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Abstract 

This paper focused to study the Algebraic Structure of Set of Pythagorean triples 

  2223 :,, zyxZzyxP   by introducing to define various types of Binary Operations 

on Set of Pythagorean triples  211221212121 ,, zzyxyxxxyyPP   and  21 PP  

 .,, 2121122121 zzyyzyzyxx   Also, we know that every Pythagorean triple  zyx ,,  is 

having Corresponding Reciprocal Pythagorean triple  .,, xyyzxz  Apply this corollary, to define 

Binary Operations and introduce to study Algebraic Structure of Set of Reciprocal Pythagorean 

Triples   .
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zyx
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1. Introduction 

The solutions to the quadratic Diophantine equation 222 zyx   are 

given by the Pythagorean Theorem. From Reference [1], It is clear that A, B, 

C, D are Non empty subsets of Set of Pythagorean Triples    zyxP ,,  

,: 2223 zyxZ   Where  
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Also, 1S  and 2S  are two mutually exclusive subsets of Set of 

Pythagorean triples as follows  
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 zyx ,,  is having Corresponding Reciprocal Pythagorean triple  .,, xyyzxz  

It follows that Corresponding subsets of Set of Reciprocal Pythagorean 

Triples are defined as follows. 
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powers, for some ,3,2,1p  
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Working Rule and Result 

Now we can introduce two types of binary operations on Set of 

Pythagorean Triples.  

Case 1. Introduce to define another binary operation of Usual 

multiplication ‘.’ On Set of Pythagorean triples is  ,212121 xxyyPP   

,, 211221 zzyxyx   For some     .,,,,, 22221111 PzyxPPzyxP     

Proof. Consider        221
2

11
2

1221
2

2121 yyxxyxyxxxyy   

       .2
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2
21 zzyxyxyxyx   It follows that  21yy  

21122121 ,, zzyxyxxx   is becomes to a Pythagorean triple. Hence the 

binary operation of usual multiplication is well defined on Set of Pythagorean 

triples. Some examples are represented in the below table  
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Table 1. Verification by choosing some ., 21 PPPP   

1P  2P   2112212121 ,, zzyxyxxxyy   

(5, 12, 13) (4, 3, 5) (16, 63, 65) 

(7, 24, 25) (3, 4, 5) (75, 100, 125) 

(4, 3, 5) (8, 15, 17) (13, 84, 85) 

(4, 3, 5) (4, 3, 5) (8, 24, 25) 

(3, 4, 5) (8, 15, 17) (36, 77, 85) 

(1, 0, 1) (8, 15, 17) (8, 15, 17) 

(1, 0, 1) (1, 0, 1) (1, 0, 1) 

Hence the binary operation of usual multiplication ‘.’ is well defined on 

Set of Pythagorean triples. Apply a few calculations under this binary 

operation, we can verify Commutative axiom  1221 pppp   and 

Associative Axioms    321321 pppppp   are satisfies the elements of 

Set of Pythagorean Triples P with existence of Identity element  .1,0,1   

Since        .13,12,5,,1,0,113,12,5 2112212121  zzyxyxxxyy  It 

proves that Set of Pythagorean triples  ,P  can form the commutative 

Monoid.  

Case 2. Introduce to define another binary operation of usual 

multiplication ‘.’ On Set of Pythagorean triples is  ,, 12212121 zyzyxxPP   

.2121 zzyy   

Proof. Consider        221
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It follows that      22121
2

1221
2

21 zzyyzyzyxx   implies that 

 2121122121 ,, zzyyzyzyxx   is becomes to Pythagorean triple. Some 

examples are represented in below table. 
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Table 2. verification of Lemma B, By choosing some ., 21 PPPP   

 1111 ,, zyxP    2222 ,, zyxP    2121122121 ,, zzyyzyzyxx   

(5, 12, 13) (4, 3, 5) (20, 99, 101) 

(7, 24, 25) (3, 4, 5) (21, 220, 221) 

(4, 3, 5) (8, 15, 17) (32, 126, 130) 

(4, 3, 5) (4, 3, 5) (16, 30, 34) 

(3, 4, 5) (8, 15, 17) (24, 143, 145) 

(1, 0, 1) (8, 15, 17) (8, 15, 17) 

(1, 0, 1) (1, 0, 1) (1, 0, 1) 

Hence the binary operation of usual multiplication‘.’ is well defined on Set 

of Pythagorean triples. Apply a few calculations under this binary operation, 

we can verify Commutative axiom  1221 pppp   and Associative Axioms 

   321321 pppppp   are satisfies the elements of Set of Pythagorean 

Triples P with existence of Identity element  .1,0,1  Since  13,12,5  

     .13,12,5,,1,0,1 2121122121  zzyyzyzyxx  It proves that Set of 

Pythagorean triples  ,P  can form the commutative Monoid. 

