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Abstract

Topological indices are widely studied to investigate and correlate the Physical properties
and Chemical properties of hydrocarbons. M-polynomial has been introduced to compute the
Topological indices for the Chemical compounds. In this paper, we have used complete graph of
order 3 and constructed subdivisions of this graph to compute, its degree-based topological
indices, First Zagreb index Mj(G), Second Zagreb index Mqy(G) and the modified Zagreb

index. Further, Symmetric Sum division index SS(G) and Generalized Randié index R, (G) are

computed using M-polynomial.
Introduction

Chemical compounds have Molecular structure. In the field of Chemical
graph theory Trinajstic [1] introduced representation of these molecular
structure by a graph. The symbolic display of atoms and bonds in a molecule
is presented by vertices and edges respectively.
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The Structure and property activities of a chemical compound can be
identified by using graph theory as a tool. A topological index, commonly
referred as molecular descriptor, is a numerical entity which cognates with
graph structure of a chemical compound. This helps to correlate the
Quantitative activity-property relationship (QAPR) and Quantitative
structure-property relationship (QSPR) properties of chemical compounds [2].

In this paper, we assume the graph G = (V, E) simple graph. The set V

contains all vertices and E includes all of the graph’s of incident edges at
vertex v in G. The topological indices, in general, are graph invariant. The
introduction of several degree-based topological indices (DBTI) [3] have
helped to understand the physio-chemical behavior of the hydrocarbons to a

great extent.

In papers [5, 6, 7] the definition of M-Polynomial is employed to compute
the DBTT’s of graphs. Deutsch and Klavzar [4] have recently introduced the
M-Polynomial in year 2015.

In graph G a M-polynomial, M(G, x, y), is given by

MG, x, y) = Zmij(G)xiyj

d<i<j<A
where, m;; =1{e =uwv e E|d(u)=1i,dv) = j},8 = min{d@v)v e V} and
A = max{d(v);v € V}.
A Planar graph [9] is a graph where no edges intersect each other. A face
of a planar graph is defined to be a region bounded by the edges of the graph.

The DBTT’s of special graph G,, is explored by M. S Abdelgader et al. [10].
The special graph G,, is produced from a complete graph of order 3 i.e.3-cycle
Cs. In this paper we have used this thought of subdivision of 3-cycle Cs to

get a sequence of special graphs SG?, SG%, SGS’, ...SG,% and derived eight
DBTT’s for the graph SG,3L.

First Zagreb index, denoted by M;(G), and second Zagreb index My(G)
were introduced by Gutman et al. [8] and from the paper by Garg et al. [5],

we define
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Table 1. Topological indices formulae and their derivations using M-

Polynomial.

Topological
index

Formula

Derivation from M(G, x, )

First Zagreb

>, d*(v)

[(Dx + Dy)M(Ga X, y)]x:yzl

index M;(G) veV(G)

Second Zagreb Z d(w)d(v) (D + Dy )M(G, «x, y)]x:y:l
index M5(G) uveE(G)

Modified Zagreb 1 [(Sx + S))M(G, x, ¥)]oyq
index mMy(G) SR (6) d(u)d(v)

Generalized Z (d(w)d(v))* [(D¥Dy)M(G, x, y)]yyq
Randi¢ index uveE(G)

R, (G)

.Inverse Randié ;{x [(SJ?S;‘ YM(G, x, y)]x=y=1
index RR(X(G) uveE(QG) (d(u)d(v))

Symmetric Sum d?(w)d?(v) [(SxDy + SyD )M(G, x, y)],._,
division index wBG) d(u)d(v)

SSI(G)

Harmonic index 2 [SyJM(G, x, y)],4

H(G) uveE(G) d(u) + d(U)

Inverse sum dw)d®)  [SyIDyDyM(G, x, ¥)];_yy
index I(G) we(G) d(w) +d(v)

Where D,, Dy, S,, Sy and J are defined as

D, 3) == TED bz, )

= M;,y)v Sxf(xv )
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= [N us, e, ) <[ 1ED atand p(e, ) = 1w, 9)
ot o ¢

Main Results

3-cycle Cg SG
We have used the subdivision of 3-cycle C3 up to n times to obtain

sequence of special graphs SG13, SGg’, SG§’, e SGs. Edge subdivision is

done in Cj to produce new vertices on every edge and construct a cycle in the
inner face of this planar graph to obtain SG13 Similarly, repeating the same
procedure i.e. edge subdivision is used in SGf’ and all the new vertices are
joined to form a cycle in the inner faces of SG13 to obtain new special graph

SGS. Repeating this process n — 2 more times, we get special graph SGS.

