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Abstract

In this paper, we study semicircular-like elements, and semicircular elements induced by
arbitrarily fixed unital C*- probability spaces, and p-adic analytic structures over p-adic number

fields Qp, for primes p.

1. Introduction
In this paper, we study weighted-semicircular elements and semicircular
elements induced by p-adic analysis over the p-adic number fields Q,, for
p € P, where P is the set of all primes in the set N of all natural numbers.

The main purpose of this paper is to expand, or to generalize the
constructions of semicircular-like laws and the semicircular law obtained
from “non-traditional” free-probability-theoretic senses of [12] and [8], to

those from “traditional” free-probability-theoretic senses by tensoring p-adic-

analytic structures with unital C*- probability spaces.

In other words, we are interested in universalized constructions of

weighted semicircular elements and corresponding semicircular elements
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over p-adic analysis on Qps for p € P. The constructions of such operators,

themselves, are one of the main results of this paper; we also consider free
distributions of free reduced words in our weighted-semicircular, and
semicircular elements.

Our main results illustrate close connections among number theory,
operator theory, operator algebra theory, representation theory, dynamical

system and quantum statistics, via free probability theory.

1.1. Remark: Non-Traditional & Traditional Free-Probabilistic
Approaches. In the beginning of Introduction, we mentioned about “non-
traditional senses of free probability theory.” Note that the (usual, or
traditional) free probability theory provides noncommutative operator-
algebraic version of measure theory and statistics (e.g., [10], [12], [23]
through [29], and [31] through ([35]). But the =-algebra Mp and

corresponding C™-algebra Mp in the sense of [8], [11] and [12] are

“commutative,” (Also, see Sections 3, 4 and 5 below), and hence, they have
commutative functional analysis (determined wup to suitable linear

” @

functionals on them). We applied free probability-theoretic “methods,” “tools,”
and “concepts” to study such analysis on these algebras. Remark that, under
such “non-traditional” senses, free probability theory well-covers
commutative operator-algebraic cases of [8], [9], [11] and [12], however,
freeness on commutative structures are trivial (which is not interesting in
free-probability-theoretic operator-algebraic point of view); but, in earlier
works, we were only interested in operators assigning semicircular-like laws
and the semicircular law which can be nicely obtained-and-explained by free-
probabilistic settings and language. So, we used concepts and terminology
from free probability theory there “non-traditionally.” But, also remark that

such non-traditional approaches become traditional under free product in [8]
and [11], and under tensor product on W*- algebras in [9].
In this paper, with help of (non-traditional) free-probability-theoretic

approaches of [8], [9], [11] and [12], we work on (traditional) free-probability-
theoretic structures under tensor products on Banach *-algebras.

1.2. Preview and Motivation. Relations between number theory and
operator algebra theory have been studied in various different approaches
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(e.g., [2], [10], [13], [14], [15], [18], [19], [20], [21], [22] and [30]). We cannot
help emphasizing that, in particular, there are close connections between
primes and operators. For example, in [10], we studied operator theory on
Hecke algebras H(GLy(Q),)), where GLy(X) mean the general linear groups

consisting of all invertible (2x 2)- matrices over X, via representation theory
and (traditional) free probability theory.
In [12], the author and Jorgensen construct weighted-semicircular

elements, and corresponding semicircular elements in a certain Banach

*-algebra £6,, induced from the *-algebra M p consisting of all measurable
functions on a p-adic number fields Qp, for any fixed prime peP. For a
fixed prime p, one can obtain |Z |-many weighted-semicircular elements

@p,j in certain Banach *-probability spaces £6,(j), for all jeZ. By doing
suitable scalar-multiples on @), ;'s, we obtained corresponding semicircular

elements ©,, ;'s in £6,(j), for all j e Z.

In [8], the author constructed the free product Banach *-probability space

£6 of the system {£6 ,(j)} over both primes and integers (which is a

peP,jel>

“traditional” free-probability-theoretic structure), and studied weighted-

p,j's 1n £6, as

semicircular elements @, ;'s, and semicircular elements ©

free generators of £&. The free distributions of free reduced words generated

by Qp,j's and ©,, ;'s were characterized there.

As an application of [8], in [11], we studied free stochastic calculus on
£6 under the free stochastic motions (or free stochastic processes)
determined by the weighted-semicircular laws and the semicircular law of
(8].

In this paper, we will extend the frameworks of [8] under tensor products
(in the traditional free-probability-theoretic senses), and generalize the

results.

1.3. Overview. In Sections 2, we briey introduce backgrounds of our

works: free probability theory, and p-adic analysis.
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Our (non-traditional) free-probabilistic models on M p is established and

considered in Sections 3. And then, in Section 4, we construct suitable
Hilbert-space representations of M, preserving the free-distributional data

of Section 3 implying number-theoretic information. Under representation,
corresponding C*-algebras M p and corresponding (non-traditional) C*-
probabilistic structures are studied in Section 5.

In Section 6, we introduce terminology and concepts about free products
which will be used in Sections 7, 8, 9 and 10.

In Section 7, from non-traditional C*-probabilistic structures of Section

5, we construct-and-study (traditional) C™-probability spaces induced by

tensor products with a unital C*-probability space (A, y) and certain C*-
subalgebras of M ,'s determined by both free probability on (A, v), and p-
adic analytic free-probabilistic structures of Section 5.

In Section 8, we construct our weighted-semicircular elements implying
free-distributions from both (A, y) and p-adic analysis. Under additional

conditions, semicircular elements are naturally constructed from our
weighted-semicircular elements. Free distributions for weighted-
semicircularity and semicircularity are studied there. And the main results of
Section 8 are generalized under free product in Section 9.

In Section 10, the free-distributional data of free reduced words and free
sums generated by our (weighted)-semicircular elements are computed.

2. Preliminaries

In this section, we briefly introduce backgrounds of our proceeding works.
For more about pure number-theoretic motivation and background, see [16]
and [17].

2.1. Free Probability. Readers can check fundamental analytic-and-
combinatorial free probability from [26] and [35]. Free probability is
understood as the noncommutative operator-algebraic version of classical
probability theory and statistics. The classical independence is replaced to be
the freeness, by replacing measures to linear functionals. It has various
applications not only in pure mathematics (e.g., [23], [24], [25], [27], [28],
[29], [32], [33] and [34]), but also in related fields ([1], [3] through [12]).

Advances and Applications in Statistical Sciences, Volume 13, Issue 1, November 2018



SEMICIRCULAR-LIKE AND SEMICIRCULAR ELEMENTS ... 5

Here, we will use combinatorial free probability theory of Speicher (e.g.,
[26]). Especially, in the text, without introducing detailed definitions and
combinatorial backgrounds, free moments and free cumulants will be
computed. However, some important concepts will be introduced precisely,

e.g., see Section 6 and Section 8.1.

2.2. Calculus on Q,. For more about p-adic analysis and Adelic

analysis, see [31]. Let peP be a prime, and let Q be the set of all rational

numbers. Define a non-Archimedean norm |-| pon Q by

ka 1
%], ="+ 1, =—
p b'p T
whenever x = p* %, where k,a € Z, and b € Z\{0}. For instance,
8 g3 L 21 _1
R I ]
and
8 -1 1
Sl -15t 8- L=
and

| % |q =1, whenever q € P\{2, 3}.

The p-adic number field Qp is the maximal p-norm closure in Q. So, for

the norm topology, the set Q, forms a Banach space (e.g., [31]).

