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Abstract 

In nonlinear analysis, the fixed point theory plays a key role. In the present paper some 

new hybrid fixed point theorems (HFPT) for integral type implicit relations (ITIR) in Hausdorff 

fuzzy metric space (HFMS). Fixed point theorem (FPT) for set-valued maps was initiated by 

Nadler [21] and has developed more results in different directions. Our result generalized 

extends and modified some existing results of fuzzy metric space (FMS). 

1. Introduction 

For the existing fixed points in FMS, the contractive conditions and 

implicit function play a key role. Zadeh [31] was the first who explore fuzzy 

mathematics and introduced a mathematical formulation of the fuzzy set (FS) 

in 1965. Many researchers worked on this theory of FS and developed some 

interesting results to encounter the vagueness, ambiguity of daily life 

problems. Kramosil and Michalek [15] first to introduced the concept of FMS, 

which was modified by George and Veeramani [10]. The Banach contractive 

FPT extended by Gregori and Sapenal [11] to the fuzzy contractive mapping 

of complete metric space. Recently more results in FMS (see [7, 8, 9, 18, 19, 

27, 29, 30]). 

Investigations of the existence of fixed points of set-valued contractions in 
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metric spaces were initiated by Nadler [21] and subsequently by Asad and 

Krik [3], Mizoguchi, and Takahashi [20], and Kim and Wardowshi [13]. To 

prove common FPT’s of contractive maps in different spaces, Popa ([22, 23]) 

introduces the concept of implicit function. The integral type contraction 

principle, which is a version of the Banach contraction principle, was 

developed by Branciari [6] in 1985 and proved FPT for single-valued 

contractive mapping of integral type. Many researchers extended the result of 

Branciari in different spaces, (see [2, 24, 26] and references therein). 

The Banach [5] contractive FPT extended by Gregori and Sapena [11] to 

the fuzzy contractive mapping of complete metric space. Lopez and 

Romaguera [17] introduced the concept of HFMS in 2004. After that, a 

number of research papers were developed by researchers to prove FPT for 

multivalued contraction mapping in HFMS (see [12, 13, 22, 29]). The main 

idea of this study is to generalize, improve and extend some new hybrid fixed 

point theorems for ITIR in HFMS. 

2. Preliminaries 

Let us memorize the terminologies and basic properties of fuzzy metric 

space in the sequel as follows: 

Definition 2.1[30]. A fuzzy set    XxxxA
A

 :,
~

~  is an ordered set 

of a non-empty set X, where    1,0:~  Xx
A

 is a function. 

Definition 2.2[27]. A binary operation      ,1,01,01,0:   is a 

continuous t-norm with unit 1, if it satisfies the following conditions: 

(i)  is associative, commutative and continuous, 

(ii)  ,1,0,,  baabba  

(iii) dcba   whenever ca   and db   for each  .1,0,,, dcba  

The typical examples of continuous t-norm are abba   or 

 ,,min baba   and 
 

,
,,max 


ba

ab
ba  for .10   

Definition 2.3[10]. An ordered triple  ,, MX  is called a fuzzy metric 
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space, where X is a non-empty set,  is a continuous t-norm and 

   1,0,0:  XXM  is a function satisfying the following 

conditions, such that for all ,,, Xzyx   

    ,0,,1  tyxMFGV  for all ,0t  

    ,1,,2  tyxMFGV  for all ,0t  and   ,1,, tyxM  for some 

,0 yxt   

     txyMtyxMFGV ,,,,3   for all ,0t  

       ,,,,,,,4 stzxMszyMtyxMFGV   for all ,0, ts  

       1,0,0:,,5  yxMFGV  is continuous. 

According to Kramosil and Michalek [15], M is a fuzzy set on 

  ,0XX  which satisfies  3GVF  and  4GVF  while  ,1GVF   

 2GVF  and  5GVF  replaced by  ,1KMF  

 2KMF  and  ,5KMF  as follows: 

    ,00,,1  yxMFKM  

    ,1,,2  tyxMFKM  for all ,0t  if and only if ,yx   

       1,0,0:,,5  yxMFKM  is left continuous. 

Song [29] gives two important facts that  tM ,,   is continuous function 

on XX   for   ,0t  and  ,, yxM  is non-decreasing for all ., Xyx   

For more examples, lemma and definition about fuzzy metric space we refer 

([10, 18, 26, 27] and references therein). 

For all conditions on fuzzy metric space  ,,, MX   it is easy to show that 

commuting  weakly commuting  compatible  continuity and there are 

examples (see [26, 27]). 

