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Abstract 

In this paper, we prove some common fixed point theorems for sequence of mappings in 

generalized cone metric space. 

1. Introduction 

In 2007, Huang and Zhang [9] introduced the concept of cone metric space 

with generalized the concept of the metric space, replacing the set of real 

numbers by an ordered Banach space and obtained some fixed point theorems 

for contractive mappings in normal Cone metric space. S-metric space was 

introduced by Sedghi et al. [19] in 2012 and they generalized fixed point 
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theorems in S-metric space. Recently, Ozgur and Tas [13] have studied 

integral type contractive conditions in S-metric space. In 2017, Dhamodharan 

and Krishnakumar [11] introduced the concept of cone S –Metric space and 

prove fixed point theorems for contractive mappings. In this paper, we prove 

some common fixed point theorems for sequence of mappings in generalized 

cone metric space. 

2. Preliminaries 

Definition 2.1. Let E be a real Banach space and let P be a subset of E. P 

is said to be a cone iff: 

(1) P is non-empty, closed and  ,0P  

(2) PyxPbyax  ,  and a and b are non-negative real numbers  

(3) Px   and Px   implies .0x  

Given a cone ,EP   a partial ordering ≤ on E with respect to P defined 

by yx   iff .Pxy   We shall write yx   to indicate that yx   but 

,yx   while yx   will stand for ,int Pxy   where Pint  is the interior 

of P. 

Let E be a real Banach space, EP   a cone and  partial ordering by P. 

Then the cone P is called normal if there is a number 0K  such that, for all 

yxEyx  0,,  implies .yKx   The least positive K number 

satisfying the above condition is called the normal constant of P. 

Definition 2.2. Let E be a real Banach space, then P a cone in E with 

Pint  is nonempty, and ≤ is partial ordering with respect to P. Let X  

and let EXXd :  mapping such that 

(1)   Xvuvud  ,0,  and   vuvud  iff0,  

(2)     Xvuuvdvud  ,,,,  

(3)       ,,,,,, Xwvuvwdwudvud   

Then d is called a cone metric on X and  dX,  is called a cone metric 

space. 
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Definition 2.3. Let X  be any set and   ,0: 3XS  be a function 

satisfying the conditions for all .,,, Xazyx   

(1)   .0,, zyxS  

(2)   0,, zyxS  if and only if .zyx   

(3)        .,,,,,,,, azzSayySaxxSzyxS   

Then the function S is called an S-metric on X and the pair  SX ,  is 

called an S-metric space. 

Example 2.4. Let X be a non empty set, d be the ordinary metric on X, 

then      wvdvudwvuS ,,,,   is an S-metric on X. 

Lemma 2.5. Let  SX ,  be a S-metric space. Then    .,,,, xyySyxxS   

Lemma 2.6. Let  SX ,  be a S-metric space. Then, for all ,,, Xzyx   we 

have 

     zxxSzyySyxxS ,,,,,,2   

     zxxSyzzSyxxS ,,,,,,2   

Lemma 2.7. Let  SX ,  be a S-metric space. Then, for all Xzyx ,,  it 

follows that: 

1.    yyxSyxxS ,,,,   

2.    xyxSyxxS ,,,,   

3.      zyxSzyySzxxS ,,,,,,   

4.      zyxSyzzSyxxS ,,,,,,   

5.      zyxSzxxSxyyS ,,,,,,   

6.       .,,,,,,
2

3
zxxSxyySzyyS   

Definition 2.8. Let E be a real Banach space, then P a cone in E with 

Pint  is nonempty, and ≤ is partial ordering with respect to P. Let X  
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and let EXS 3:  satisfy the following conditions 

(1)   0,, wvuS  

(2)   0,, wvuS  if and only if .wvu   

(3)        ,,,,,,,,, awwSavvSauuSwvuS   for all .,,, Xawvu   

Then the function S is said to be a cone S-metric on X and  SX ,  is called 

a cone S-metric space. 

Example 2.9. Let    RXRyxEyxPRE  ,0,:,, 22  and 

d be the ordinary metric on X. Then EXS 3:  defined by 

             0,,,,,,,,  wvdwudwvdwudwvuS  is a cone S-metric 

on X. 

Definition 2.10. Let  SX ,  be a cone S-metric space. 