All elements x of Q p are expressed by

0

X = Zxkpk, with x, € {0, 1, ..., p -1},
k=—N

for N € N, decomposed by

-1 0
X = xlpl+2xkpk.
=

-N k=0
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If x = Z ::0 xkpk in Q,, then we call x, a p-adic integer. Remark that,
x € Q, 1s a p-adic integer, if and only if | x |p < 1. So, by collecting all p-adic
integers in Q,,, one can define the unit disk Z p of Q D
Zp={xeQp:|x[, <1}

Under the p-adic addition and the p-adic multiplication of [31], this

Banach space Q,, forms a ring algebraically, i.e., Q, is a Banach ring.
Also, one can understand the Banach ring Q,, as a measure space,
Qp = (Qp, o(Qp), 1p),
where o(Q p) is the oc-algebra of Q,, consisting of all p,- measurable

subsets, where p, is the left-and-right additive invariant Haar measure on

Qp, satisfying

up(Zp) =1
If we define
U, =02, = {p"x € Q, 1 x € Z,}, (2.2.1)

for all £ € Z, then these Hp- measurable subsets Ug's of (2.2.1) satisfy

e, = JUn

and

u,(Uy) = Lk = up(x + Uy), for all & € Z,
p

and

wcUyclU cUy=2,cU,3cUyc.... (2.2.2)

In fact, the family {Up}; ., forms a basis of the Banach topology for Q,
(e.g., [31)]).

Define now subsets 9j, of Q, by

8k = Uk\UkJrl, for all £ e Z. (223)
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We call such p,- measurable subsets 0j, the k-th boundaries (of Uy) in
Qp, for all & € Z. By (2.2.2) and (2.2.3), one obtains that
2, = (Jow (2.2.4)
keZ

and

1 1
up(ak) = up(Uk)_ up(UkJrl) =T r T R
p b

for all k € Z, where L| means the disjoint union.

Now, let M, be the (pure-algebraic) algebra,
Mp =Cllxs : S € o(@Qp)}], (2.2.5)

where yg are the usual characteristic functions of p,- measurable subsets S
of Qp-
le., the algebra M p is the algebra consisting of Hp- measurable

functions. So, f € M, if and only if

p’

f= D tsxs, with tg € C, (2.2.5)
Sea(Qp)

where X is the finite sum.

Then the set M p of (2.2.5) forms a *-algebra over C. Indeed, this algebra
M, has the adjoint,

Z tsus | def Z ts %S
Seo(Gp) _Sec(Gp)

where tg € C, having its conjugate zg in C.
Let f € M), be in the sense of (2.2.5)". Then one can define the p-adic

integral of f by

I fduy = Y tsup(S) (2.2.6)
Qp Sec(Qp)

Advances and Applications in Statistical Sciences, Volume 13, Issue 1, November 2018



8 ILWOO CHO

Note that, by (2.2.4), if S € o(Q,), then there exists a unique subset Ag
of Z, such that

AS :{]EZSﬂﬁj i@}, (227)
satisfying
I xsdu, = J ZXsmajdup
Qp Qp JjeAs
JjeAg
by (2.2.6)

D YNCHEDS {#—p}il} (2.2.8)

JjeAs JeAs
by (2.2.4), where Ag is in the sense of (2.2.7).

More precisely, one can get the following proposition.

Proposition 2.1. Let S € 6(Q,) and let xg € M,. Then there exist

rj € R, such that
0<r;<linR, forall jeAg,

and

j@ xsdip = Y rj(i.— jlﬂ} (2.2.9)

J
p jeAs b b

Proof. The existence of r; and the p-adic integration in (2.2.9) is

guaranteed by (2.2.6), (2.2.7) and (2.2.8).

3. Analysis on M,

Throughout this section, fix a prime p € P, and Q,,, the corresponding

p-adic number field, and let M, be the *-algebra (2.2.5). In this section, we
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establish a suitable (non-traditional, in the sense of Section 1.1,) free-
probabilistic model on M,,.

Let Uj, and 9}, be in the sense of (2.2.1), respectively, (2.2.3) in Qp, le.,
Uy = p*z,, forall k c Z,

and

6k = Uk\UkJrl’ forall & € Z. (31)

Define a linear functional ¢p : M, - C by the p-adic integration
(2.2.6),

op(f) = J-Q fdu,, forall f e M, (3.2)
p
Then, by (3.2), one naturally obtain that
1 1 1
(PP(XUJ') = ;’ and (Pp(Xaj) = ; —F,

for all j € Z, by (2.2.2) and (2.2.4).

Definition 3.1. The pair (M ) is called the p-adic free probability

p Pp
space, for p € P, where ¢, is the linear functional (3.2) on M,,.

Let 0p be the k-th boundary of (3.1) in Q,, for all %2 e Z Then, for
ki, ky € Z, one obtains that

Kopy Kopy = Koy Mo, = Ok, kg Xop »
and

@p(Xop, X, ) = Oky, ky®p (Ao, )

1 1
=B, (— ——J, (3.3)
1, 1%2 pkl pk1+1

where 8 means the Kronecker delta.

Proposition 3.1. Let (i, ..., jy) € Z", for N e N. Then
N
Hxajl = 8(jy, . iy X0y 1 Mp
=1
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and
al 1 1
| | .| = O; N - —, 3.4
(pp[lzl Xale (]1;---: ]N)(ph p]1+1J ( )
where

N-1
8, i) = {H 10, J = Gy i)
=1

Proof. The proof of (3.4) is done by induction on (3.3).
Thus, one can get that, for any S € 6(Q,),
1 1
op(1s) = Z ’“j(—j—?} (3.5)
jehg P p
by (3.4), where 0 < ri <1 and Ag are in the sense of (2.2.9), for all j € Z.
Also, if S;, Sy € o(Q,), then

Asits, =| D rsine || D xsano;

kEASl keASz

= ) (sners,ne;)
(k’j)EAsl xAgy

= Z O, X(S1NS2)N8;
(k, j)eAs; xAgy

= ZX(SlﬂSQ)ﬂaj’ (3.6)

jEAsl,SQ

where

By (3.5) and (3.6), one can get that there exist w; € R, such that

0 SLU]’ S]_, for all ] € ASI’SZ’
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and
1 1
¢p(xs Asy) = Z wj[—j—?} (3.7)
; D p
JEAS; Sy
for all S;, Sy €o(Qp) In (3.7), definitely, if Ag g, is empty, then
op(Lsxs,) = 0.
Proposition 3.2. Let S;€o(Q,), and let yg €(My, 9p), for
l=1,..., N, for N e N. Let

N
As,,...Sy = ﬂ/\sl in 7,
1-1

where Ag, are in the sense of (2.2.7), for 1 =1,..., N. Then there exist

r; € R, such that
O0<r;<linR, forjeAg sy

and

N
(PP{HXSI]: > r,-(ij— ].1+1]. (3.8)
=1 j

D D

Proof. The proof of (3.8) is done by induction on (3.7).

4. Representations of (M, ¢,)

Fix a prime p in P. Let (Mp, (pp) be the p-adic free probability space.

By understanding Q,, as a measure space, construct the L2- space of Q,
2 2
H, def I*(Qy, o(Qy). 1) = I(Qy) (4.1)

over C, consisting of all square-integrable p ' measurable functions on Q I'T

Then this L>- space is a well-defined Hilbert space equipped with its inner

product <, >q,
(1, ho)y def j hy hidy,, (4.2)
— Qp
for all hl’ ]’L2 € Hp'
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12 ILWOO CHO

The L?-space H,, of (4.1) is the || -[|,- norm completion in M,,, where

I7 1y Cﬁﬁ/(ﬂ f)g, forall f e H,,

where <, >9 is the inner product (4.2) on Hp.

p9

Definition 4.1. We call the Hilbert space Hp of (4.1), the p-adic Hilbert
space.

By the definition (4.1) of the p-adic Hilbert space H,, our *-algebra M p

acts on Hp,

via an algebra-action o?,
o (f)(h) = fh, forall h € H,, 4.3)

for all f € M,. ie., for any f e M, the image o (f) is a multiplication
operator on H, with its symbol f contained in the operator algebra B(H p) of

all bounded linear operators on H,.
Notation Denote a”(f) by oc;? , for all f e ./\/lp. Also, for convenience,

denote ais simply by af, forall S € o(Q,). For instance,

D _ P _ 4P
af, = ol = oPlu,)
and

P _ D _ P

0l = al = aP(is,)

for all & € Z, where Uj, and 9, are in the sense of (3.1), for all & € Z.