Example 2.1. Let  ,,, MX  be a fuzzy metric space, where  ,10,0X  

   1,0,,,min  bababa  and   ,,,
yxt

t
tyxM


  for all 

0,,  tXyx  with condition  .5KMF  
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Define S and T by: 

 

   






 ,

10,20if,0

2,0if,3

x

x
Sx    

 













 .

10,2if,2

2,0if,8

0if,0

xx

xx

x

Tx  

We have   TxSxtTxSxM  1,,  iff ,0,0  tx  and so 

      .0,001,,  tTSSTTSSTTSxSTxtTSSTM  

Then,  TS,  is weakly commuting. Let  nx  be a sequence in X defined by: 

,
11

2,0
1

2,1,
1

2
nn

TTx
n

SSxn
n

x nnn 






 






   

Since   ,1,,lim 


tTxSxM nn
x

 implies  tTSxSTxM nn
x

,,lim


 

    ,0,1,0,3,0,
1
















 ttMtT
n

SM  so that  TS,  is compatible, 

which implies continuity. 

A collection of all non-empty closed sub sets of X denoted by  ,XC  or 

generally a collection of closed bounded sub sets of X, by  ,XCB  we define a 

function  tBAMH ,,  on       ,0XCBXCB  defined as follows: 

 
 

    tBaMtbAM
BAHt

t
tBAM

AaBb
H ,,inf,,,infmin

,
,, 








  for 

any  XCBBA ,  and ,0t  where    tDcMtcDM ,,,,   

 .,,sup tdcM
Dd

  For all    tBAMXCBBA ,,,,   and  tBAMD ,,  be 

the functions defined by 

 
 

   BbAatbaM
BAt

t
tBAM d 


 ,:,,inf

,
,,  

and  

 
 

   BbAatbaM
BADt

t
tBAM dD 


 ,:,,sup

,
,,  

If A is a singleton i.e.  aA   we write    tBaMtBAM ,,,,     

If B is also a singleton i.e.  bB   we write    tbAMtBAM ,,,,     
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It follows immediately from the definition that 

    1,,,,   tABMtBAM  

     tBCMtCAMtBAM ,,,,,,    

   aBAtBAM  1,,  

   AtAAM dim1,,   

For the collection of compact subsets  XCB  the function  tBAMH ,,  

satisfies the conditions    .51  GVGV FF  Also for all ,, ByAx   

,0,,  tXyx  

      .,,,, tyxMtyxM HH   

Lemma 2.1[21]. If  ,XCBA   then Ax   if and only if 

  ,1,,  tAxM  for .0t   

The study of hybrid contractions, i.e., contractive conditions involving 

single valued and multi valued maps, initiated independently by Singh and 

Kulshrestha [28]. 

Definition 2.4. Let  XCBXF :  and .: XXG   The pair  GF ,  

is called a hybrid contraction, if for some 10   and for all ,,, Xyx    

   .,, GyGxFyFxH   

Definition 2.5. Let  ,, MX  be a fuzzy metric space and  XCB  is the 

collection set of all non-empty closed bounded subsets of X, and let 

 XCBXF :  and .: XXG   The pair  GF ,  is called a hybrid 

contraction, if for some 1  and for all ,, Xyx    

    .0,,,,,  ttGyGxtFyFxH MM  

3. Implicit Relations 

Let F  be the set of all continuous functions  654321 ,,,,, ttttttF  

    RR 6:  satisfying the following conditions for all 0,0  vu  as  
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   
 





1,,,,,

0
,0

vuuvvuF

a dttC  implies .vu   

   
 





vuvuvuF

b dttC
,1,,,,

0
,0  implies .vu   

   
 

 
uuuuF

dttC
,,1,1,,

0
1 ,0  for all   .11,0  uu  

where RR  :  is a Lebesgue integrable mapping which is summable. 

Example 3.1. Let      ,,,max,,,,, 654321654321 ttbttttttttttF   

0b  and  
   

,
14

3
cos

14

3
2 t

t

t
t









  for all t in .R  Then 

 
   

 












1,,,,,

0 2
,0

14

3
cos

14

3vuuvvuF

a dt
t

t

t
C  

i.e. 
   

