   

by the linear transformation satisfying that 

  
 

   ,
1

2

,

11

,
a

kp
nA

p

nj
a

kp
nA

p
A
p Tl

n

p
TlE












 (7.3.9) 

for all generating operators 

    ,,,,,
,

  kAanTl a
kp

nA
p  

of ,A
pLS  where a

kp
T

,
 are in the sense of (7.3.1). 

In the definition of (7.3.9), the notation 






2

n
 means the minimal integer 

greater than or equal to ,
2

n
 for all .n  

Note that the linear morphism A
pE  of (7.3.9) is a well-defined surjective 

bounded linear transformation from A
pLS  onto ,A

pS  by (7.1.3), (7.2.1), (7.3.7) 

and (7.3.8). 

Define now linear functionals A
jp,  on the A-tensor p-adic radial-

projection algebra pLS  of pS  by 

 
A
pjp

A
jp E

p












 ,,

1
 on ,A

pLS  (7.3.10) 
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where jp,  are the linear functionals (7.2.2) on ,A
pS  and A

pE  is the 

surjective bounded linear morphism (7.3.9) from A
pLS  onto ,A

pS  for all 

.j  

Thus, the pairs 

   A
jp

A
p

A
p denotej ,, LSLS  (7.3.11) 

form well-defined Banach -probability spaces, for all .j  

Definition 7.5. Let A
pLS  be the A-tensor p-adic radial-projection 

algebra, for ,p  and let    j
A

jp,  be the linear functionals (7.3.10). Then 

the corresponding Banach -probability spaces  jA
pLS  of (7.3.11) are called 

the j-th filtered A-tensor p-adic (radial-projection Banach -)probability 

spaces, for all .j  

Let a
kp

X
,

 be the generating operators of ,A
pLS  

  ,,,,
A
pkp

A
p

a
kp

A
p

a
kp

PalTlX LS  (7.3.12) 

for all   .,,  kAa  

If a
kp

X
,

 are the generating operators (7.3.12) of ,A
pLS  then 

       na
kp

nA
p

na
kp

A
p

na
kp

TlTlX
,,,

  

      ,
,,

n
kp

nA
pkp

nnA
p TlPal   (7.3.13) 

for all .n  

By (7.3.13), one can get the following free-distributional data. 

Theorem 7.5. Let a
jp

A
p

a
jp

TlX
,,

  be the “j-th” generating operators 

(7.3.12) of the j-th filtered A-tensor p-adic probability space  jA
pLS  of 

(7.3.11), for .j  Then 
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         ,
2

2
12

,,
n

n

n
j

n
na

jp
A

jp acpX 













   (7.3.14) 

where 






oddisnif

evenisnif
n

0

1
 

for all ,n  and mc  are the m-th Catalan numbers, 

 
 

,
!1

!22

1

1















mm

m

m

m

m
cm  

for all .0m  

Proof. If a
jp

X
,

 is the j-th generating operator (7.3.12) of ,A
pLS  for 

 ,,  Aa  and ,j  then 

  
 

  na
jp

A
pjp

na
jp

A
jp XE

p
X

,,,,
1




















   

by (7.3.10) 

 
   

na
jp

nA
p

A
pjp TlE

p ,,
1












  

by (7.3.13) 

 
 

   







































 na
jp

nA
p

nj

jp Tl
n

p

p ,

11

,

1
2

1
 

by (7.3.9) 

 
 

   














































a

jp
nA

pjp

nj

Tl
pn

p
,,

11
1

1
2

 

 

 
      ,

1
2

,

0

,

11

















































 






 




 na

jp

n

k

knA
p

kA
pjp

nj

Tac
k

n

p
n

p
 (7.3.15) 

by (7.3.6). 
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Observe now that, for any ,n  

      ,
12 12

12

0

12 




  






 


knA
p

n

k

kA
p

nA
p ac

k

n
l  

by (7.3.6), and hence,   12 nA
pl  does not contain -1 A

pS
terms, where A

pS
1  is in 

the sense of (7.3.4) and (7.3.5). i.e., the following statement (7.3.16) holds; 

(7.3.16)  nA
pl  does not contain -1 A

pS
terms whenever n is odd in .  