By the definition (4.3), the linear morphism o is a well-determined *-

algebra action of ./\/lp acting on H,, equivalently, it is a well-defined *-

homomorphism from Mp into B(Hp); Indeed,

Otfri,fz(h) = fifoh = fi(fah)

= fi(o (1) = a2 a2 (h) (1.0
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forall h € H, forall f;, fo € M,; and

p7

(), hay = (s ho)y = [ fubisd,
D
[ mfnsdn, = [ hif)du,
o o

= J, MmO dup = (o2 (b)) @)

p

for all hy, hg € H), forall f € M,,.
Therefore, one obtains the following proposition.

Proposition 4.1. The linear morphism o of (4.3) is a well-defined *-
algebra action of ./\/lp acting on Hp. Equivalently, the pair (H,, o) is a

well-determined Hilbert-space representation of M,,.

Proof. By (4.4) and (4.5), the morphism o? of (4.3) is a *-homomorphism
from M, to B(H,). So, the pair (H, a?) is a Hilbert-space representation
of M,,.

Definition 4.2. The Hilbert-space representation (H,, a?) is said to be

the p-adic representation of M,,.
Depending on the p-adic representation (H,, a”) of My, one can
construct the C*-algebra M p in the operator algebra B(H » ).

Definition 4.3. Let Mp be the operator-norm closure of ./\/lp in the

operator algebra B(H ), i.e.,

M, def aP(Mp) = Cla? : f € M,] in B(H,), (4.6)

where X mean the operator-norm closures of subsets X of B(H ). Then this

C*-subalgebra M, of B(H,) is called the p-adic C*-algebra of (M, ¢,).
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5. Functional Analysis on M,

Throughout this section, let’s fix a prime p € P, and let (M ) be the

p> Pp

corresponding p-adic free probability space. And let (H,, a”) be the p-adic

representation of M,, and let M p Dbe the corresponding p-adic C*-algebra

p’
(4.6) of (M p» Pp ). We here consider suitable (non-traditional, in the sense of

Section 1.1,) free-probabilistic models on M p- In particular, we are

interested in a system {‘Pﬁ‘) } jez, of linear functionals on M), determined by

the j-th boundaries {0}, of Q,.
Define a linear functional (pf M p > C by a linear morphism,

(pf(d)ﬁ((xg(xaj ), xaj>2, for all a € M, (5.1)

for all j € Z, where (,), is the inner product (4.2) on the p-adic Hilbert
space H, of (4.1).

First, remark that, if a € Mp, then

a= Zts xs in My,
Seo(Qp)

where X is finite or infinite (limit of finite) sum (s) under C*-topology of M p-

Definition 5.1. Let j € Z, and let (pf}’ be the linear functional (5.1) on
the p-adic C”-algebra M ,,. Then the pair (M,, (pg-’) is said to be the j-th p-
adic C™-probability space.

So, one can get the system

My, 0F):J e}

of the j-th p-adic C*-probability spaces.
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Now, fix j € Z, and take the corresponding j-th p-adic C*-probability

space (M, (pl;’ ). For S € o(Q,), and a generating operator af € M,, one

p’

has that

(Pf(ag) = <OL§(X6])7 X6j>2 = <XSﬂ6j’ Xﬁj>2

*
= I XSﬂan6jde = j XSﬂan@jdl"tp
Qp Qp

1 1
_IQP XSﬂﬁjdup _Mp(Snaj)_rS(F_pj+lj9 (52)

for some 0 <rg <1in R.
More precisely, we obtain the following theorem.
Theorem 5.1. Let S; € o(Q,), and ocgl = af(xg,) € (Mp, (pf), for a

fixed j € Z, for l =1,..., N, for N e N. Then there exists 1g, .. sy) € R,

such that
0<7ns,.,sy) <1inR,
and
N n
1 1
. D _ 1
D (HQSZJ = I"(Sl,...,SN)( ;i j+1J’ (5.4)
=1 p D
forall n € N.

Proof. The formula (5.4) is obtained by (3.8) and (5.2). See [9] for details.
The above free-distributional data (5.4) characterizes the “joint” free

distributions of finitely many projections ocls’l, . agN in the j-th C*-

probability space (M, (pﬁ? ), for j € Z.

6. Free Product *-Probability Spaces

Before proceeding our works we here introduce concepts and terms used
below. More above free products, and free product *-probability spaces, see
[26] and [35].
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Let (A, ¢,) be arbitrary (topological) #-probability spaces of
(topological) *-algebras A;, and (bounded) linear functionals ¢, for & € A,

where A is an arbitrary countable (finite or infinite) index set.
The free product *-algebra A,

A= = Al
leA

is the =-algebra generated by the noncommutative reduced words in

U f\j 1 A;, having the free product linear functional,

= ¥ .
¢ JeA Py

This (topological) *-algebra A is understood as a (Banach) vector space,

SE
n=1\ (iy,...,in )ealt (A" \ =1 i,

With
A;; = Aik oC, forall k=1, ..., n, (6.1)
where
(il? ceey ln) S An
alt(An) = (il, ceey ln) I il * i2, iz * i3, ,

vey in—l e Ln

for all n € N, and where @ is the (topological) direct product; and ® is the

(topological) tensor product of (Banach) vector spaces.

In particular, if an element a € A is a free “reduced” word,
a= Hail in A, (6.2)

n
then one can understand a as an equivalent “vector” ® g; in the vector
=1

n
space A of (6.1), contained in a direct summand, ® Alf;.
k=1
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Or this free reduced word a of (6.2) can be regarded as an “operator” in the
(topological) *-subalgebra

n n
A = A?
dc 4, =co( § 47 )
of A (up to *-isomorphisms), where ®¢ means the (topological) tensor

product of (topological) *-algebras.

7.On C*-Subalgebras S, of M,

In this section, from our non-traditional free-probabilistic structures, we
construct traditional free-probabilistic structures, and then establish
foundations to study semicircular-like laws and the corresponding

semicircular law in following sections.

7.1. C*-Subalgebras &, of M,,. Let M, be the p-adic C*-algebra for
p € P. Take operators

P =02 eM

b =8, s (7.1.1)

for all j € Z, for p € P.

As we have seen, these operators P, ; are projections on the p-adic

Hilbert space Hp in Mp, ile.,

* _ L 2.
Pp,j _PPJ _Pp,J’

moreover,

P

p,j1pp,j2 =90 (7.1.1)

P
for all p e P, and j, j1, jo € Z. We now restrict our interests to these

projections P, ; of (7.1.1).

Definition 7.1. Fix p € P, and let S, be the C” - subalgebra

Sp = C*({Py j}jez) = ClPy, j}jez] of M, (7.1.2)
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where P, ; are projections (7.1.1), for all j € Z. We call this C”-subalgebra
S, the p-adic projection (C*)- subalgebra of M,.

The p-adic projection subalgebra S, satisfies the following structure

theorem in M Y

Proposition 7.1. Let S, be the p-adic projection subalgebra (7.1.2) of the

p-adic C*-algebra M,,. Then

S, #iso @ (C- P, ;)*iso C®1Z], (7.1.3)
—]EZ ’ e

p

in Mp.

Proof. The isomorphism theorem (7.1.3) is proven by (7.1.1) and (7.1.2).

By the definition (7.1.2) of the p-adic projection subalgebras &, one can
get the (non-traditional) C”-probability spaces
(S,, (pf), for pe P and j € Z. (7.1.4)

as a free-probabilistic sub-structures of (M ,qﬂ}7 )'s where the linear
functional (p‘}’ of (7.1.4) mean the restrictions (pf IGp on &, of the linear

functionals (p‘}’ of (5.1)on M, forall j € Z, and p € P.

Notation. For convenience, we denote the C”-probability spaces

(Sps (p‘]r.’) of (7.1.4) by & forall p e P, and j € Z.

D, J>
Proposition 7.2. Let &, ; be the C*-probability space (7.1.4) for

peP,jeZ and let P, be the generating projections (7.1.1) of &, ;, for
all k € N. Then

1 1
(p‘}’((P W)= Sj’k(ﬁ —Fj, forall n e N, (7.1.5)

forall k € Z.
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Proof. The formula (7.1.5) is proven by (5.3) and (5.4).