   












1,,max

0 2
,0

14

3
cos

14

3vubuvvu
dt

t

t

t
 

Now if ,uuvu   which is contradiction, so we take .vu   Thus, 

 
  

,0
14

3
sin 





vu

vu
 which implies ,vu   where    .11 bb   

Similarly, 

 
   

 












vuvuvuF

b dt
t

t

t
C

,1,,,,

0 2
,0

14

3
cos

14

3
 

Implies 
 
  

,0
14

3
sin vu

vu

vu





 and    .11 bb   

 1C   Further for  

   
   

 

 










uuuuF
dt

t

t

t
bb

,,1,1,,

0 2
,0

14

3
cos

14

3
,11  so 

 
,0

212

3
sin 





bu

bu
 for all   .11,0  uu  

The following examples are also proved for the  function of given above. 
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Example 3.2. If    ,,,,max,,,,, 654321654321 tttttctttttttF    

where    ba CC ,  and  1C  proved as in example 3.1. 

Example 3.3. If     ,21,max,,,,, 4321654321 ttttttttttF    

,65 tt   where    ba CC ,  and  1C  proved as in example 3.1. 

Example 3.4. If     ,21,,max,,,,, 654321654321 ttttttttttttF   

,65 ttb   where    ba CC ,  proved as in example 3.1 and for  

 
   

 

 







uuuuF
dt

t

t

t
C

,,1,1,,

0 21 ,0
14

3
cos

14

3
 so 

 
,0

212

3
sin 





bu

bu
 

  .11,0  uu  

Remark 3.1. In above examples, we observe that 

 
   

,
14

3
cos

14

3
2 t

t

t
t









  is negative for  ,,2 t  positive for  2,0t  

and vanishes at .2t  

4. Fixed Point Theorem 

Let  XCBXT :  be a set valued mapping in a fuzzy metric space 

 .,, MX  If ,Txx   then an element Xx   is called a fixed point of T. 

Remark 4.1. Let Y be a finite subset of a standard fuzzy metric space 

 .,, HMX  Then Y is compact. 

Theorem 4.1. Let JI ,  be self mappings of a fuzzy metric space 

 ,, HMX  and  XCBXgf :,  two set valued mappings satisfying 

     XJXf 
i  and    XIXg   

 ii   Their exists  FF  such that 

   
            





tfxJyMtgyIxMtgyJyMtfxIxMtJyIxMtgyfxMF

a

DDd
dttC

,,,,,,,,,,,,,,,,,

0
,0  

which implies Xyxvu  ,,  and for which at least one of  ,,, tJyIxMd  

 tfxIxM ,,  and  tgyJyM ,,  is positive, where  FF  satisfies the 
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properties    ba CC ,  and  1C  and RR  :  is a Lebesgue integrable 

mapping which is summable. 

 iii  The pair  If ,  and  Jg,  are weakly compatible, 

 vi  The mapping f and I are continuous. 

Then there exists a unique point Xu   such that    Iuugufu   

 .Ju  

Proof. Let    .:,,inf XxtfxIxMd   Since  ,, HMX  is compact 

fuzzy metric space, there is a convergent sequence  nx  with limit 0x  in X 

such that   .,,lim 


tfxIxM nnd
x

 Since    tfxIxMtfxIxM nnd ,,,, 00   

 tfxfxM n ,, 0  therefore by the continuity of f and I and ,lim 0xxn
x




 we 

get 

    .,,,, 0000   tfxIxMtfxIxM  

Since    XJXf   and    ,XIXg   there exists a point Xy 0  

such that 00 fxJy   and   .,, 00 tJyIxMd  If ,1  then, by  ii  we have 

 
            





tfxJyMtgyIxMtgyJyMtfxIxMtJyIxMtgyfxMF DDd

dtt
,,,,,,,,,,,,,,,,,

0

000000000000
,0  

i.e.  
       


 


0,,,,,,,,,,,

0

000000
,0

tgyIxMtgyJyMtgyfxMF
dtt  

By  bC  it implies   ,,, 00  tgyfxM  and hence  tgyJyM ,, 00  

  .,, 00  tgyfxMd  Since    ,XIXg   then there exists a point Xz 0  

such that 00 gyIz   and   .,, 00 tJyIzMd  Now, since    tJyIzM ,, 00  

  ,1,, 00 tJyIzMd  then we have, 

 
            





tfzJyMtgyIzMtgyJyMtfzIzMtJyIzMtgyfzMF DDd

dtt
,,,,,,,,,,,,,,,,,

0

000000000000
,0  

i.e. 
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 
            





tfzJyMtgyfzMtgyJyMtgyfzMtgyJyMtgyfzMF d

dtt
,,,,,,1,,,,,,,,,,,,

0

000000000000
,0  

which by  ,bC  yields    ,,,,, 0000 tgyJyMtgyfzM    but then, 

      ,,,,,,, 000000   tgyJyMtgyfzMtfzIzM  which is a contradiction. 