Similarly, for any ,n  

     













n

k

knA
p

kA
p

nA
p ac

k

n
l

2

0

22 2
 

     TermsRest
2











nA
p

nA
p ac

n

n
 

 ,TermsRest1
2









 A

pn

n

S
 

by (7.3.4) and (7.3.5), and hence,   nA
pl

2
 contains A

pn

n

S
1

2









 term. i.e., the 

following statement (7.3.17) holds; 

(7.3.17)  nA
pl  contains -1

2
A
p

n
n

S















term whenever n is even in .  

So, with help of (7.3.16) and (7.3.17), the formula (7.3.15) goes to 

  
 

 
     

















































 






 




 n

k

a
jp

knA
p

kA
pjp

nj
na

jp
A

jp

n
Tac

k

n

p
n

p
X

0

,,

11

,,

1
2

 

 

 
    
























































 








 nn a
jp

a
jpjp

nj

n TTn
n

p
n

p
,,,

11

TermsRest

21
2
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by (7.2.5) and (7.3.10), where 






odd,isif0

evenisif1

n

n
n  (7.3.18) 

for all ,n  and hence, 

 

 
 























































 


 na

jpjp

nj

n Tn
n

p
n

p
,,

11

21
2

 

by (7.2.5) 

 

 
   n

jp
p
j

nj

n aPn
n

n

n

p
n

p





























































 




,

11

21
2

1
2

1
2

 

 
 

 
  ,

1
2

11
n

jn

nj

n a
p

p
c

p

p













 




































 

where 











m

m

m
cm

2

1

1
 are the m-th Catalan numbers for all 0m  

    ,
2

1 n
n

nj
n acp 














   

for all ,n  where n  are in the sense of (7.3.18). Therefore, the free-

distributional data (7.3.14) holds. 

The formula (7.3.14) provides a tool to compute free distributions of 

arbitrary operators in  .jA
pLS  More in detail, one can get the following 

result. 

Corollary 7.6. Let a
kp

X
,

 be the k-th generating operator (7.3.12) of the A-

tensor j-th filtered probability space  ,jA
pLS  for ,p  and ., kj  Then 
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         ,
2

2
12

,,,
n

n

n
j

nkj
na

kp
A

jp acpX 













   (7.3.19) 

for all .n  

Proof. Let a
kp

X
,

 be in the sense of (7.3.12) in  ,jA
pLS  for ., kj  If 

kj   in ,  then one obtains the formula (7.3.19) by (7.3.14). Meanwhile, if 

kj   in ,  then the free moments of a
kp

X
,

 vanish by (7.2.5) and (7.3.10). 

Thus, the formula (7.3.19) holds. 

8. Weighted-Semicircularity on  jA
pLS  

Throughout this section, we fix a unital 8. Weighted-Semicircularity on 

-C probability space 8. Weighted-Semicircularity on  ,A  as in Sections 6 

and 7. Here, our weighted-semicircular elements and semicircular elements 

are constructed in the A-tensor j-th filtered p-adic probability spaces 8. 

Weighted-Semicircularity on  ,jA
pLS  for all 8. Weighted-Semicircularity on 

.,  jp   

8.1. Semicircular and Weighted-Semicircular Elements. Let 8. 

Weighted-Semicircularity on  BB ,  be an arbitrary topological -

probability space  -C probability space, or -W probability space, or Banach 

-probability space) equipped with a topological -algebra  -CA algebra, 

resp., -W algebra, resp., Banach -algebra), and a (bounded or unbounded) 

linear functional B  on B. 

Definition 8.1. Let a be a self-adjoint free random variable in a -

probability space  ., BB   It is said to be even in  ,, BB   if all odd free 

moments of a vanish, i.e., 

  ,012  na  for all .n  (8.1.1) 
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Let a be a “self-adjoint,” and “even” free random variable of  ,A  satisfying 

(8.1.1). Then a is said to be semicircular in  ,, A  if 

  ,2
n

n ca   for all ,n  (8.1.2) 

where nc  are the n-th Catalan number, 

 

 

 
 

,
!1!

!2

!

!2

1

12

1

1
2 
















nn

n

n

n

nn

n

n
cn  

for all .0n  

It is well-known that, if  B
nk  is the free cumulant on B in terms of a 

linear functional B  (in the sense of [26]), then a self-adjoint free random 

variable a is semicircular in  ,, BB   if and only if 



 


















,otherwise0

2if1
,,,

times-

n
aaak

n

B
n   

  (8.1.3) 

for all n  (e.g., [26]). The above characterization (8.1.3) is obtained by the 

Mobius inversion of [26]. 