Let ¢ be the Euler totient function, the arithmetic function ¢ : N —» C
defined by

(7.1.6)

¢(n)=|{k€N| 1Sk£ninN,}|,

and ged (k,n) =1

for all n € N, where |Y | mean the cardinalities of sets Y, and ged(, ) is the

greatest common divisor. It is well-known that
1
dp)=p-1= p(l—;), forall p € P.
So, the above formula (7.1.5) can be re-formulated to be

(Pf(Pp,k) =31 L{?z , forall pe P, j e Z (7.1.7)
P’

7.2. On Tensor Product Banach *-Algebras A ©¢ &,. Throughout

this section, let's fix p € P, and a unital C*-probability space (A, y),
satisfying

v(a) =1,
where 14 is the unit (or the multiplication-identity) of A, satisfying

lga =a =aly, forall a € A
Define now the tensor product C”*-algebra 62 by
A
S, cﬁ‘A ®c 6, (7.2.1)

where A is the C*-algebra from the given C*-probability space (A, y) and

S, is the p-adic projection subalgebra (7.1.2) of the p-adic C*-algebra Mp.

Define linear functionals y, ; on the C*-algebra 63 of (7.2.1) by

bounded linear transformations from 62 into C, satisfying

Vp,j(@® Py ) = 0 (w(a)Pp ), (7.2.2)
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for all a (A, y), and j, k € Z, where P, = (xgk are the generating

projections (7.1.1) of S,

The linear functionals vy, ;'s of (7.2.2) are indeed well-defined on 61‘;‘.
Thus, the pairs
&}, jdenote (85, j, v, ) (7.2.3)
form well-defined (traditional) C*-probability spaces, for all j € Z.

Definition 7.2. Let (‘5? be the tensor product C*-algebra (7.2.1) for a
fixed p € P, and let y, ; be linear functionals (7.2.2), for all j € Z. Then

63 is called the A-tensor p-adic projection (C*-)algebra for p € P. The C*-

probability spaces
6? denote (6?, yp, i) of (7.2.3)

are said to be the A-tensor j-th p-adic (C*-)probability spaces (induced by
G,), forall j e Z

Let 631- be the A-tensor j-th p-adic probability space (7.2.3) induced by
Sy, for p € P, j € Z. Observe that

W i(@® P, ) = 0f (y(@)By 1)
by (7.2.2)

1 1
p p p
by (7.1.5) and (7.1.7), for all a € (A, y), and k&, j € Z.
Proposition 7.3. Let T; p = a® P, bean operator of the A-tensor j-th

p-adic probability space 4 for a € (A, v), and k € Z. Then

p.J’
W (T8 = 8 () 42
D
s w11
~ 5 pula )(pj pi+1]’ (7.2.5)

forall n € N.
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Proof. Let T; p=a®P,; € 6’2, j as above. Then
(T;,k)n =ad"®P, =a" ®P,,,

forall n e N.

So, we obtain that

an

1 1
=3§; (a”)(—. —.—J
N4 >
p] p]+1

by (7.2.4), for all n € N.
Therefore, the above free-distributional data (7.2.5) holds.

7.3. Certain Banach *-Probability Spaces Induced by 6?7]-. In this

section, we fix p € P, and j € Z, and a unital C*-probability space (A, y).
Let

A A
65, = (6p, vy, )
be the A-tensor j-th p-adic probability space (7.2.3). Also, we let

Tg’kdenotea ® P, 1., with P, j, = (xgk, (7.3.1)
forall a € (A, y), k € Z.

Let’s now focus on the A-tensor p-adic projection algebra 6? =A®c G,

and define linear morphisms ¢4 “

D and ap,

acting on &,,” by the bounded

linear transformations satisfying
Ama _ ma _
p (Tp,k) - Tp,k+1 =a® Pp,k‘*'l’
and

ap (T ) =Ty 1 =a® Py, (7.3.2)

for all generating operators T; p of (7.3.1) in 6?.

Advances and Applications in Statistical Sciences, Volume 13, Issue 1, November 2018



22 ILWOO CHO

Such bounded linear transformations cé and aﬁ of (7.3.2) are well-

defined on 61‘;1 by the structure theorem (7.1.3) of the p-adic projection
algebra & p (which is the tensor-factor of 6? ), and by the definition (7.2.1) of

the A-tensor p-adic algebra 6?. Note that such linear morphisms ¢4 and

p

A

ap

can be understood as Banach-space operators by regarding the C*-

algebra Gﬁ as a Banach space. In other words, ¢4 and a;‘ are contained in

p

the operator space B(Gg) in the sense of [13].

Remark 7.1. In [8], [11] and [12], we introduced the Banach-space

operators ¢, and a, acting on the p-adic projection subalgebra S, defined

by

Cp(Pp,k) = Pp,k+1’ and ap(Pp,k) = Pp,k—l,

for all k € Z, for a fixed prime p. So, one can/may regard our operators c;‘

and a;‘ of (7.3.2) as the equivalent forms,

14 ®cp, respectively, 14 ® a,

p’
_ A
on A®c &, =6;,.
Definition 7.3. Let c? and a? be the operators (7.3.2) on 6?. Then we

call them, the p-adic A-creation, respectively, the p-adic A-annihilation on
6?. Define now a new operator lf,‘ by

A A A A

I, =cp +a, on &y (7.3.3)

This operator [ }‘;1 is called the p-adic A-radial operator on 6?.

By (7.3.3), the p-adic A-radial operator lﬁ is regarded as a well-defined

Banachspace operator in the operator space B((‘SI‘? ), too (e.g., [13]).
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Consider that: if Tg , are in the sense of (7.3.1) in 6;‘, then

(Tak) = CA(Tak 1) = p ko

and

Acﬁ( )_aA( k+1)_ pk’
ie.,

éaﬁlgé = al‘;‘cj‘;1 on 6?, (7.3.4)
where

A
16;} = 1A ®16p S B(Gp),
where 1, is the unit of A, and 16p 1s the identity operator on &, satisfying
16p(T) =T, forall T € &,,.

Proposition 7.4. Let ¢d and aﬁ be the p-adic A-creation, respectively,

p
the p-adic A-annihilation of (7.3.2) in B(G? ). Then
(cp)™(ap )™ = (ap )2 (cp )™,
and
(e = el =1,
= (a)" ()" = (ajer)", (7.3.5)
for all ny, ng, n € N.
Proof. The proof of (7.3.5) is done by (7.3.4).
By (7.3.4) and (7.3.5), one can realize that: if ll‘;‘ is the p-adic A-radial
operator on 6?, then
n

3y = Z[Z] (e (@i y ™, (7.3.6)

k=0
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for all n e N, with identity:
ANO ANO
(cp) :16g :(ap) ’
where

n n!
(kj_m,forallkﬁnsl\lo = NU {0}

Define a closed subspace 2‘2 of the operator space B(Gg) by

A" — ity (7.3.7)

where Y1l mean the operator-norm closures of subsets Y of B(Gﬁ) and

C[X] mean the collection of all multi-variable polynomials in X, naturally

closed under addition and multiplication, and where

T e (‘SA, such that
| X[ = sup {II XM sa ! 2 }

T =1
I ||6§
where || - "6{} , is the C*-norm on the p-adic A-tensor projection algebra 62.

By the definition (7.3.7), this closed subspace L‘fg forms a algebra

embedded in B(Gg ). Furthermore, if we define an operation

{itn(zﬁ)"] =S g ay,
n=0 n=0

where 1; are the conjugates of ¢, in C, then it forms a *-algebra

OHSA

p’
over C. i.e., all elements of E‘?, are adjointable in the sense of [13]. In

conclusion, this topological sub-structure 2‘2 of (7.3.7) forms a Banach *-

algebra in the operator space B(G;‘ ).
Now, define a new tensor product Banach *-algebra £& 2, by
£6, def & ®c &p. (7.3.8)
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Since £4

D 1s a Banach =*-algebra, and 63 is a C*-algebra, the tensor
product *- algebra SG? of (7.3.8) is a well-defined Banach *-algebra under

product topology.

Definition 7.4. The tensor product Banach *-algebra QGS of (7.3.8) is
called the A-tensor p-adic radial-projection (Banach-+*-) algebra (induced by
G,), for p e P.