(1) A sequence  nu  in X converges to u if and only if   0,, uuuS nn  

as ,n  that is, there exists Nn 0  such that for all 

  cuuuSnn nn  ,,,0  for each .0, cEc   We denote this by 

uun
n




lim  or   .0,,lim 


uuuS nn
n

 

(2) A sequence  nu  in X is called a Cauchy sequence if 

  0,, mnn uuuS  as ., nm  That is, there exists Nn 0  such that 

for all   cuuuSnmn mnn  ,,,, 0  for each .0, cEc   

The cone S-metric space  SX ,  is called complete if every Cauchy 

sequence is convergent. 

3. Main Results 

Theorem 3.1. Let  SX ,  be a cone S-Metric space which is complete and 

let P a normal cone with K as normal constant. Let nT  be a sequence of 

mappings from X to X satisfying the condition 

       yTxTycSyTxTxbSyxxaSyTxTxTS jijijii ,,,,,,,,   
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for all ji   and ,, Xyx   where 0,, cba  and .12  cba  Then 

 nT  has a unique common fixed point. 

Proof. Let Xx 0  be an arbitrary element in X. 

The sequence  nx  in X defined by ,11 nnn xTx    for ,1,0n  

Now 

   1211211 ,,,,   nnnnnnnnn xTxTxTSxxxS  

     12111211 ,,,,,,   nnnnnnnnnnnnn xTxTxcSxTxTxbSxxxaS  

     211211 ,,,,,,   nnnnnnnnn xxxcSxxxbSxxxaS  

      12211 ,,,,,,   nnnnnnnnn xxxSxxxSbxxxaS  

 211 ,,  nnn xxxcS  

       2111221 ,,,,,,   nnnnnnnnn xxxcSxxxbSxxxSba  

     2111 ,,)(,,   nnnnnn xxxScbxxxSba  

Therefore, 

        1211 ,,,,1   nnnnnn xxxSbaxxxScb  

 
 

 1211 ,,
1

,,  


 nnnnnn xxxS

cb

ba
xxxS  

   ,,,,, 1211   nnnnnn xxxhSxxxS  where 1
1







cb

ba
h  as 

.12  cba  

Similarly, 

   211322 ,,,,   nnnnnn xxxhSxxxS  

Thus 

   nnnnnn xxxhSxxxS ,,,, 111    

 112
2 ,,  nnn xxxSh  
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 100 ,, xxxShn  

 → 0  as n   

Now  

     11 ,,,,2,,   nmmnnnmnn xxxSxxxSxxxS  

   mnnnnn xxxSxxxS ,,,,2 111    

     mmmmmmnnn xxxSxxxSxxxS ,,,,2...,,2 111221    

→ 0  as nm,  we get 

Therefore,   0,, mnn xxxS  as nm,  

So the sequence  nx  is Cauchy. 

Since  SX ,  is complete, sequence  nx  converges to .Xx   

Now   

   2,,lim,, 


 nmm
n

mm xxTxTSxxTxTS  

 12,,lim 


 nnmm
n

xTxTxTS  

      121121 ,,,,,,lim 


 nnmnnnmn
n

xTxTxcSxTxTxbSxxxaS  

      2121 ,,,,,,lim 


 nmnnmn
n

xxTxcSxxTxbSxxxaS  

     xxTxcSxxTxbSxxxaS mm ,,,,,,   

   xTxxcSxTxxbS mm ,,,,   

   xTxxScb m,,  

Therefore,      xTxxSKcbxxTxTS mmm ,,,,   

Since ,1 cb  then   .0,, xxTxTS mm  

Which implies that   .0,, xxTxTS mm  



COMMON FIXED POINT THEOREMS FOR SEQUENCE … 

Advances and Applications in Mathematical Sciences, Volume 22, Issue 1, November 2022 

267 

Hence, .xxTm   

Therefore, xxTn   for all n. 

Hence x is a common fixed point of  .nT  

Uniqueness: Let xy   such that ., nyyTn   

 Now consider 

   yTxTxTSyxxS jii ,,,,   

     yTxTycSyTxTxbSyxxaS jiji ,,,,,,   

     xyycSyxxbSyxxaS ,,,,,,   

     yxxcSyxxbSyxxaS ,,,,,,   

   yxxScba ,,  

Where ,1 cba  which implies   .0,, yxxS  Hence .yx   

Theorem 3.2. Let  SX ,  be a cone S-Metric space which is complete and 

let P a normal cone with K as normal constant. Let nT  be a sequence of 

mappings from X to X satisfying the condition 

        yTxTySyTxTxS
b

yxxaSyTxTxTS jijijii ,,,,
2

,,,,   

    yTyxSxTyxS
c

ji ,,,,
2

  

for all ji   and ,, Xyx   where 0,, cba  and .1
2

3

2

3
 cba  Then 

 nT  has a unique common fixed point. 