Thus, the semicircular elements a of  ,A  can be re-defined by the self-

adjoint free random variables satisfying the free-cumulant characterization 

(8.1.3). We will use the free-moment definition (8.1.2) and the free-cumulant 

characterization (8.1.3) alternatively below. 

Motivated by (8.1.3), one can define the weighted-semicircular elements. 

Definition 8.2. Let  BBa  ,  be a self-adjoint free random variable. It 

is said to be weighted-semicircular in  BB ,  with its weight 0t  (in short, 

-0t semicircular), if there exists 

 ,0\0
 t  

such that 



 


















,otherwise0

2if
,,, 0

times-

nt
aaak

n

B
n   

  (8.1.4) 

for all .n  
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By the Mobius inversion of [26], one can obtain the following free-moment 

characterization (8.1.5) of the definition (8.1.4). i.e., A self-adjoint free 

random variable a of  BB ,  is -0t semicircular, if and only if there exists 

,0
 t  such that 

  ,

2

2
0 n

n

n
n cta   (8.1.5) 

for all ,n  where n  are in the sense of (7.3.18), and mc  are the m-th 

Catalan numbers, for all .0m  

Therefore, we will use the free-cumulant definition (8.1.4) and the free-

moment characterization (8.1.5) alternatively. 

8.2. Weighted-Semicircular Elements in  .jA
pLS  Fix ,p  and 

,j  and let  jA
pLS  be the j-th A-tensor p-adic filtered probability space of 

.A
pS  

Theorem 8.1. Let a
jp

X
,

 be a j-th generating operator (7.3.12) of  .jA
pLS   

Assume that a free random variable   ,Aa  satisfies that 

(i) a is self-adjoint in A, 

(ii)    0\  a  in ,  and 

(iii)     ,
nn aa   for all .n  

Then the operator a
jp

X
,

 is    -
21 ap j  semicircular in  .jA

pLS  

Proof. Let   ,Aa  satisfy the above conditions (i), (ii) and (iii), and 

let a
jp

X
,

 be the j-th generating operator of  .jA
pLS  Then 

       
 jp

A
p

a
jp

A
p

a
jp

PalTlX ,,,
 

  ,
,,,

a
jp

a
jp

A
pjp

A
p XTlPal    
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in  ,jA
pL  by the self-adjointness condition (i) for  .,  Aa  So, a

jp
X

,
 is 

selfadjoint in the A-tensor p-adic radial-projection algebra .A
pLS  

Observe now that, for any ,n  

         n
n

n
j

n
na

jp
A

jp acpX 













 

2

2
12

,,  

by (7.3.18) and (7.3.19) 

       n
n

n
j

n acp 













 

2

2
12  

       2

2

2
12

n
n

n

n
j

n acp 













   

by the conditions (ii) and (iii) for   ,Aa  

     
2

2
212

n

n
j

n cap    

    .

2

2
21

n

n
j

n cap    (8.2.1) 

Therefore, by the self-adjointness, and by (8.1.1), (8.1.2) and (8.2.1), this 

operator a
jp

X
,

 is    -
21 ap j  semicircular in  .jA

pLS  

By the weighted-semicircularity (8.2.1), one obtains the following 

corollary. 

Corollary 8.2. Let  jpA
A
pjp

PlX A
,

1
,

1   be in the sense of (7.3.12) in 

the A-tensor j-th filtered probability space  jA
pLS  of ,A

pS  for .,  jp   

Then A
jp

X
1

,
 is  -12 jp semicircular in  .jA

pLS  i.e., 

A
jp

X
1

,
 is  -12 jp semicircular in   .,,  jpjA

p LS  (8.2.2) 
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Proof. Let A
jp

X
1

,
 be given as above in  .jA

pLS  Then it is self-adjoint in 

,A
pLS  because A1  is self-adjoint in A. Since our fixed -C probability space 

 ,A  is assumed to be unital in the sense that   ,11  A  one has 

   A11  in ,  

and 

    ,111
n

A
n
A   

for all .n  

Therefore, by (8.2.1), we obtain that 

      
2

2
211

,, 1 n

n

A
j

n
n

jp
A

jp cpX A    

    ,

2

2
12

n

n
j

n cp   

for all .n  

So, this operator A
jp

X
1

,
 is  -12 jp semicircular in  ,jA

pLS  and hence, the 

statement (8.2.2) holds. 