SG3 SG3

3.1 Proposition: Let SG;O{ be the special graph, then
| V(SGP) | = (2" +1)(2"! +1) and | E(SG}) | = 3.2"71(2" +1).
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Proof. To enumerate the number of vertices we develop a counting
method. We observe that there are 2" +1 levels in graph SGs and every kth

level has exactly k vertices.

So, | V(SG2) | =1+2+3+...+(2" +1)
| V(SGP)| = 2" +1) (2"t +1)

Also, To enumerate the number of edges, we develop an approach

considering edges at every level and edges between two preceding levels. We,

observe that 0,1,2 3,...,2" edges at 1,2 3,...,2" +1 levels and
2,4, 6, 2.2" edges between first and second level, second and third level,

third and fourth level,..., 2" and 2" + 1 level respectively.

So, | E(SG})| = addition of edges on and between two consecutive levels

| E(SG)| = 3.2"71(2" +1)

Next, we define the value of incidence m(; ;) in graph G as total number
of edges in edge set E with end vertices having degree i and degrees j.

3.2 Lemma. Let SG;‘); be the special graph, then the values of incidence of
Special graph are m(g 4) = 3.2 = 6, myy 4) = 3(2" — 1), my 5) = 6(2" - 2) and

me.5) = 32" -3) (2" - 1).

Proof. From the graph, we observe that between the level 1 and level 2

there are two edges such that their end vertices have degree 2 and degree 4.

Also, between the level 2" and level 2" +1 there are four edges such that

end vertices have degree 2 and degree 4.

m(2,4) =32=6
Next, we count the number of edges having value of incidence myy 4). At

level 2" +1 there is 2" —1 such edges and between level 2 and level 2"

there are 2. (2" + 1) such edges.
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LMy ) = 32" -1)

Also, from level 2 to level 2" there are 4. (2" —2) edges such that their

end vertices have degree 4 and degree 5. Between level 2" and level 2" +1

there are 2. (2" — 2) such edges.
m(4’5) = 6(2n - 2)

Now, we enumerate the number of edges having value of incidence
m(s,5)- At levels 3, 4, 2" there are 1, 2, 3, (2" - 3) such edges respectively
and between third level to fourth level, fourth to fifth level, fifth to sixth level
there are 2, 4, 6, ..., 2. (2" - 3) such edges respectively.

= ms, 5 = 32" -3)(2"" -1)
3.3 Preposition. Let SG,?{ be the special graph, then M-polynomial of

SG3  is M(SG3, x, y) = 6x%y? + 32" — 1)ty + 6(27 — 2)x?y® + 32" - 2)

Proof. Employing definition of M-polynomial of a graph we get

M(SG}, x, )= Y my(SGy 'y’
0<i<j5

= M(SG3, x, y) = m(2’4)x2y2 + m(4,4)x4y4 + m(4’5)x4y5 + m(5,5)x5y5

- M(SG2, x, y) = 6x%y% + 32" — 1ty? + (2" — 2ty®

+3(2" - 3)(2" - 1)x°y°

Now, for convenience, we denote the M-polynomial of SG;"; by f(x, y) ie.
flx, y) = 6x2y% + 32" —1)xty* + 62" — 2)xty® + 32" - 3) (2" —1)x°y°

Next, we compute the operators needed for estimation of the DBTTs.
D,fx, y) = x L&)

ox
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= x% (6x2y% + 32" —1)xy* +6(2" — 2)xty® + 32" - 3)(2" ! — 1«5y