Let SG? be the A-tensor p-adic radial-projection algebra (7.3.8), for a
fixed prime p. Define a linear morphism

Ef . e84 - &4

by the linear transformation satisfying that

J
EA@Ay @12, - 2

2]+

+l)n+1 A
YT ), (7.3.9)

for all generating operators

(lﬁ)n ®T;71,k’ vneN, ae(4 y) kel
of 562, where T; p are in the sense of (7.3.1).

In the definition of (7.3.9), the notation [%} means the minimal integer

greater than or equal to %, for all n € N.

Note that the linear morphism E ;,4 of (7.3.9) is a well-defined surjective

bounded linear transformation from 262 onto 6;‘, by (7.1.3), (7.2.1), (7.3.7)
and (7.3.8).

Define now linear functionals Tg, j on the A-tensor p-adic radial-

projection algebra £5, of &, by

A _( 1 A A
Tp, j _(WWp’jJOEp on £67%, (7.3.10)
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where v, ; are the linear functionals (7.2.2) on GA, and E;‘ is the
surjective bounded linear morphism (7.3.9) from E@? onto Gﬁ, for all
j ez

Thus, the pairs

£6£(j)denote (SG;‘, tﬁ,j) (7.3.11)

form well-defined Banach *-probability spaces, for all j € Z.
Definition 7.5. Let ,Q(‘Sg be the A-tensor p-adic radial-projection
algebra, for p € P, and let {Tg,j}jez be the linear functionals (7.3.10). Then

the corresponding Banach *-probability spaces 26?( j) of (7.3.11) are called
the j-th filtered A-tensor p-adic (radial-projection Banach #*-)probability

spaces, for all j € Z.

Let X; ;, be the generating operators of 263,

X0 =lp ®T), =1, ®@®P,;) e L&), (7.3.12)

forall a € (A, y), k € Z.

If Xz , are the generating operators (7.3.12) of EGA, then
(Xa )n _ (lA ® T )n _ (ZA)n ®(Ta )n
b,k D .k D kR

=Y @@ ®P, ) =14 ®T" (7.3.13)

D,k
forall n e N.
By (7.3.13), one can get the following free-distributional data.
Theorem 7.5. Let Xz,j = l]‘;1 ®T§j be the “j-th” generating operators

(7.3.12) of the j-th filtered A-tensor p-adic probability space SGg(j) of
(7.3.11), for j € Z. Then
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. n
o (X8 ") = [mn (pg(f”))EcQJ (w(a™)), (7.3.14)
2
where

{1 if nis even
o, =
n 0 if nisodd

forall n e N, and c,, are the m-th Catalan numbers,

1 (2mj (2m)

m =i ilm ) T m(m + 1)’
for all m € Ng.
Proof. If ng is the j-th generating operator (7.3.12) of SGI‘L}, for

a e (A, y), and j € Z, then

X5 ) = (557 v )2 B X5

by (7.3.10)
_ (ﬁ Vo jj EME) @ 1)
by (7.3.13)
() %(lﬁf@ﬁ?)
2
by (7.3.9)
[ oo

by (7.3.6).

Advances and Applications in Statistical Sciences, Volume 13, Issue 1, November 2018



28 ILWOO CHO
Observe now that, for any n e N,

2n-1
@ = Y (M e ag

k=0 k
by (7.3.6), and hence, (ll‘;1 )Zn_1 does not contain 1,4~ terms, where loa is in
P P

the sense of (7.3.4) and (7.3.5). i.e., the following statement (7.3.16) holds;

(7.3.16) (Zz? )* does not contain 16A -terms whenever n is odd in N.
P

Similarly, for any n € N,
2n m L L
2 2n—
@ = 3 (5 et

k=0 k

_ (2’3 (cA)" ()" + [Rest Terms]

2
:( nj-l 4 + [Rest Terms],
n) ©p

2
by (7.3.4) and (7.3.5), and hence, (lﬁ)zn contains [ n)lGA term. i.e., the
n D

following statement (7.3.17) holds;
A n
(7.3.17) (I )" contains | n |-1_,-term whenever n is even in N.
9 p

So, with help of (7.3.16) and (7.3.17), the formula (7.3.15) goes to

> (3 a )"—k(Tgf})J

J+lyn+l
A
Tp,j((XZ,j)n) -| A ‘Vp,j{
k=0

& oo

Jj+lyn+1 n
= o, W) Vp.j [(2} (Tgr;) +[Rest Terms](Tgr; )]

[efrom)
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by (7.2.5) and (7.3.10), where

1if ni
o, - { n is even (7.3.19)

0 if n is odd,

for all n € N, and hence,

j+1\n+1 n n
- o, @) \Vp,j([ﬂ}(T;’j)J

n
(5 + 1) o(p) 2
by (7.2.5)
n
j+1yn+l —+1|(n
P iy (ﬁ}pj’ (P, ) vla")
Jj+lyn+l
R o o i) G
where ¢, = m1+ T (%le are the m-th Catalan numbers for all m € Ny

= [(Dn ()" CEJ (w(a™)),

2

for all n € N, where ®, are in the sense of (7.3.18). Therefore, the free-

distributional data (7.3.14) holds.

The formula (7.3.14) provides a tool to compute free distributions of
arbitrary operators in 26?(]'). More in detail, one can get the following

result.
Corollary 7.6. Let XZ , be the k-th generating operator (7.3.12) of the A-

tensor j-th filtered probability space 26£(j), for p e P, and j, k € Z. Then
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o (X5 )" =8 j,k[@n (p2 ”)ﬁcﬁj (w(a™)), (7.3.19)
2

forall n e N.

Proof. Let Xg p be in the sense of (7.3.12) in £6?(j), for j, keZ. If
Jj = k in Z, then one obtains the formula (7.3.19) by (7.3.14). Meanwhile, if
j # k in Z, then the free moments of X; , vanish by (7.2.5) and (7.3.10).

Thus, the formula (7.3.19) holds.

8. Weighted-Semicircularity on £64 ()

Throughout this section, we fix a unital 8. Weighted-Semicircularity on
C”-probability space 8. Weighted-Semicircularity on (A, y) as in Sections 6

and 7. Here, our weighted-semicircular elements and semicircular elements

are constructed in the A-tensor j-th filtered p-adic probability spaces 8.
Weighted-Semicircularity on 263( Jj), for all 8. Weighted-Semicircularity on

peP,jel.

8.1. Semicircular and Weighted-Semicircular Elements. Let 8.

Weighted-Semicircularity on (B, ¢g) be an arbitrary topological *-
probability space (C*-probability space, or W*- probability space, or Banach
*-probability space) equipped with a topological *-algebra A(C”-algebra,
resp., W*- algebra, resp., Banach *-algebra), and a (bounded or unbounded)

linear functional ¢g on B.

Definition 8.1. Let a be a self-adjoint free random variable in a *-

probability space (B, ¢g). It is said to be even in (B, ¢pg), if all odd free

moments of a vanish, i.e.,

oa® 1) =0, forall n e N. (8.1.1)
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Let a be a “self-adjoint,” and “even” free random variable of (A, ¢) satisfying
(8.1.1). Then a is said to be semicircular in (A, @), if

(p(a2n) =c¢,, forall n e N, (8.1.2)

where c¢,, are the n-th Catalan number,

1 (2nj__ 1 (22)  (2n)

n+iln) n+1 ()2 S nln 1)’

Cp =

for all n € Nj.

It is well-known that, if kf (...) is the free cumulant on B in terms of a
linear functional ¢p (in the sense of [26]), then a self-adjoint free random

variable a is semicircular in (B, ¢p), if and only if

% ifn =2 (8.1.3)

k,lf a, a, ...... ,a| = .
_— 0 otherwise,

n-times

for all n € N (e.g., [26]). The above characterization (8.1.3) is obtained by the
Mobius inversion of [26].

Thus, the semicircular elements a of (A, ¢) can be re-defined by the self-

adjoint free random variables satisfying the free-cumulant characterization
(8.1.3). We will use the free-moment definition (8.1.2) and the free-cumulant
characterization (8.1.3) alternatively below.