The above relation (8.2.2) generalizes the weighted-semicircularity of [8], 

[11] and [12]. 

Recall that a linear functional B  on an arbitrary topological -algebra B 

is called a state on B, if B  satisfies 

      .,, 212121 Bbbbbbb BBB   

By the above theorem, we obtain the following result. 

Corollary 8.3. Let  ,A  be a fixed unital -C probability space, and 

assume that  is a state on A. Let   ,Aa  be a self-adjoint free random 

variable satisfying 

   a  in .  

Then the j-th generating operator a
jp

X
,

 is    -
21 ap j  semicircular in 

 .jA
pLS  
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Proof. Let  be a state on A. Then one has that 

   nn aa   in ,  for all .n  

So, the given self-adjoint free random variable   ,Aa  satisfies the 

conditions (i), (ii) and (iii) of the above theorem. Therefore, the corresponding 

operator a
jp

X
,

 is    -
21 ap j  semicircular in  .jA

pLS  

8.3. Semicircular Elements in  .jA
pLS  Let’s fix ,p  and ,j  

and let  jA
pLS  be the A-tensor j-th filtered probability space of ,A

pS  where 

 ,A  is the fixed unital -C probability space. 

Theorem 8.4. Let a
jp

X
,

 be the j-th generating operator of  .jA
pLS  

Assume that a free random variable   ,Aa  satisfies that 

(i) a is self-adjoint in A, 

(ii)    a  in ,  and 

(iii)     ,
nn aa   for all .n  

Then the operator 

 

A
p

a
jpj

a
jp

X
ap

Y LS



 ,1,

1
 (8.3.1) 

is semicircular in  .jA
pLS  

Proof. Let a
jp

X
,

 and a
jp

Y
,

 be in the sense of (8.3.1) in  ,jA
pLS  where a 

free random variable   ,Aa  satisfies the above conditions (i), (ii) and 

(iii). Now, let  jpA
nk ,,  be the free cumulant on A

pLS  in terms of the linear 

functional A
jp,  (in the sense of [26]). 

Note and recall that, under the conditions (i), (ii) and (iii), this j-th 

generating operator a
jp

X
,

 is    -
21 ap j  semicircular in  jA

pLS  by (8.2.1). 
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Observe that 

 
 a

jp
a

jp
jpA

n

n

j

n

a
jp

a
jp

a
jp

jpA
n XXk

ap
YYYk

,,
,,
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times-

,,,
,, ,,

1
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
















 

by the bi-module-map property of free cumulants (e.g., [26]) 

 
 

























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otherwise,0

2if1,
1

,,
,,

2

2

1
nXXk

ap

a
jp

a
jp

jpA

j  

by the    -
21 ap j  semicircularity (8.2.1) of a

jp
X

,
 

 
  































otherwise,0

2if1
1 21

2

1
nap

ap

j

j  (8.3.2) 

for all .n  Therefore, by (8.3.2) and (8.1.3), this operator a
jp

Y
,

 of (8.3.1) is 

semicircular in  .jA
pLS  

The following result is a direct consequence of the above theorem. 

Corollary 8.5. Let  .1

1

1
,

jX
p

Y A
pjp,jjp

AA LS
1




 Then A
jp

Y
1
,

 is 

semicircular in  .jA
pLS  

Proof. Note and recall that A
jp

X
1

,
 is  -12 jp semicircular in  jA

pLS  by 

(8.2.2). So, by the proof of the above theorem, the semicircularity of A
jp

Y
1
,

 is 

guaranteed in  .jA
pLS  

The above corollary generalizes the semicircularity of [8], [11] and [12]. 

9. A-Tensor Free Adelic Filterizations ALS  

In this section, we use free product of Section 6 to construct the 

generalized or globalized free-probabilistic structures from our A-tensor j-th 

filtered p-adic probability spaces  ,jA
pLS  for all .,  jp   As before, let 
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 ,A  be a fixed unital -C probability space, and let A
pLS  be the A-tensor 

p-adic radial-projection algebras, for all .p  

Define the free product Banach -probability space, 

   jdef A
p

jp
AAA LSLSLS



,

,


 

,, ,
,,













A
jp

jp

A
p

jp  
LS  (9.1) 

by the free product -probability space in the sense of Section 6 (e.g., [26] and 

[35]). 