= 12x%y% +12(2" - Dyt + 242" — 2)xty® +15(2" - 3)(27 L —1x5y° (D)
D,f(x, y) = 12x2y?% +12(2" - )x*y* + 302" — 2y

+15(2" = 3) (2" 1 —1)x5y5 ()

X
Syf(x, y) = I ft.5) di
0 t
X
= j %(Gtzyz + (@27 —etyt + 627 - 2)tyS + (27 - 3)(27 L - 1)e°y°)dt
0
X
_ J' %(thz £ 32" —1)Pyt + 62" — 2)3y® + 32" —3) (2" — 1)¢ty)dt
0
5 S f(x, y) = 3x2y% + %(2" —atyt + 2(2" —1xty?
+ % (2" —3)(2" ! —1)x%y° (3)
y
Syflx, y) = _[ 1. ) g
o ¢
Y
- I %(zeﬂ £ 32" — Dttt + 62" — 2)xty® + 32" - 3)(2" - 1)x5¢0)dt
0
y
= J' (6x2¢ + 32" — Daxty® + 627 - 2ttt + 32" - 3) (2" —1)xtt)de
0
5 8yf(x, y) = 3x2y? + %(2” —1aty? + g(Z” —2)ty?

+ % 2" —3)(2"! —1)x%y5 4

Jf(x, y) = f(x, x)

= 6xt + 32" —1)x® + 62" —2)x? + 32" - 3)(2" ! — 1) (5)
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3.4 Theorem. Let SG% be the special graph, then it’s first Zagreb index of
SG3 is M (SG2) =30.22""1 + 48.2" —90.2"! —18

The second Zagreb index is

My (SG3) = 75.22"1 4+ 93.2" — 225.2"1 _39

and Modified Zagreb index is

3)_ B o1, 1T 50 9 a 429
mMy(SG) = 5527 + 450 2" 2572+ 400

Proof. Initially, computation of first Zagreb index of SGE involves
addition of (1) and (2).

Adding (1) and (2), we have

(D, +D,)f(x, y) = 12x%y? +12(2" - Dt y* +24(2" - 2)x*y° +15(2" - 3)
2" —1)xy0) + (1262y% +12(2" — iyt +30(2" - 2xty? +15(2" - 3)
(zn—l _ 1).’)653/5)
= 24x2y% + 24 + (2" —1cty* +54(2" — 2cty® + 302" — 3) (2" — 1Oy

Now,

M;(SGy) =

[24x%y% + 24(2" - 1x*y* + 54(2" - 2ty + 302" - 3)(2" ! — 1x°y°],_ g

= 24 + 24(2" —1) + 54(2" — 2) + 30(2" — 3)(2" 1 —1)

= 24.2" + 54.2" —108 + 30.22" 1 —30.2" —90.2" 1 + 90
= 48.2" —18 + 30.22""1 —g0.2""!

=30.22"71 +48.2" —90.2"! —18 (6)
We evaluate the second Zagreb index of SGg

D,D,f(x, y) = D,(12x%y* +12(2" - 1)x*y* + 24(2" - 2)xy®
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+15(2" - 3) (2" —1)x%y)
= ya_ay (12x2y% +12(2" - Dxty? + 242" - 1xty® +15(2" - 3)(2" ! —1)x°y°)
= 24x%y% + 482" — 1)xty? +120(27 — 2xty® + 752" — 3)(2" 1 — 1)x®y
My (SG2) = [24x%y? + 48(2" — 1)xty? +120(2" — 2)xty®

+75(2" = 3) (2" — 1y’ ]y

=24 +48(2" —1) +120(2" — 2) + 75(2" — 3)(2" ! -1)