2. Algebraic Structure of Set of Reciprocal Pythagorean Triples 

Let RP be a Set of all Reciprocal Pythagorean triples 
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Corollary 1. If   RPzyx 111 ,,  then   Pyxzyzx 111111 ,,  and vice versa.  

Proof. Let   RPzyx 111 ,,  implies that 
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It follows that if   RPzyx 111 ,,  then   .,, 111111 Pyxzyzx    



K. SRIDEVI and THIRUCHINAPALLI SRINIVAS 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 3, January 2022 

1320 

Again Consider if   RPyxzyzx 111111 ,,  implies 
   211

2
11

11

zyzx
  

 
,

1
2

11yx
  which is equals to       .

2
1

2
1

2
1 zyx   It follows that If 

  RPyxzyzx 111111 ,,  then   .,, 111 Pzyx   Hence the corollary is proved. 

That is if   RPzyx 111 ,,  then   Pyxzyzx 111111 ,,  and vice versa.  

Table 3. Some examples are represented in below table. 

  RPzyx 111 ,,    Pyxzyzx 111111 ,,  

(20, 15, 12)         222 300180240300,180,240   

(60, 80, 48)         222 4800384028804800,3840,2880   

(136, 255, 120)         222 34680306001632034680,30600,16320   

(260, 624, 240)         222 16224014976062400162240,149760,62400   

(444, 1295, 420)         222 574980543900186480574980,543900,186480   

Also from Reference [1], define two mutually exclusive subsets of Set of 

Reciprocal Pythagorean Triples are as follows 
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Also from corollary 1, If   RPyxzyzxP 1111111 ,,  then   Pzyx 111 ,,  

and If   RPyxzyzxP 2222222 ,,  then   .,, 222 Pzyx    

Case 3. Now we can define one of the Binary Operation ‘*’ on RP, If 

  RPyxzyzxP 1111111 ,,  and   RPyxzyzxP 2222222 ,,  then  
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We can verify the above binary operations from chapter 1 examples of 

 xRpt0  and  .xRpte   

Case 4. Also we know that from Reference [1], subsets of Set of 

Reciprocal Pythagorean Triples are defined as follows. 
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or its power}. If   RPyxzyzxP 1111111 ,,  with   Pzyx 111 ,,  and 2P    

  RPyxzyzx 222222 ,,  with   Pzyx 222 ,,  then Binary Operation ‘o’ on Set 

of Reciprocal Pythagorean Triples is defined as follows.  



K. SRIDEVI and THIRUCHINAPALLI SRINIVAS 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 3, January 2022 

1322 

 

 

 

 

 

 

























































































.3,2,1 somefor 2, ofpower  only not composite even is

 if

1
2

2
1:,,

2 of series geometric i.e. 2 ofpower  only is

if

1
2

2
1:,,

..3,2,1 somefor powers, is and composite odd is

 if

1
12

2
1:,,

powers its andnumber  prime odd is

 if
1

2
1:,,

212

2

212

212

2

212

21

p

xxx

p

x
y

z
xyyzxz

xxx
xy

z
xyyzxz

p

xxx

p

x
y

z
xyyzxz

xxx
xy

z
xyyzxz

PP

x

 

Apply a few calculations under this binary operation, we can verify 

Commutative axiom  1221 pppp   and Associative Axioms   321 ppp   

 321 ppp   are satisfies the elements of set of Reciprocal Pythagorean 

Triples .RP  so we can say the Algebraic Structure  .,RP  can become to semi 

group. 