Thus .1  Then we get     .000 fxJyIx   If   ,1,, 00  tgyJyM  then by 

  ,ii   we have 

 
            





tfxJyMtgyIxMtgyJyMtfxIxMtJyIxMtgyfxMF DDd

dtt
,,,,,,,,,,,,,,,,,

0

000000000000
,0  

i.e.  
       





0,,,,,,,1,1,,,

0

000000
,0

tgyJyMtgyJyMtgyJyMF
dtt  

which, by  ,1C  implies that   ,1,, 00  tgyJyM  a contradiction. Thus 

  ,1,, 00  tgyJyM  and so  .00 Jygy   Therefore 

       .0000 pgyJyfxIx   (4) 

Then, by weak compatibility of the pair  ,, If  we have 

     .00 IpIfxIxffp   (5) 

If ,0JypIp   then by an application of (ii), we have 

 
            





tfpJyMtgyIpMtgyJyMtfpIpMtJyIpMtgyfpMF DDd

dtt
,,,,,,,,,,,,,,,,,

0

000000000000
,0   

(6) 

Now using, (4), (5) and (6), we get 

 
        





tpfpMtpfpMtpfpMtpfpMF dd

dtt
,,,,,,1,1,,,,,,

0
,0  

which, by  1C  is a contradiction. Therefore   ,1,, tpfbMd  and hence 

 pfp   and so    .JpIpfp   (7) 

Now, since J and g are weakly compatible     .00 gpgJyJgyJp   

Suppose ,JpIp   then   1,, tJpIpMd  and so 



RAJESH KUMAR SAINI and MUKESH KUSHWAHA 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 8, June 2022 

4856 

 
            





tfpJpMtgpIpMtgpJpMtfpIpMtJyIpMtgpfpMF DDd

dtt
,,,,,,,,,,,,,,,,,

0
,0  

i.e.  
        

 
tJpIpMtJpIpMtJpIpMtJpIpMF dddd

dtt
,,,,,,1,1,,,,,,

0
,0  

which by  1C  is a contradiction. Thus JpIp   and hence  Jpgpfp   

 .p  Suppose, q be a point such that, i.e.     ,qJqIqgqfq   then, 

by  ii  we have, 

 
            





tfpJqMtgqIpMtgqJqMtfpIpMtJqIpMtgqfpMF DDd

dtt
,,,,,,,,,,,,,,,,,

0
,0  

i.e.  
        

 
tqpMtqpMtqpMtqpMF dddd

dtt
,,,,,,1,1,,,,,,

0
,0  

which by  ,1C  yields   ,1,, tqpMd  and so .qp   

Theorem 4.2. Let SBA ,,  and T be self mappings of a fuzzy metric space 

 ,, MX  satisfying the following conditions 

     XBXS 
i   and    XAXT   

 ii  Their exists  FF  such that 

   
            

 
tBySxMtTyAxMtTyByMtSxAxMtByAxMtTySxMF

a dttC
,,,,,,,,,,,,,,,,,

0
,0  

for all Xyx ,  for which at least one of    tSxAxMtByAxM ,,,,,  and 

 tTyByM ,,  is positive, where  FF  satisfies the properties    ba CC ,  

and  1C  and RR  :  is a Lebesgue integrable mapping which is 

summable. 

 iii  The pair  AS,  and  BT,  are weakly compatible, 

 iv  The mapping A and B are continuous. 

Then there exists a unique common fixed point .Xu   Further u is a 

unique common fixed point of SBA ,,  and T. 
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Proof. Let    .:,,inf XxtSxAxM   Since X is compact space, 

there is a convergent sequence  nx  with limit 0x  in X such that 

  .,,lim 


tSxAxM nn
x

 Since    tAxAxMtSxAxM n,,,, 000   

   tSxSxMtSxAxM nnn ,,,, 0  therefore by the continuity of S and A 

and ,lim 0xxn
x




 we get   tSxAxM ,, 00  and that 

  .,, 00 tSxAxM  

Since    ,XBXS   there exists a point Xy 0  such that 00 SxBy   

and  

  .,, 00 tByAxM  

If ,0  then, by  ii  we have 

   
            

 
tBySxMtTyAxMtTyByMtSxAxMtByAxMtTySxMF

a dttC
,,,,,,,,,,,,,,,,,

0

000000000000
,0  

i.e.  
       