=24 + 48.2" — 48 +120.2" — 240 + 75 + 75.22" 71 —75.2" — 225.2"! 4+ 225

= -39 +93.2" +75.2"1 — 2952771

=75.22""1 1 93.9" — 2252771 _ 39 (7
The Modified Zagreb index is

3

*1 6
S:8, . ) = [ 6%y + F@" ety - 22" - 20ty

; %(zn _3)@" T —1)PyP)dt

_3.22 3 on 4.4, 6 on o\ 4.5
=5*y +16(2 )xy +20(2 2)xy

3 n_ n-1 _ 5.5
+ 35 (2 3)(2 )x’y

mMy(SG2) = [§ x2y? + E(Zn —1)xtyt

i n _ 4.5
5 16 + (2" - 1)x%y

20

3 on n-1 5.5
+2—5(2 =3)@2" = 1x°y’lyn

T 400 ' 400 25 25
B et 1T g0 9 429
=252 tw0'? "2 ‘o ®)
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3.5 Theorem. Let SGE be the special graph, then the generalized Randié

index of SGS is Ry (SG) =622 +3.4%%2" —1) + 6.4%5%(2" — 2)

+3.52%(2" — 8)(2"! —1) and the inverse randi¢ index is

3\ _ 6 n 3 n n-1
RR(X(SGn) = 2% + F 2 —1)+ 40L‘50L (2 —2)+ 52—0((2 —3)(2 —1)

Proof. We first compute the randi¢ index of SG,,
D, f(x, y) = 12x%y* +12(2" - Daty* + 302" - 2)x*y®
+15(2" — 3)(2" — 1)x°y°
= 6.2¢c%y% + 3.4(2" —x*y* + 6.5(2" — 2xty®
+3.5(2" —3)(2" 1 —1)x5y
Dif(x, y) = 6.2%x%y* + 3.4%(2" — Daty* +6.5%(2" - 2)x*y”
+3.5%(2" = 3)(2" 1 —1)x®y®
D, Dyf(x, y) = x% [6.2%x%y? + 3.4%(2" —1)x*y* + 6.5(2" — 2)xty®
+3.5%(2" = 3)(2"" - 11x°y°]
D, D%f(x, y) = 12.2%x%y? +12.4(2" - 1)xy? + 24.5%(2" - 2)x*y”
+15.5%(2" - 3)(2" 1 —1)x®y°
DIDEf(x, y) = 6.2%2%%y® + 8.4%4%(2" ~1)xy? + 6.4%5%(2" - 2)x?y°
+3.5%5%(2" — 3)(2"L — 1)x5y0
= 6.22%x2y? + 3.42%(2" —1xty? + 6.4% . 5%(2" — 2ty®
+3.52%(2" - 3) (2! —1)x?)°
R,(SG3) = [6.22%x2y? + 3.42%(2" — 1xy? + 6.495%(2" — 2)xty®

Thus,
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+3.5%4(2" — x®y°],
R,(SG2) = 6.22% + 3.4%2%(2" —1) + 6.4%5%(2" — 2)

+352%(2" - 3)(2" 1 -1) )
Next, we compute inverse randi¢ index of special graph SG,,

Syflw, ¥) = 3e%y® + 2 (@20~ 1yt + D@ -2ty

+ g(zn —-3)(@2" 1 — 15y

_6 2.9 3 .on 4.4
—2xy+4(2 xy

+ g 2" — 2ty + % (2" —3)(2" ! —1)x%y5

6 3 6
Syflx, y) = 2—ax2y2 + 4—a(2n — Dyt + 5—a(2n - 2)xty”

3 _
+ 5—a(2” —-3)(2" T — 1By

1.6 3 6
SySyflx, y) = Io?[z_atzyz 4 4—(1(2'1 —1etyt + 5—@(271 —2)ty®

+ % 2" —3)(2" ! —1)5y°]de
5

__6 x2y? +i(2n 1ty +i(2n — 2)ty?
2.2% 4.4% *
3 (on —3)@" ! —1)xByP
5(1

6 22 3 4.4 4,4

L3 2" —3)(2" ! —1)x®y®
52
RR,(SG}) = [SISYf(x, y)]

x=y=1
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6

ZCL

6

4% . 5¢

-~ RR,(SG3) = 5 4 4%(2” 1)+ 2" - 2)

2@ -g)ert - (10)
5 o

3.6 Theorem. Let SG,‘? be the special graph, then the Harmonic index of

3 3\ _ § 2n-1 89 _on _g _on-1 83 .
SG;, is H(SG;)) = 5 2 *+ %0 2 5 2 * %0 and the inverse sum
. . 3y_ 15 gon1 T on 45 op1 25
index is I(SG})) = 5 2 s 2 - 2 -