Motivated by (8.1.3), one can define the weighted-semicircular elements.
Definition 8.2. Let a € (B, ¢p) be a self-adjoint free random variable. It
is said to be weighted-semicircular in (B, ¢p) with its weight ¢, (in short,

to- semicircular), if there exists

to S C+\{0},
such that
to f n=2
k, la,a,...... ,al| = 0 " . (8.1.4)
——— 0 otherwise,
n-times
for all n € N.
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By the Mobius inversion of [26], one can obtain the following free-moment
characterization (8.1.5) of the definition (8.1.4). i.e., A self-adjoint free
random variable a of (B, ¢pg) is ty- semicircular, if and only if there exists

to € C*, such that
n

9(a") = ot cn, (8.1.5)
3

for all n € N, where o, are in the sense of (7.3.18), and c,, are the m-th

Catalan numbers, for all m € Nj,.

Therefore, we will use the free-cumulant definition (8.1.4) and the free-
moment characterization (8.1.5) alternatively.

8.2. Weighted-Semicircular Elements in SGS(j). Fix p e P, and
j € Z, and let 2(‘53(]') be the j-th A-tensor p-adic filtered probability space of

A
&4

Theorem 8.1. Let Xz,j be a j-th generating operator (7.3.12) of £6£(j).
Assume that a free random variable a € (A, y) satisfies that

(1) a is self-adjoint in A,

(1) y(a) e R* = R\{0} in C, and

(i) y(a”) = y(a)*, forall n € N.
j+l

Then the operator ng is (p/*My(a))?- semicircular in SG?(j).

Proof. Let a € (A, y) satisfy the above conditions (i), (ii) and (iii), and

let X; ; be the j-th generating operator of £6 ?( 7). Then
* A Ak *
(Xp ) =0y Ty )=(1p) ®@@®P, ;)

A * A
=1, ®@@ ®P,;)=1; ®T1;1,j =XZ’].,
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in Sg(j), by the self-adjointness condition (i) for a € (4, y). So, ng is
selfadjoint in the A-tensor p-adic radial-projection algebra 26;‘.

Observe now that, for any n e N,

(X)) = (mn<p2<f”>)%cﬁJ (w(a")
2

by (7.3.18) and (7.3.19)

= (wn (p*V ”))%CQJ (w(@)")

2

. n n

=(am<p20+”>§c2](w&w”>§
2
by the conditions (ii) and (iii) for a € (A, y)

= 0,(p y(@))zc,
2

0, (P v(@)?)2 e, (8.2.1)
2

Therefore, by the self-adjointness, and by (8.1.1), (8.1.2) and (8.2.1), this

operator ng is (p’*'y(a))?- semicircular in SGé(j).

By the weighted-semicircularity (8.2.1), one obtains the following
corollary.

Corollary 8.2. Let X;‘,“j = ll‘;l ® (14 ® P, ;) bein the sense of (1.3.12) in
the A-tensor j-th filtered probability space EG?(j) of 6?, for pe P, jel.

Then X;Aj is p2U*)_semicircular in 26?(]'). i.e.,

X;Aj is pz(jH)-semicircular in SGg(j), VpeP, jel (8.2.2)
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Proof. Let X 4, be given as above in £&7 (j). Then it is self-adjoint in
£6?, because 1, is self-adjoint in A. Since our fixed C*-probability space
(A, v) is assumed to be unital in the sense that y(14) = 1, one has

1=y(ly)e R in C,
and

w(1%) =1=y(,4)",
forall n e N.

Therefore, by (8.2.1), we obtain that

W ") = 0 (P wLa) ey
2

. n
= 0y (pZ(J+1))§Cn ’
2
forall n e N.

So, this operator X;Aj is pz(j *1)_semicircular in £6f,‘( j), and hence, the
statement (8.2.2) holds.

The above relation (8.2.2) generalizes the weighted-semicircularity of [8],
[11] and [12].

Recall that a linear functional ¢ on an arbitrary topological *-algebra B

is called a state on B, if ¢p satisfies
¢p(b1bs) = ¢p(b1)op(bs), Vb, by € B.
By the above theorem, we obtain the following result.

Corollary 8.3. Let (A, y) be a fixed unital C*-probability space, and
assume that y is a state on A. Let a € (A, ¢) be a self-adjoint free random
variable satisfying

y(a) e R* in C.

Then the j-th generating operator ij is (p'y(a)?-semicircular in

265 ()
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Proof. Let y be a state on A. Then one has that

y(a") = y(a)* in R*, forall n € N.

So, the given self-adjoint free random variable a € (4, y) satisfies the
conditions (i), (i1) and (ii1) of the above theorem. Therefore, the corresponding
operator X;j is (p/"'y(a))?- semicircular in 263( 7).

8.3. Semicircular Elements in EG?(j). Let’s fix pe P, and j € Z,
and let E(‘Bﬁ( J) be the A-tensor j-th filtered probability space of (‘52, where
(A, y) is the fixed unital C*-probability space.

Theorem 8.4. Let Xz,j be the j-th generating operator of £6£(j).
Assume that a free random variable a € (A, y) satisfies that

(1) a is self-adjoint in A,

(i) y(a) e R* in C, and

@dii) y(a") = y(a)*, forall n € N.

Then the operator

1 A
Y = —— X% ¢ £6 (8.3.1)
s s p
D,J p”l\v(a) D,J

is semicircular in EG?(j).
Proof. Let ng and Y;’J. be in the sense of (8.3.1) in SG?(j), where a
free random variable a € (A, y) satisfies the above conditions (i), (ii) and

(iii). Now, let k2"PJ(..)) be the free cumulant on QGS in terms of the linear

functional rﬁ, j (in the sense of [26]).

Note and recall that, under the conditions (i), (i) and (ii1), this j-th

generating operator Xz,j is (p’"'y(a))?- semicircular in 263(]') by (8.2.1).
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Observe that

n
APy ye Y% |= [—J RAPI(XY . X9 )
D,J D,J D,J p]+1\|/(a) D,J p,J

n-times

by the bi-module-map property of free cumulants (e.g., [26])

2
1 A,p,jrva a 1 _
(—J kg PI(XG XS ) =1if n=2

P’ y(a)
0 otherwise,
by the (p’*1y(a))?- semicircularity (8.2.1) of Xz j
1 2
= =7 3 (pj+1\lf(a))2 =lif n=2 8.3.2
{p’”\v(a)j (8:32)
0 otherwise,

for all n € N. Therefore, by (8.3.2) and (8.1.3), this operator Y;j of (8.3.1) is
.. . Ay -
semicircular in £6&7 (j).

The following result is a direct consequence of the above theorem.

140 _ 1 1a Af 14 ;
Corollary 8.5. Let Y 4 = e XA e £6) (j). Then Y4 s

semicircular in SG?(j).

Proof. Note and recall that X;"“j is p2U*)_semicircular in EG?( j) by
(8.2.2). So, by the proof of the above theorem, the semicircularity of Y;,Aj 1s
guaranteed in SG?( J)

The above corollary generalizes the semicircularity of [8], [11] and [12].

9. A-Tensor Free Adelic Filterizations £6 4

In this section, we use free product of Section 6 to construct the
generalized or globalized free-probabilistic structures from our A-tensor j-th

filtered p-adic probability spaces SG?( j), for all p € P, j € Z. As before, let
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(A, v) be a fixed unital C*-probability space, and let 26? be the A-tensor

p-adic radial-projection algebras, for all p € P.

Define the free product Banach *-probability space,

64 = (£64, t4) def *  £65())
== peP, jeZ

s

=[ x  g&h,  x rgjj, 9.1)
peP, jeZ peP, jeZ

by the free product *-probability space in the sense of Section 6 (e.g., [26] and
[35]).

Definition 9.1. We call this free product Banach =*-probability space
£6 pdenote (£6 4, t4) of (9.1), the A-tensor free (Adelic) filterization.

In the following, we will use same notations and concepts of Section 6, for
instance, minimal free summands, free reduced words, and free sums, etc..

