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Abstract

The Cordial labeling of a graph G is a function f : V(G) — {0, 1} such that every edge uv
in G is given the label |f(u)-f(v)| with the property |vf(0)-vr(1)|<1 and
| er(0) —er(1)| <1, where vr(i) represents the number of vertices with label i for i = 0,1 and
ef(i) represents the number of edges with label i for i = 0, 1. The graph which accepts cordial

labeling is called the cordial graph. In this paper, torch graph is proved to be cordial; path union
of torch graphs as well as the cycle of torch graphs is also proved to be cordial.

Introduction

In 1967 Rosa [7] introduced graceful labeling which traced the origin of
various graph labeling methods. For the last fifty years so many labeling
methods have been in progress. One among such labeling methods is the
cordial labeling introduced by Cahit [4] in 1987. Many graphs were proved as
cordial. The helms, closed helms, flowers, gears, sunflower graphs, multiple
shells were proved as cordial by Andar et al. [1], [2], [3]. Again in [1], [2], [3]

their one-point union is also shown to be cordial. Cahit [5] has proved that
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every tree, all fans, the wheel W, when n # 3(mod 4), the complete graph
K, if and only if n <3, the bipartite graph K,, , for all m and n, the

friendship graph Cét) if and only if ¢ # 2(mod 4) are all cordial. An extensive

survey on cordial labeling is available in Gallian survey [6]. In this paper,
torch graph is proved as cordial, the path union of torch graphs is proved to

be cordial and cycle of torch graphs is also proved as cordial.
Main Result
First we define the torch graph, the path union of graphs and cycle of

graphs. Then we prove our results.

Definition 1. The torch graph O, is defined by V(O,)=
i/l <i<(n+4)), EO,) = {vwy/2 <i<(n-2)fU{vwp.s/2 <i < (n-2)
Ufow;/2 < i < (n+ 4); U{vy-1n, Unlni2, Unlnids Uns1Une3)-

Definition 2. Let Gy, Gy, ..., G,(n > 2) is finite graphs. The new graph
obtained by adding an edge between a vertex of G; and a vertex of G;,q, for

i=1,2, ..., (n—-1)is called a path union of Gy, Gg, ..., G,.

Definition 3. Let Gy, Gy, ..., G,, be given connected graphs. Then the
cycle of graphs C(Gy, Go, ..., G,) is the graph obtained by adding an edge
joining G; to G;,q for i =1,2,...,(n—1) and an edge joining G, to G;.
When the n graphs are isomorphic to G then it is denoted as C(n - G).

Theorem 1. The torch graph is cordial.

Proof of Theorem 1. Let vy, vy, ..., U,,4 be the vertices of the Torch
Graph O, as shown in Figure 1. In general, it is denoted as v;, for

i<i<(n+4). Ithas p=(n+4) vertices and ¢ = (2n + 3) edges.
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Vn-1

Figure 1. The torch graph O,

The vertex labels for the torch graph O,, are as follows
Case 1. When n = 1(mod 2)

1, for j=0(mod2), 2<j
0, for j=1(mod2), 2<j

IAIA

f(vj):{

0, for j=1,n-1,n+1,n+3

f(vj)={1’

for j=n,n+2,n+4
Case 2. When n = 0(mod 2)
For 1<j<(n+4)

1, for j = 0(mod 2)

f(Uj):{

0, for j =1(mod 2)

From the above labelings we get

vr(0) = [g-l, ve(l) = LgJ and e/(0) = ’V%-‘, er(1) = L%J for case 1.
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_Pp _Pp _19 -4
vr(0) = o vr(1) = 5 and ef(0) = [E—‘, er(1) = LEJ for case 2.

Thus in both the cases | vs(0)—v(1)| <1 and |ef(0)—es(1)| <1 which

proves that the torch graph is cordial. An illustration is given in Figure 2.

vil)

»3(0)

"y0)
Figure 2. The torch graph O; and Og.

Theorem 2. Path union of torch graphs is cordial.

Proof of Theorem 2. Let Gy, Gq, ..., G, be m copies of the torch graph

as described in Theorem 1. Each copy of the graph is connected by an edge

and thus forms the path union of Gy, Gy, ..., G,, which is shown in Figure 3.

The path union of torch graphs is denoted by PO,,. The vertices of G; are

represented as v%, v%, oo U}L+4. Let 012, v%, . v,2L+4 denote the vertices of

Gy. The vertices of G,,, (that is, mt" copy), are denoted as o, gt L, U g

Thus the vertices in the ith copy are denoted as v;:, for 1<i<m,
1<j<(n+4).
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G, Gy G
Figure 3. Path union of torch graph PO,,.