Proof. We first compute the Harmonic index of SGg

Jf(x, v) = 6xt + 32" —1x® +6(2" — 2)x¥ + 32" - 3)(2" 1 — 1)«
S, Jf(x, y) = J':% [604 + 32" —1)8 + 6(2" — 2)° + 3(2" — 3) (2" —1)'0]a

_§ 4 § n _ 8 2 n _ 9 i n _ n-1 _ 10
=5% +8(2 1)x +3(2 2)x +10(2 3)(2 1)x

H(SGy) = 2[SJf(x, y)my
= H(SG;{) =3+ %(Zn —1) +%(2n _ 2)_,_%(271 _ 3)(2n—1 _1)

H(SG;O;) = % .92n-1 4 89 on _9. gn-1 83

60 5 60 an

Next, the inverse sum index is determined by considering
D, f(x, y) = 12x2y% +12(2" — Dxty* + 24(2" — 2)xty®
+15(2" — 3) (2" —1)x5y°

0
DD, f(x, y) = Y% [12x2y2 +12(2" — )aty* + 24(2" — 2)xy®

+15(2" —3) (2" —1)x5y°
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JD,D, f(x, y) = 24x* + 48(2" —1)x® +120(2" - 2)x”

+75(2" - 3) (27! — 1) !0

SxJDnyf(x, y)

X
= I %[241:4 +48(2" —1)® +1202" - 2)t® + 75(2" - 3) (2" - 1)¢'0]as
0

— 6xt + 62" —1)x® + 4_??@” —ond 4 %(2" _3)(@" 1)l

Now, I(SG) =[Sy Dy Dy f(x, ¥)]y—yy

— I(SG2) = 6 + 6(2" _1)+4_30(2n _o)+ %(Zn 3@t 1)

6 2 6 (12)

3.7 Theorem. For special graph SG%, symmetric sum division index of

SG? is SSD(SG?) = 6.2 4 % .9" _18.2"71 —%

Proof. In order to compute the symmetric sum division index of SG,, we
first consider D, f(x, y) = 12x%y% +12(2" — Dxty* + 24(2" — 2)xty®

+15(2" - 3) (2" —1)x%y°
1
S,D,f(x, y) = IOZ 12022 +12(2" — )ttt + 24(2" — 24P

+(2" - 3) (2" — 1Pt de

24

= 6x2y% +3(2" — iyt + =@ - 2ty + 32" —3)(2" 7 — 15

Now,

D,f(x, y) = 12x2y2 +12(2" - )x*y* + 302" — 2)xyd

+15(2" — 3) (2" —1)x5y°
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X
= S,D,f(x, y) = I %[12::%2 +12(2" - 1)ety? + 302" - 2)ty?
0

+15(2" = 3) (2" —1)%y0]dt

2" —2)xtyS + 32" —3) (2" — 1«5y

= 6x2y? + 32" —1)xtyt + %(

From, the definition of symmetric sum division index, we have

SSD(SG;) = [(SyDy + SyD)M(G, %, ¥)],—yy

24

= SSD(SGY) = [(6x%y% + 3(2" — Dty + ?(2’1 — 2)ty®

15(

+(x2y? + 32" -ty + > 2" —2)xy® + 32" —3)(2" ! - 1)x5y5)]x=y=1

123

5 (zn _ 2)x4y5

= [12x2y% + 6(2" — 1)xty* +

+ 62" - 3)(2" ! — 1y,

=12 + (2" —1)+%(2" -2)+6(2" —3)(2" ! -1)

123

= 6,221
70

2" —18.2"71 —% (13)

Conclusion

The formulas of the topological indices provide a direct method to

compute these parameters. But, in this paper we have used an alternate way
to derive eight DBTI’s of SG,?{ exercising the M-polynomials. The edge

subdivision leads to formation of new graphs. This course of study can be
pursued and extended by considering subdivision of edges and formation of

cycles on outer face of 3-cycle and constructing a sequence of special graphs.
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