Let (B, og) be an arbitrary topological #*-probability space, and let
F = {bp}rcp be a subset of B, where A is an (finite, or infinite) index set.
Such a family F 1is said to be a free family, if all elements b, of F are
mutually free from each other in (B, ¢g). i.e., whenever k; # kg in A, the
elements b, and by, of F are free in (B, ¢p), if and only if all “mixed” free

cumulants of

{ory > bRy } U bpy s bp, }
vanish (e.g., see [26]), if and only if the minimal free summands B[bkl] and
Blby,] of B, containing by , respectively, by,, are “distinct” in B (e.g., see
Section 6 above).

Definition 9.2. Suppose F is a free family of (B, ¢p), and assume that
all elements of F are weighted-semicircular (or semicircular) in (B, ¢g).

Then this free family F is said to be a free weighted-semicircular (resp.,

semicircular) family.
Let a € (A, v) be a self-adjoint free random variable, and assume a

satisfies the additional conditions:
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(D) y(a) e R* in C, and
D) y(a™) = y(a)", forall n e N.

For a self-adjoint element a € A, satisfying the conditions (I) and (II),

let’s construct the subsets

Ay .
X ={X, ; € £6,())lp e P, j e L},

and

N =¥ =L X0 ceSh()lpeP ez 9.2)

p,J p]+1\l!(a) D,

in the A-tensor free filterization £6 4.

Note here that every element ng (or ng) of the family X, (resp.,

2,) of (9.2) is contained in the free block 263(]') in £64, for all
peP,jel

Theorem 9.1. Let £G4, be our A-tensor free filterization (9.1), and let
X, and 2, be the families (9.2) in £85 4, where a self-adjoint free random
variable a € (A, ) satisfies the conditions (I) and (II).

(9.3) The family X, is a free weighted-semicircular family in £6 4.

(9.4) The family 9, is a free semicircular family in £6 4.

Proof. Let X, be in the sense of (9.2) in the A-tensor free filterization
£6 4 of (9.1). By (9.1) and (9.2), all elements Xg,j of X, are mutually free
from each other in £& 4, for all p € P, j € Z, because these free reduced

words ng with their lengths-1 have their minimal free summand

SGA[XZ j] which are identical to the free blocks QGS(j) of £6 4, ie.,
£64[X8 1= £645(j), forall p e P, j € 2,

which are mutually distinct from each other, and hence, mutually free from
each other in £&5 4, for all p € P, j € Z. So, this family X, forms a free

family in £64.
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Furthermore, by the conditions (I) and (II) for a € (A, y), one has
(X8 ™) = (X2

A
= 15, (X3 ;)")

on (0 W(@)P)2 ey,
2

forall n e N, forall n € P, j € Z, by (8.2.1).
So, all elements of X, are weighted-semicircular in £& 4. Therefore, X,
is a free weighted-semicircular family in £& 4, i.e., the statement (9.3) holds.

Similarly, one can show that the statement (9.4) holds true.

In the proofs of (9.3) and (9.4), we used the notations
a \(n) a \n
(Xp,j) , and (vaj) , for n e N,

introduced in Section 6. Remark the differences between the above two

notations; the first one is in £5 4 by regarding Xg jasa free reduced word

with length-1, and the second one is in the minimal free summand

£6 A[X; j] of £6 4 containing this free reduced word ng with length-1.

As we discussed in Section 6, since ng is a free reduced word with its

“length-1,” equivalently, since its minimal free summand is identical to a free
block, i.e.,

A -
£6A[Xz,j] = £6,(j) in £64,
the above two notations (X7 j)(”) and (X} j)n are identified in £6& 4.

Corollary 9.2. Let £& 4 be the A-tensor free filterization, and let Xy,

and ), bein the sense of (9.2) in £& 4 where 1, is the unit in (A, y). Then
(9.5) The family X1, is a free weighted-semicircular family in £6 4.

(9.6) The family D, isa free semicircular family in £6 4.
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Proof. The proofs of the statements (9.5) and (9.6) are done by the
general arguments in (9.3), respectively, in (9.4), with help of the weighted-
semicircularity (8.2.2) and the semicircularity (8.3.2).

The above corollary generalizes the main results of [8].
10. Free-Probabilistic Information on £6 4

Let (A, y) be a fixed unital C*-probability space, and let
L£&4 = (L84, 14)
be the A-tensor free Adelic filterization (9.1).

Notation and Assumption 10.1 (in short, NA 10.1 below). In this
section, we automatically assume a free random variable a<(A4,vy) is self-
adjoint, and satisfies the additional conditions: y(a)eR*, and y(a")=y(a)",

forall n € N. u]

Let X, and 2, be the corresponding free weighted-semicircular family
(9.3), respectively, free semicircular family (9.4) of £6 4, under NA 10.1. In
this section, we consider free reduced words W of £&54 in X, U9%,. In

particular, we are interested in the free distributions of such operators W in
their minimal free summands £6 4[W], and in £& 4.

10.1. Joint Free Moments of Semicircular Elements. To consider

free-probabilistic information on the A-tensor free Adelic filterization £6 4,

we first concentrate on studying joint free distribution of mutually free multi
semicircular elements x;, ..., xy of a Banach #-probability space (X, ¢) of a

Banach #-algebra X, and a linear functional ¢ on X, for N e N\({1}.

By the semicircularity of x; in (X, ¢), the free-moment sequences, and

the free-cumulant sequences of x; are determined to be
(0, Cl, 0, C2, 0, 03, 0, C4, ),
and

(0,1,0,0,0,0,...), (10.1.1)
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respectively, for all I =1, ..., N. However, the characterization of the joint

free distribution of xq, ..., xy is not easily obtained.

Note that the joint free cumulants of xq, ..., x, are characterized by all
sums of free cumulants of xq, ..., x5, by the freeness of them (e.g., [26] and

[27]). However, computing the joint free moments of x7, ..., Xy is not easy.

Joint free moments consist of the free moments of x;, for I =1, ..., N,
and the mixed free moments of xq, ..., xp. Since free moments of x; are
already characterized by their semicircularity (10.1.1), for I =1,..., N, we
now focus on computing their “mixed” free moments.

Throughout this section, for any s € N/{1}, we fix an s-tuple I,
I, denote (i, ..., ig) € {1, ..., N}°. (10.1.2)

(Without loss of generality, one can regard I; as a mixed s-tuple, below.)
For example, one can take
I =(1,1,3 24,2 21),
in {1, 2, 3, 4, 5}°.
From the sequence I, of (10.1.2), define a set
[I]= {5, 19, ..., is}, (10.1.3)
without considering repetition. For instance, if Ig is given as above, then

[18] = {i19 i2’ ey iS},
with

i3 = 3, and i5 = 4.

without considering repetition; for example, we regard all I’s in Ig as

different elements ij, iy and ig in [Ig].
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Then from the set [I,] of (10.1.3), one can define a unique “noncrossing”

partition 7y ) of the lattice NC ([Z,]) such that (i)
VVZ(ijl, ijg""’ l]\V\)e TE(IS), (10.1.4)

=3k el ..., N}, st,ij =i k,

Jo =...= l]\V\ =
and (i1) such a partition I,) of (1) is “maximal” satisfying (10.1.4), under the
partial ordering on NC ([Ig]).

For example, if Ig and [Ig] are as above, then there exists a noncrossing

partition
n(1g) = (1, iz, ig), (i3), (g, g, i7)s (i5)}
={1,1,1), 3), (2 2, 2), (4)},
in NC(Ig]), satisfying the above conditions (i) and (ii).

Now, suppose 7z, € NC([1,)) is the noncrossing partition (10.1.4) over
the set [I,] of (10.1.3), and let

(1) = U1, s Uil

where ¢t <s and Uy, e n( 1,) are the blocks of (ii), satisfying the condition (i),

for k=1,..., ¢
Then the partition m(1,) 18 regarded as the joint partition,
(1) 21‘ Uy | vl‘ Us | v...vl‘ U, | (10.1.5)
where 1) 7, | are the maximal elements of NC(Uy), forall k =1, ..., t.