Proof. Let Xx 0  be an arbitrary element in X. 

The sequence  nx  in X defined by ,11 nnn xTx    for ,1,0n  

Now 

   1211211 ,,,,   nnnnnnnnn xTxTxTSxxxS  
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      12111211 ,,,,
2

,,   nnnnnnnnnnnnn xTxTxSxTxTxS
b

xxxaS  

    12111 ,,,,
2   nnnnnnnn xTxxSxTxxS
c

 

      211211 ,,,,
2

,,   nnnnnnnnn xxxSxxxS
b

xxxaS  

    2111 ,,,,
2   nnnnnn xxxSxxxS
c

 

      211211 ,,
2

,,
2

,,  


 nnnnnnnnn xxxS
b

xxxS
cb

xxxaS  

 11,,
2  nnn xxxS
c

 

 211 ,,
2

1 






  nnn xxxS
b

      1211 ,,
2

,,
2

,,  


 nnnnnnnnn xxxS
c

xxxS
cb

xxxaS  

      12211 ,,,,
2

,,
2  










  nnnnnnnnn xxxSxxxS
cb

xxxS
c

a  

    1221 ,,
2

,,
2 










  nnnnnn xxxS
cb

xxxSc
b

a  

    2111 ,,
2

,,
2 










  nnnnnn xxxS
cb

xxxSc
b

a  

Therefore, 

   1211 ,,
2

,,
2

1  






 






  nnnnnn xxxSc
b

axxxS
c

b  

   1211 ,,
22

22
,,  


 nnnnnn xxxS

cb

cba
xxxS  

   ,,,,, 1211   nnnnnn xxxhSxxxS  where 1
22

22







cb

cba
h  as 

1
2

3

2

3
 cba  
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Similarly, 

   211322 ,,,,   nnnnnn xxxhSxxxS  

Thus 

   nnnnnn xxxhSxxxS ,,,, 111    

 122
2 ,,  nnn xxxSh  

  

 100 ,, xxxShn  

 → 0 as n  

Now 

     11 ,,,,2,,   nmmnnnmnn xxxSxxxSxxxS  

   mnnnnn xxxSxxxS ,,,,2 111    

     mmmmmmnnn xxxSxxxSxxxS ,,,,2...,,2 111221    

0  as nm,  we get 

Therefore,   0,, mnn xxxS  as nm,  

So the sequence  nx  is Cauchy. 

Since  SX ,  is complete, sequence  nx  converges to .Xx   

Now  

   2,,lim,, 


 nmm
n

mm xxTxTSxxTxTS  

 12,,lim 


 nnmm
n

xTxTxTS  

       121121 ,,,,
2

,,lim 


 nnmnnnmn
n

xTxTxSxTxTxS
b

xxxaS  

    1211 ,,,,
2   nnnmn xTxxSxTxxS
c
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       2121 ,,,,
2

,,lim 


 nmnnmn
n

xxTxSxxTxS
b

xxxaS  

    111 ,,,,
2   nnmn xxxSxTxxS
c

 

           xxxSxTxxS
c

xxTxSxxTxS
b

xxxaS mmm ,,,,
2

,,,,
2

,,   

   xTxxS
c

xxTxbS mm ,,
2

,,   

   xTxxS
c

xTxxbS mm ,,
2

,,   

   xTxxS
c

bxxTxTS mmm ,,
2

,, 






   

 xTxxS
cb

m,,
2

2







 
  

Therefore,    xTxxSK
cb

xxTxTS mmm ,,
2

2
,, 







 
  

Since ,1
2

2


 cb
 then   .0,, xxTxTS mm  

Which implies that   .0,, xxTxTS mm  

 Hence, .xxTm   

Therefore, xxTn   for all n. 