Definition 9.1. We call this free product Banach -probability space 

 AAA denote ,LSLS  of (9.1), the A-tensor free (Adelic) filterization. 

In the following, we will use same notations and concepts of Section 6, for 

instance, minimal free summands, free reduced words, and free sums, etc.. 

Let  BB ,  be an arbitrary topological -probability space, and let 

   kkb  be a subset of B, where  is an (finite, or infinite) index set. 

Such a family   is said to be a free family, if all elements kb  of   are 

mutually free from each other in  ., BB   i.e., whenever 21 kk   in , the 

elements 
1kb  and 

2kb  of   are free in  ,, BB   if and only if all “mixed” free 

cumulants of 

   
2211

,, kkkk bbbb   

vanish (e.g., see [26]), if and only if the minimal free summands  
1kbB  and 

 
2kbB  of B, containing ,

1kb  respectively, ,
2kb  are “distinct” in B (e.g., see 

Section 6 above). 

Definition 9.2. Suppose   is a free family of  ,, BB   and assume that 

all elements of   are weighted-semicircular (or semicircular) in  ., BB   

Then this free family   is said to be a free weighted-semicircular (resp., 

semicircular) family. 

Let   ,Aa  be a self-adjoint free random variable, and assume a 

satisfies the additional conditions: 
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(I)    a  in ,  and 

(II)     ,
nn aa   for all .n  

For a self-adjoint element ,Aa   satisfying the conditions (I) and (II), 

let’s construct the subsets 

   ,,|
,

 jPpjX A
p

a
jpa LSX  

and 


 

  





jpjX
ap

Y A
p

a
jpj

a
jpa ,|

1
,1,

LSY  (9.2) 

in the A-tensor free filterization .ALS  

Note here that every element a
jp

X
,

 (or a
jp

Y
,

 of the family aX  (resp., 

aY  of (9.2) is contained in the free block  jA
pLS  in ,ALS  for all 

.,  jp   

Theorem 9.1. Let ,ALS  be our A-tensor free filterization (9.1), and let 

aX  and aY  be the families (9.2) in ,ALS  where a self-adjoint free random 

variable   ,Aa  satisfies the conditions (I) and (II). 

(9.3) The family aX  is a free weighted-semicircular family in .ALS  

(9.4) The family aY  is a free semicircular family in .ALS  

Proof. Let aX  be in the sense of (9.2) in the A-tensor free filterization 

ALS  of (9.1). By (9.1) and (9.2), all elements a
jp

X
,

 of aX  are mutually free 

from each other in ,ALS  for all ,,  jp   because these free reduced 

words a
jp

X
,

 with their lengths-1 have their minimal free summand 

 a
jpA X

,
LS  which are identical to the free blocks  jA

pLS  of ,ALS  i.e., 

   ,
,

jX A
p

a
jpA LSLS   for all ,,  jp   

which are mutually distinct from each other, and hence, mutually free from 

each other in ,ALS  for all .,  jp   So, this family aX  forms a free 

family in .ALS   
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Furthermore, by the conditions (I) and (II) for  ,,  Aa  one has 

      na
jpA

na
jpA XX

,,
  

  na
jp

A
jp X

,,  

    ,

2

2
21

n

n
j

n cap    

for all ,n  for all ,,  jn   by (8.2.1). 

So, all elements of aX  are weighted-semicircular in .ALS  Therefore, aX  

is a free weighted-semicircular family in ,ALS  i.e., the statement (9.3) holds. 

Similarly, one can show that the statement (9.4) holds true. 

In the proofs of (9.3) and (9.4), we used the notations 

  
,

,
na

jp
X  and   ,

,
na

jp
X  for ,n  

introduced in Section 6. Remark the differences between the above two 

notations; the first one is in ALS  by regarding a
jp

X
,

 as a free reduced word 

with length-1, and the second one is in the minimal free summand 

 a
jpA X

,
LS  of ALS  containing this free reduced word a

jp
X

,
 with length-1. 