Case 5. For some     ,,,,,, 222
1
2111

1
1 RPzyxPRPzyxP    define 

corresponding Binary Operation on TRP  with using of CASE 3 and 

COROLLARY 1 is  
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Proof. Let     .,,,,, 222
1
2111

1
1 RPzyxPRPzyxP    From corollary 

1, it is having corresponding Pythagorean triple   ,,, 111111 Pyxzyzx   

  .,, 222222 Pyxzyzx    

From Case 3,    222222111111 ,,,, yxzyzxyxzyzx   
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Apply a few calculations under this binary operation, we can verify 

Commutative axiom  1
1

1
2

1
2

1
1 PPPP   and Associative Axioms 

   1
3

1
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1
1

1
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1
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1
1 PPPPPP   are satisfies the elements of Set of Reciprocal 

Pythagorean Triples .RP  so we can say the Algebraic Structure  .,RP  can 

become to semi group.  

Also, to define this binary operation in another methodology, which is 

defined as follows, For some   ,,, 111111
1
1 RPyxzyzxP   

  RPyxzyzxP 222222
1
2 ,,  with     PzyxPzyx  222111 ,,,,,  then 

       222111222222111111
1
2

1
1 ,,,,,,,, zyxzyxyxzyzxyxzyzxPP   

[from corollary 1]. 

Now we can apply Case 3, and corollary 1 successively, we obtain that  

   2121211221212121
1
2

1
1 ,, xxyyzzyxyxzzxxyyPP 

 1221 yxyx    be comes to well defined binary operation on Set of Reciprocal 

Pythagorean triple.  

Table 4. Some examples are represented in below table. 
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(65,156,60)  (5,12,13)  (20,15,12)  (4,3,5)  (16,63,65)  (1040,4095,1008)  
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(175,600,168)  (7,24,25)  (15,20,12)  (3,4,5)  (75,100,125)  (9375,12500,7500)  

(20,15,12)  (4,3,5)  (136,255,120)  (8,15,17)  (13,84,85)  (1105,7140,1092)  

(20,15,12)  (4,3,5)  (20,15,12)  (4,3,5)  (8,24,25)  (200,600,192)  

(15,20,12)  (3,4,5)  (136,255,120)  (8,15,17)  (36,77,85)  (3060,6545,2772)  

Case 6. For some     ,,,,,, 222
1
2111

1
1 TT RPzyxPRPzyxP    we 

can go to define corresponding Binary Operation on RP is 
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Apply a few calculations under this binary operation, we can verify 

Commutative axiom  1221 pppp   and Associative Axioms 

   321321 pppppp   are satisfies the elements of Set of Reciprocal 

Pythagorean Triples RP. so we can say the Algebraic Structure  .,RP  can 

become to semi group.  

Also, to define this binary operation in another methodology,               

which is defined as follows, For some   ,,, 111111
1
1 RPyxzyzxP   

  RPyxzyzxP 222222
1
2 ,,  with     PzyxPzyx  222111 ,,,,,  then 
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       222111222222111111
1
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1
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corollary 1].  

Now we can apply Case 4, and corollary 1 successively, we obtain that 

      11212121211221212121
1
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1
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becomes to well defined binary operation on Set of Reciprocal Pythagorean 

triple.  

Table 5. Some examples are represented in below table. 
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(65,156,60)  (5,12,13)  (20,15,12)  (4,3,5) (16,63,65)  (1040,4095,1008)  

(175,600,168)  (7,24,25)  (15,20,12)  (3,4,5)  (75,100,125)  (9375,12500,7500)  

(20,15,12)  (4,3,5)  (136,255,120)  (8,15,17)  (13,84,85)  (1105,7140,1092)  

(20,15,12)  (4,3,5)  (20,15,12)  (4,3,5)  (8,24,25)  (200,600,192)  

(15,20,12)  (3,4,5)  (136,255,120)  (8,15,17)  (36,77,85)  (3060,6545,2772)  

Conclusion and Remarks 

Introduced to define another binary operation of Usual multiplication ‘.’ 

On Set of Pythagorean triples is  211221212121 ,, zzyxyxxxyyPP   

and  ., 212112212121 zzyyzyzyxxPP   Also verified under this 

binary operations Algebraic Structure of set of Pythagorean triple can form as 

Commutative Semi group with identity element  .1,0,1  Also, we know that 

every Pythagorean triple  zyx ,,  is having Corresponding Reciprocal 

Pythagorean triple  .,, xyyzxz  Apply this corollary, to define Binary 

Operations to study Algebraic Structure of Set of Reciprocal Pythagorean 

Triples   .
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then Binary Operation ‘o’ on Set of Reciprocal Pythagorean Triples is defined 

as follows.  
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Also, verified under this binary operations Algebraic Structure of set of 

Reciprocal Pythagorean triples can form as semi group.  
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