Hence x is a common fixed point of  .nT  

Uniqueness: Let xy   such that ., nyyTn   

Now consider 

   yTxTxTSyxxS jii ,,,,   

      yTxTySyTxTxS
b

yxxaS jiji ,,,,
2

,,   

    yTyxSxTyxS
c

ji ,,,,
2
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           yyxSxyxS
c

yxySyxxS
b

yxxaS ,,,,
2

,,,,
2

,,   

           yxxSyxxS
c

xyySyxxS
b

yxxaS ,,,,
2

,,,,
2

,,   

        yxxcSyxxSyxxS
b

yxxaS ,,,,,,
2

,,   

   yxxScba ,,  

Where ,1 cba  which implies   .0,, yxxS  Hence .yx   

Theorem 3.3. Let  SX ,  be a cone S-Metric space which is complete and 

let P a normal cone with K as normal constant. Let nT  be a sequence of 

mappings from X to X satisfying the condition 

       yTxTxSyTxTxSbyxxaSyTxTxTS jijijii ,,,,,max,,,,   

    yTxxSxTxxSc jj ,,,,,max  for all ji   and ,, Xyx   where 

0,, cba  and .122  cba  Then  nT  has a unique common fixed point. 

Proof. Let Xx 0  be an arbitrary element in X. 

The sequence  nx  in X defined by ,11 nnn xTx    for ,1,0n  

Now 

   1211211 ,,,,   nnnnnnnnn xTxTxTSxxxS  

 1211 ,,  nnnnn xTxTxS  

    ,,,max,, 1211   nnnnnnnn xTxTxSbxxxaS  

  )},,(),,,(max{ 12111  nnnnnnnn xTxxSxTxxSc  

 1,,  nnn xxxaS  

    21121 ,,,,,max  nnnnnn xxxSxxxSb  

    2111 ,,,,,max  nnnnnn xxxSxxxSc  

     21211 ,,,,,,   nnnnnnnnn xxxcSxxxbSxxxaS  
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       12211 ,,,,,,   nnnnnnnnn xxxSxxxScbxxxaS  

         1221211 ,,,,,,   nnnnnnnnn xxxScbxxxScbaxxxS  

       1211 ,,,,1   nnnnnn xxxScbaxxxScb  

   1211 ,,
1

,,  


 nnnnnn xxxS

cb

cba
xxxS  

   ,,,,, 1211   nnnnnn xxxhSxxxS  where 1
1







cb

cba
h  as 

122  cba  

Similarly, 

   211322 ,,,,   nnnnnn xxxhSxxxS  

Thus 

   nnnnnn xxxhSxxxS ,,,, 111    

 122
2 ,,  nnn xxxSh  

  

 100 ,, xxxShn  

→ 0 as n  

Now  

     11 ,,,,2,,   nmmnnnmnn xxxSxxxSxxxS  

   mnnnnn xxxSxxxS ,,,,2 111    

     mmmmmmnnn xxxSxxxSxxxS ,,,,2,,2 111221     

0  as nm,  we get 

Therefore,   0,, mnn xxxS  as nm,  

So the sequence  nx  is Cauchy. 

Since  SX ,  is complete, sequence  nx  converges to .Xx   
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Now  

   2,,lim,, 


 nmm
n

mm xxTxTSxxTxTS  

 12,,lim 


 nnmm
n

xTxTxTS  

       121121 ,,,,,max,,lim 


 nnmnnnmn
n

xTxTxSxTxTxSbxxxaS  

    1211 ,,,,,max  nnnmn xTxxSxTxxSc  

       2121 ,,,,,max,,lim 


 nmnnmn
n

xxTxSxxTxSbxxxaS  

    211 ,,,,,max  nnmn xxxSxTxxSc  

      xxTxSxxTxSbxxxaS mm ,,,,,max,,   

   xxxSxTxxSc m ,,,,,max  

   xTxxcSxxTxbS mm ,,,,   

   xTxxcSxTxxbS mm ,,,,   

     xTxxScbxTxxS mm ,,,,   

Therefore,      xTxxSKcbxxTxTS mmm ,,,,   

Since ,1 cb  then   .0,, xxTxTS mm  

Which implies   .0,, xxTxTS mm  

Hence, .xxTm   

Therefore, xxTn   for all n. 

Hence x is a common fixed point of  .nT  

Uniqueness. Let xy   such that ., nyyTn   

Now consider 

   xTxTxTSyxxS jii ,,,,   

      yTxTySyTxTxSbyxxaS jiji ,,,,,max,,   
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    yTyxSxTyxSc ji ,,,,,max  

      yxySyxxSbyxxaS ,,,,,max,,   

    yxxSyxxSc ,,,,,max  

      xyySyxxSbyxxaS ,,,,,max,,   

    yxxSyxxSc ,,,,,max  

        yxxcSyxxSyxxSbyxxaS ,,,,,,,max,,   

     yxxcSyxxbSyxxaS ,,,,,,   

   .,, yxxScba   

Where ,1 cba  which implies   .0,, yxxS  Hence .yx    
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