As we discussed in Section 6, since a
jp

X
,

 is a free reduced word with its 

“length-1,” equivalently, since its minimal free summand is identical to a free 

block, i.e., 

   jX A
p

a
jpA LSLS 

,
 in ,ALS  

the above two notations   na
jp

X
,

 and  na
jp

X
,

 are identified in .ALS  

Corollary 9.2. Let ALS  be the A-tensor free filterization, and let 
A1X  

and 
A1Y  be in the sense of (9.2) in ALS  where A1  is the unit in  ., A  Then  

(9.5) The family 
A1X  is a free weighted-semicircular family in .ALS  

(9.6) The family 
A1Y  is a free semicircular family in .ALS  
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Proof. The proofs of the statements (9.5) and (9.6) are done by the 

general arguments in (9.3), respectively, in (9.4), with help of the weighted-

semicircularity (8.2.2) and the semicircularity (8.3.2). 

The above corollary generalizes the main results of [8]. 

10. Free-Probabilistic Information on ALS  

Let  ,A  be a fixed unital -C probability space, and let 

 AAA  ,LSLS  

be the A-tensor free Adelic filterization (9.1). 

Notation and Assumption 10.1 (in short, NA 10.1 below). In this 

section, we automatically assume a free random variable   ,Aa  is self-

adjoint, and satisfies the additional conditions:   , a  and     ,
nn aa   

for all .n   

Let aX  and aY  be the corresponding free weighted-semicircular family 

(9.3), respectively, free semicircular family (9.4) of ,ALS  under NA 10.1. In 

this section, we consider free reduced words W of ALS  in .aa YX   In 

particular, we are interested in the free distributions of such operators W in 

their minimal free summands  ,WALS  and in .ALS  

10.1. Joint Free Moments of Semicircular Elements. To consider 

free-probabilistic information on the A-tensor free Adelic filterization ,ALS  

we first concentrate on studying joint free distribution of mutually free multi 

semicircular elements Nxx ,,1   of a Banach -probability space  ,X  of a 

Banach -algebra ,X  and a linear functional  on ,X  for  .1\N  

By the semicircularity of lx  in  ,, X  the free-moment sequences, and 

the free-cumulant sequences of lx  are determined to be 

 ,,,0,,0,,0,,0 4321 cccc  

and 

 ,,0,0,0,0,1,0   (10.1.1) 
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respectively, for all .,,1 Nl   However, the characterization of the joint 

free distribution of Nxx ,,1   is not easily obtained. 

Note that the joint free cumulants of ,,,1 Nxx   are characterized by all 

sums of free cumulants of ,,,1 Nxx   by the freeness of them (e.g., [26] and 

[27]). However, computing the joint free moments of Nxx ,,1   is not easy. 

Joint free moments consist of the free moments of ,lx  for ,,,1 Nl   

and the mixed free moments of .,,1 Nxx   Since free moments of lx  are 

already characterized by their semicircularity (10.1.1), for ,,,1 Nl   we 

now focus on computing their “mixed” free moments. 

Throughout this section, for any  ,1s  we fix an s-tuple ,sI  

    .,,1,,1
s

ss NiidenoteI    (10.1.2) 

(Without loss of generality, one can regard sI  as a mixed s-tuple, below.) 

For example, one can take 

 ,1,2,2,4,2,3,1,18 I  

in   .5,4,3,2,1
8

 

From the sequence sI  of (10.1.2), define a set 

   ,,,, 21 ss iiiI   (10.1.3) 

without considering repetition. For instance, if 8I  is given as above, then 

   ,,,, 8218 iiiI   

with 

,1321  iii  

2764  iii  

,33 i  and .45 i  

without considering repetition; for example, we regard all 1’s in 8I  as 

different elements 21, ii  and 8i  in  .8I  
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Then from the set  sI  of (10.1.3), one can define a unique “noncrossing” 

partition  sI  of the lattice NC  sI  such that (i) 

   ,,,,
21 sV Ijjj iiiV    (10.1.4) 

  ,.,.,,,1
21

kiiitsNk
Vjjj    

and (ii) such a partition  sI  of (i) is “maximal” satisfying (10.1.4), under the 

partial ordering on NC  .8I  

For example, if 8I  and  8I  are as above, then there exists a noncrossing 

partition 

         57643821 ,,,,,,,
8

iiiiiiiiI   

        ,4,2,2,2,3,1,1,1  

in  ,8INC  satisfying the above conditions (i) and (ii). 