Let I, be in the sense of (10.1.2), and let x;

i > %, be the

corresponding semicircular elements of (A, ¢) induced by I, without
considering repetition in the set {xy, ..., xn} of our fixed mutually free, N-

many semicircular elements of (4, o).
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Define a free random variable X[I,] by

X[Is]cﬁl_[xi1 e (X, o). (10.1.6)
=1

If X[I,] is in the sense of (10.1.6), then

oXLD = D
neNC([I5])

by the Mobius inversion of [26] and [27], where %k, are the n-depending free

cumulants
- z k,
neNC([L]), n<n(y)
by the mutual-freeness of x, ..., xx in (X, ¢), where m(1,) 1s in the sense of
(10.1.4)
= Z k61 V... v,
(61 ..... et)ENC(Ul)XXNC(Ut)
by (10.1.5)
= Z k()lv...vet
(815...,0;)e NCo(Up )x...x NCo (Uy)
t
i [ k} 0.1
(01,...,0;)eNCq (Uq )x..xNCo (U )\ 1=1
by the semicircularity of x; , ..., x; in (X, ¢) where NCy(Y) is the subset of
the noncrossing-partition lattice NC(Y),
NCy(Y)={ne NC(Y):VV en | V]| =2} (10.1.8)

over countable finite sets Y.

By (10.1.7) and (10.1.8), it is not difficult to check that, if there exists at
least one kg € {1, ..., t}, such that | U, | is odd in N, then
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o(X[I5]) = 0,
where X[I,] is the free random variable (10.1.6) of (X, ¢).
So, the formula (10.1.7) is non-zero, only if
|Up | € 2N, forall £ =1, ..., ¢, (10.1.9)
where 2N = {2n : n e N}.

Moreover, if the condition (10.1.9) is satisfied, then the summands
kg,v...vo, of (10.1.7) satisfy that

¢
koo, = |1 w= 11 ( 1#(9")]:1, (10.1.10)
1

Vebyv...vo, Vebyv...voy \i=

by the semicircularity, where #(0;) are the number of blocks of 0;, for all

i =1, ..., t. Therefore, if the condition (10.1.9) holds, then

o(X[1,]) = > 1
(01,..-,8;)e NC ([Uy ])x...xNC3 ([U1])

= | NCy(Uy) x ... x NCo(U,) |, (10.1.11)

by (10.1.7) and (10.1.10), where | Y | mean the cardinalities of sets Y.
Proposition 10.1. Let I, be an s-tuple (10.1.2), and let

X[I1,] = H;zl X be the corresponding free random variable (10.1.6) of

(X, @). If [I,] is the set (10.1.3), and if

) = Yo VeV )

in the sense of (10.1.4) and (10.1.5), then

t if | Up | € 2N,
XI7.T) = | u; | 10.1.12
o(X[L]) i-1 2 forallk=1,..,t ( )
0 otherwise.

Proof. Under hypothesis,
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lflUk|€2N,

_ J| NCo(Uy) x ... x NCy(Uy) |
o(X[I,]) = forall k=1,...,¢

0 otherwise,

by (10.1.11).

Recall that, for every countable set X, with | X | € 2N, the subset

NCy(X) = {0 e NC(X): YV c0,|V| =2}

is equipotent (or bijective) to the noncrossing-partition lattice NC(%) over
X
{1, s %} ie., if | Uy | € 2N, then
| U,
| NCy(Ug) | = | NC| == || (10.1.13)

forall k=1, ..., ¢t

So, the formula (10.1.11) goes to

if | Uk | € ZN,
(X[1]) = | NC(| U; |j X ... X NC(%) |
Pl = forall k=1, ...,¢
0 otherwise.
by (10.1.13)
¢ if | U | € 2N,
[T,
=1 forall [=1,...,¢
0 otherwise.
t if | Ul | € 2N,
= U 10.1.14
=1 2 foralll=1,..,¢ ( )
0 otherwise,

because | NC(X)| = ¢ x|, for all finite sets X (e.g., [8], [11] and [12]).

Therefore, the formula (10.1.12) holds by (10.1.14).
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Example 10.1. (1) Let xq, ..., x5 be mutually free semicircular elements

of a Banach #-probability space (X, ¢), and let

X = x5 x5 xox3 x2 € (%, ).
Then one can determine a 14-tuple Iy4,

Ly =0, 04)=10(2,2,2,8,8,8,3,2,83,3, 5,5, 5, 5).
Then Iy has its corresponding noncrossing partition
ML) = NC({ir, ..., i10}),

satisfying

(ir, g, i3, ig), (is, 15, ig> i7),}

(T = . . . . . .
(o) { (197 L10)7 (l11’ 2, 13> 114}

Therefore, by (10.1.12), we have

3
o(X) = cqcqcocy =15

22 2 2

(2) Let xq, x9, x3 be mutually free semicircular elements of (X, ¢), and

let
X = x; x9x7x2 € (X, o).
Then one can take
I; = (i, oy i) = (1,21, 1,1, 2, 2),
having
m1,) = (1 iss iy B5) (B2), (6, 7))
Therefore, ¢(X) = 0, by (10.1.12).

10.2. Free Reduced Words of £54 in X,. Let £64 be the A-tensor

free filterization (9.1), and let a € (A, y) be a self-adjoint free random
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variable under NA 10.1. And let X, be the free weighted-semicircular family

(9.3) in £6,, consisting of (p’*'y(a))*-semicircular elements Xgi of

(7.3.12), contained in the free block £64(j) of £6 4, forall p € P, j € Z.
Now, let Pdef P xZ, s € N, and take an s-tuple I in P®,

Iy = ((pys Ji) (Pigs Jig» - (i Ji, ) (10.2.1)
as in (10.1.1). For convenience, let’s take
y =(py, jy)eP forl=1,..,s
Then the s-tuple I of (10.2.1) can be re-written by
I, = (i, iy, ig). (10.2.1)

Then, for this s-tuple I, one can define the corresponding free random

variable

S

_ a
X[, a] = Hxiz € £6 4,

=1

with
x& =X . foralll=1,...,s. (10.2.2)
i PlsJl

By (10.2.1)" and (10.2.2), if s > 1, and if I; is an s-tuple of s-copies of

(p, j)'s, ie.,if
IS = (il’ () ls) = ((p9 .])9 RN (p9 .]))’
then
X[y, a] = (X} j)s, for s € N,
and hence,

(KT, @] = 1K) = <A (X))
= o,(y(a)p2U)ye, (10.2.3)
2

by (9.3), under NA 10.1.
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By (10.2.3), we are interested in the cases where an s-tuple I; of (10.2.1),
or (10.2.1)" is mixed.

Theorem 10.2. Let I, be an s-tuple (10.2.1), for s € N\{l}, and let
X[I;, al e £& 4 be the free random variable (10.2.2), where a € (A, y)
satisfies NA 10.1. Then

i LU

P if 5 e N,
1
t4(X[I,, a]) _ Jv(@®) Hp ‘LU | (10.2.4)
=1 2 foralll=1,..., N
0 otherwise.

Proof. Let I; be given as in (10.2.1), or (10.2.1)". Then there exists the

maximal noncrossing partition I,) in the noncrossing-partition lattice

NC({iy, ig, ..., ig}),
satisfying (10.1.4). Assume now that
TC(IS) = {U]_, ceey Ut}’

for some ¢ < s, as in (10.1.5). Then

tA(X[L, a]) = TA[ xf;} - TA(HXZZJZJ
l
by (10.2.2)

- TA[H (o w(aye )J

by (8.3.1), where Y;fl j are semicircular elements of £& 4 by (8.3.2) (under

NA 10.1)

({115

=1

Advances and Applications in Statistical Sciences, Volume 13, Issue 1, November 2018



SEMICIRCULAR-LIKE AND SEMICIRCULAR ELEMENTS ... 49

[ TT e vt [T 221),
=1 =1

by (10.1.12) and (8.3.2)

10.1).

s o i LU Zl | N,
y(a®) le’” HC\ U |
=1 =12 foralll=1,.., N
0 otherwise.

Therefore, the free-distributional data (10.2.4) holds on £5 4 (under NA

The above theorem characterizes how to compute joint free moments of

generating operators of £5 4 (under NA 10.1).
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