1,,,,,,,,,,,

0

000000
,0

tTySxMtTySxMtTySxMF
dtt  

By  bC  it implies   tTySxM ,, 00  and hence   tTyBxM ,, 00  

  .,, 00 tTySxM  Since    ,XAXT   then there exists a point Xz 0  such 

that 00 TyAz   and   .,, 00 tByAzM  Now, since   .1,, 00 tByAzM  

Then, we have, 

 
            

 
tBySzMtTyAzMtTyByMtSzAzMtByAzMtTySzMF

dtt
,,,,,,,,,,,,,,,,,

0

000000000000
,0  

i.e.  
            





tTyByMtTySzMtTyByMtTySzMtTyByMtTySzMF

dtt
,,,,,1,,,,,,,,,,,,

0

000000000000
,0  

which by  bC  yields,    ,,,,, 0000 tTyByMtTySzM   but then, 

      ,,,,,,, 000000  tTyByMtTySzMtSzAzM  a contradiction. 

Thus ,1  then we get .000 SxByAx   If   ,1,, 00 tTyByM  then 

by  ii  we have 
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 
            

 
tBySxMtTyAxMtTyByMtSxAxMtByAxMtTySxMF

dtt
,,,,,,,,,,,,,,,,,

0

000000000000
,0  

i.e.  
      

 
tTyByMtTyByMtTyByMF

dtt
,,,,,,1,1,,,

0

000000
,0  

which, by  ,1C  implies that   ,1,, 00 tTyByM  a contradiction. Thus 

  1,, 00 tTyByM  and so .00 TyBy   Therefore .0000 lTyBySxAx   

 (8) 

Then, by weak compatibility of the pair  SA,  we have 

.00 AlASlSAlAl    (9) 

If ,00 BylSl   then by an application of   ,ii 
 we have, 

 
            

 
tBySlMtTyAlMtTyByMtSlAlMtByAlMtTySlMF

dtt
,,,,,,,,,,,,,,,,,

0

000000
,0  

Now using, (8), (9) and (10), we get 

 
        

 
tlSltlSltlSltlSlMF

dtt
,,,,,,1,1,,,,,,

0
,0  

which, by  ,1C  is a contradiction. Therefore   ,1,, tlSlM  and hence 

lSl   and so .lAlSl    (11) 

Now, since B and T are weakly compatible .00 TlTByBTyBl   

Suppose ,BlAl   then   ,1,, tBlAlM  and so 

 
            

 
tBlSlMtTlAlMtTlBlMtSlAlMtBlAlMtTlSlMF

dtt
,,,,,,,,,,,,,,,,

0
,0  

i.e.  
        

 
tBlAlMtBlAlMtBlAlMtBlAlMF

dtt
,,,,,,1,1,,,,,,

0
,0  

which by  ,1C  is a contradiction. Thus ,BlAl   and hence .lBlTlSl   

Suppose, m be a point such that, i.e. .mBmAmTmSm   Then, by 

 ii  we have, if 
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 
            

 
tBmSlMtTmAlMtTmBmMtSlAlMtBmAlMtTmSlMF

dtt
,,,,,,,,,,,,,,,,

0
,0  

i.e.  
        

 
tmlMtmlMtmlMtmlMF

dtt
,,,,,,1,1,,,,,,

0
,0  

which by  ,1C  yields   .1,, mltmlM   Hence the theorem. 

For   1 t  in theorem 4.1, we obtain the result of Saini et al. [25] as 

follows: 

Corollary 4.1. Let JI ,  be self mappings of a compact fuzzy metric space 

 ,, HMX  and  XCBXgf :,  two set valued mappings satisfying 

    ,iii,i   and  iv  and         ,,,,,,,,,ii tfxIxMtJyIxMtgyfxMF d 


 

      1,,,,,,,,  tgyJyMtgyIxMtgyJyM DD  for all Xyx ,  for which at 

least one of    tfxIxMtJyIxMd ,,,,,   and  tgyJyM ,,  is less than unity, 

and . FF  Then there exists a unique point Xu   such that gufu   

     .JuIuu   

Corollary 4.2. Let JI ,  be self mappings of a compact fuzzy metric space 

 ,, HMX  and  XCBXgf :,  two set valued mappings satisfying 

    ,iii,i 
 and  iv  and  

   
        





tgyJyMtfxIxMtJyIxMtgyfxMF d

dtt
,,,,,,,,,,,

0
,0ii 
  

and          tgyJyMtfxIxMtJyIxMFtgyfxMF d ,,,,,,,,,,    for all 

Xyx ,  for which the right hand side of the inequality  ii  is less than 

unity, where , FF  satisfies the properties    ba CC ,  and  1C  and 

    RRt :  is Lebesgue integrable mapping which is summable. Then 

Igf ,,  and J have a unique common fixed point. 

Proof. Follows from theorem 4.1, we get proof easily, which is extension 

of Fisher theorem [7] to integral type of implicit relations in fuzzy metric 

space. 
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