Now, suppose    sI INC
s
  is the noncrossing partition (10.1.4) over 

the set  sI  of (10.1.3), and let 

   ,,,1 tI UU
s

  

where st   and  sIkU   are the blocks of (ii), satisfying the condition (i), 

for .,,1 tk   

Then the partition  sI  is regarded as the joint partition, 

  ,111
21 

 UUUIs
  (10.1.5) 

where 
kU1  are the maximal elements of  ,kUNC  for all .,,1 tk   

Let sI  be in the sense of (10.1.2), and let 
sii xx ,,

1
  be the 

corresponding semicircular elements of  ,A  induced by ,sI  without 

considering repetition in the set  Nxx ,,1   of our fixed mutually free, N-

many semicircular elements of  ., A  
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Define a free random variable  sIX  by 

   




s

l

is xdefIX

1

.,
1

X  (10.1.6) 

If  sIX  is in the sense of (10.1.6), then 

  
 






sINC

s kIX  

by the Mobius inversion of [26] and [27], where k  are the -depending free 

cumulants 

   






sIsINC

k

,

 

by the mutual-freeness of Nxx ,,1   in  ,, X  where  sI  is in the sense of 

(10.1.4) 

     






tt

t

UNCUNC

k





11

1

,,

 

by (10.1.5) 

     






tt

t

UNCUNC

k

2121

1

,, 

  

     
 

 

 














tt

l

UNCUNC

t

l

k

2121 ,, 1

,



 (10.1.7) 

by the semicircularity of 
sii xx ,,

1
  in  ,X  where  YNC2  is the subset of 

the noncrossing-partition lattice  ,YNC  

    ,2,:2  VVYNCYNC  (10.1.8) 

over countable finite sets Y. 

By (10.1.7) and (10.1.8), it is not difficult to check that, if there exists at 

least one  ,,,10 tk   such that 
0kU  is odd in ,  then 
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   ,0 sIX  

where  sIX  is the free random variable (10.1.6) of  ., X  

So, the formula (10.1.7) is non-zero, only if 

,2kU  for all ,,,1 tk   (10.1.9) 

where  .:22   nn  

Moreover, if the condition (10.1.9) is satisfied, then the summands 

t
k  1

 of (10.1.7) satisfy that 

   
  


 


















t t

i

V V

t

i

Vkk

 



1 1

1
,11

1

#
 (10.1.10) 

by the semicircularity, where  i#  are the number of blocks of ,i  for all 

.,,1 ti   Therefore, if the condition (10.1.9) holds, then 

  
     






12121 ,,

1

UNCUNC

s

t

IX



 

    ,212 tUNCUNC    (10.1.11) 

by (10.1.7) and (10.1.10), where Y  mean the cardinalities of sets Y. 

Proposition 10.1. Let sI  be an s-tuple (10.1.2), and let 

   


s

l is l
xIX

1
 be the corresponding free random variable (10.1.6) of 

 ., X  If  sI  is the set (10.1.3), and if 

  ,11
1 ts UUI    

in the sense of (10.1.4) and (10.1.5), then 

  












 


.0
,,1

,2

1 2

otherwise
tkallfor

Uif

c
IX

kt

i

U
s

i





 (10.1.12) 

Proof. Under hypothesis, 
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  
   
















,otherwise0
,,1allfor

,2if

212

tk

U

UNCUNC
IX

k

t
s 




 

by (10.1.11). 

Recall that, for every countable set X, with ,2X  the subset 

    2,:2  VVXNCXNC  

is equipotent (or bijective) to the noncrossing-partition lattice 








2

X
NC  over 

.
2

,,1






 X
  i.e., if ,2kU  then 

  ,
22 








 k

k
U

NCUNC  (10.1.13) 

for all .,,1 tk   

So, the formula (10.1.11) goes to 

  































.otherwise0
,,1allfor

,2if

22
1

tk

U
U

NC
U

NC
IX

k
t

s 




 

by (10.1.13) 





















 



.otherwise0
,,1allfor

,2if

2
1 tl

U
U

NC
lt

l

l





 













 


otherwise,0
,,1allfor

,2if

1 2 tl

U

c
lt

l

Ul





 (10.1.14) 

because   ,XcXNC   for all finite sets X (e.g., [8], [11] and [12]). 

Therefore, the formula (10.1.12) holds by (10.1.14). 
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Example 10.1. (1) Let 51 ,, xx   be mutually free semicircular elements 

of a Banach -probability space  ,, X  and let 

 .,4
5

2
32

4
3

3
2  XxxxxxX  

Then one can determine a 14-tuple ,14I  

   .5,5,5,5,3,3,2,3,3,3,3,2,2,2,, 14114  iiI   

Then 10I  has its corresponding noncrossing partition 

   ,,, 10110
iiNCI   

satisfying 

 
   

   
.

,,,,,

,,,,,,,,

14131211109

76548321

10









iiiiii

iiiiiiii
I  

Therefore, by (10.1.12), we have 

  .3
21

2

4

2

2

2

4

2

4 ccccccX   

(2) Let 321 ,, xxx  be mutually free semicircular elements of  ,, X  and 

let 

 .,2
2

3
121  XxxxxX  

Then one can take 

   ,2,2,1,1,1,2,1,, 717  iiI   

having 

       .,,,,,, 76254317
iiiiiiiI   

Therefore,   ,0 X  by (10.1.12). 

10.2. Free Reduced Words of ALS  in .aX  Let ALS  be the A-tensor 

free filterization (9.1), and let   ,Aa  be a self-adjoint free random 
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variable under NA 10.1. And let aX  be the free weighted-semicircular family 

(9.3) in ,ALS  consisting of    -
21 ap j  semicircular elements a

jp
X

,
 of 

(7.3.12), contained in the free block  jA
pLS  of ,ALS  for all .,  jp   

Now, let ,,   sdef   and take an s-tuple sI  in ,s  

     ,,,,,,,
2211 ss iiiiiis jpjpjpI   (10.2.1) 

as in (10.1.1). For convenience, let’s take 

  ,, 
ll iil jpi  for .,,1 sl   

Then the s-tuple sI  of (10.2.1) can be re-written by 

 .,, 21 ss iiiI   (10.2.1)' 

Then, for this s-tuple ,sI  one can define the corresponding free random 

variable 

  




s

l

A
a
is
l

xaIX

1

,, LS  

with 

,
,

a
jp

a
i lll

Xx   for all .,,1 sl   (10.2.2) 

By (10.2.1)' and (10.2.2), if ,1s  and if sI  is an s-tuple of s-copies of 

  ,', sjp  i.e., if 

      ,,,,,,,1 jpjpiiI ss    

then 

    ,,
,

sa
jps XaIX   for ,s  

and hence, 

        sa
jp

A
jp

sa
jpAsA XXaIX

,,,
,   

      ,

2

12
s

sj
s cpa   (10.2.3) 

by (9.3), under NA 10.1. 
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By (10.2.3), we are interested in the cases where an s-tuple sI  of (10.2.1), 

or (10.2.1)' is mixed. 

Theorem 10.2. Let sI  be an s-tuple (10.2.1), for  ,1\s  and let 

  As aIX LS,  be the free random variable (10.2.2), where   ,Aa  

satisfies NA 10.1. Then 

  
 
































 




.0
,,1

,
2

,
1 21

1

otherwise
Nlallfor

U
if

cpa
aIX

lt

l

U

s

l

j
l

s

sA
l

l





 (10.2.4) 

Proof. Let sI  be given as in (10.2.1), or (10.2.1)'. Then there exists the 

maximal noncrossing partition  sI  in the noncrossing-partition lattice 

 ,,,, 21 siiiNC   

satisfying (10.1.4). Assume now that 

   ,,,1 tI UU
s

  

for some ,st   as in (10.1.5). Then 

  




























 



s

l

a
jpA

s

l

a
iAsA

lll
XxaIX

1

,

1

,  

by (10.2.2) 

   













 




s

l

a
jp

j
lA

ll

l Yap

1

,

1
 

by (8.3.1), where a
jp ll

Y
,

 are semicircular elements of ALS  by (8.3.2) (under 

NA 10.1) 

 



























 




s

l

a
jpA

s

l

j
l ll

l Yap

1

,

1

1
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Therefore, the free-distributional data (10.2.4) holds on ALS  (under NA 

10.1). 

The above theorem characterizes how to compute joint free moments of 

generating operators of ALS  (under NA 10.1). 
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