Let the number of vertices in the path union of the torch graphs be
denoted as p and the number of edges be denoted as . Note that
p=mn+4)and g =m2n+3)+(m-1)=2m(n +2)-1.

The vertices of PO, are labeled as follows
Case 1. When n = 1(mod 2)

For 1<i<m

Case (i). When i = 1(mod 2)

1, for2<j<n-2, j=0(mod?2)
0, for2<j<n-2 j=1(mod2)

f@)) ={

f(vi.)z{o, for j=1,n-1,n+1,n+3
J

1, for j=n,n+2, n+4
Case (ii). When i = 0(mod 2)

0, for2<j<n-2, j=0(mod?2)
1, for2<j<n-2 j=1(mod?2)

f(}) ={

f(vi~):{1’ for j=1,n-1,n+1,n+3
J

0, for j=n,n+2,n+4
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Case (a). When m = 0(mod 2)

v(0) = %, vr(1) = % and ef(0) = [%—‘, er(1) = L%J

o0~ =[5 -

and | e;(0) - e/(1)] = ‘ {%} - {%ﬂ ~1

Therefore | vr(0) —vp(1)| <1 and | ef(0) —ef(1) | < 1.

Case (b). When m = 1(mod 2)
0/(0) = [ g], 0/(1) = Lg J and ¢(0) = (%] es(1) - g J

| 0p(0) — vy 1) | =H§H§H ~1 and | e/(0) - ¢(1) | :Hg {%H 1
Therefore | vr(0) —vp(1)| <1 and | ef(0) —ef(1) | < 1.

Thus the path union of torch graphs is shown to be cordial for Case 1.

This is illustrated in Figure 4.

Vi) vi(0)

rl'“l‘(l;

$ iy .
(o) l':l\,L

val0)

1
ve(0)

Figure 4. Path union of PO; admits cordial.
Case 2. When n = 0(mod 2)

For1<i<m,1<j<n+4.
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1, for j = 0(mod2)
0, for j =1(mod 2)

f}) = {
From the above labelings we get

07(0) = £, v,(1) = £ and e(0) = L%J e/(1) = (%W

o)~ vy )| =[5 - 2

and |ef(o)—ef(1)|:H%J—[%Hﬂ

From the above definition it is clear that |vs(0)-vs(1)|<1 and
| ef(O) - ef(l) | <1.
Thus the path union of torch graphs is proved to be cordial for Case 2.

Theorem 3. Let G be the cycle C,, and H be the torch graph. Then the
cycle of graphs C(m o H) is cordial.

Proof of Theorem 3. Let v;, for 1 <i < (n+4) denote the vertices of a
torch graph H as shown in Figure 1. Let Hy, H,, ..., H,, be m copies of the
torch graphs. Let the cycle of graphs C(mo H) which was obtained by
considering a cycle C,, whose vertices are denoted as uy, ug, ..., i, in the
anticlockwise direction and replacing each vertex of C,, by the graph H as

shown in Figure 5. In other words, each vertex u;, for 1 <i < m of the cycle

C,, is identified with the vertex vfl_l of H. Let v%, v%, s v,ll +4 denote the
vertices of Hj. The vertices of Hy are represented as 012, v%, . v,2L+4. The
vertices in the m" copy, that is H,, are denoted as v{", vy, ..., upt.4. Thus,

v§~ for 1<i<m,1<j<(n+4) denotes the vertices in the ith copy, that is

H;. We denote the cycle of torch graph as CO,, as shown in Figure 5.

Here p=m(n+4) indicates the number of vertices in CO, and

q = 2m(n + 2) indicates the number of edges in CO,,.
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Figure 5. Cycle of torch graph CO,,.
The vertices of CO,, are labeled as follows
Case 1. When n = 1(mod 2)
For 1 <i <m where m =0(mod2) and 2 < j<n-2.
Case (a). When i = 1(mod 2)

1, for j = O(mod 2)
0, for j =1(mod 2)

f}) = {

f(vi-)_{O, for j=1,n-1,n+1,n+3
)=

1, for j=n,n+2, n+4
Case (b). When i = O(mod 2)

0, for j = 0(mod 2)
1, for j =1(mod 2)

f(}) ={

f(vi-)—{l’ for j=1,n-1,n+1,n+3
HE

0, for j=n,n+2,n+4
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Case 2. When n = 0(mod 2)
For1<i<m,1<j<n+4.

0, for j =1(mod 2)
1, for j = 0(mod2)

f) = {
From the above labelings we get

_p _p _9g _9g
vr(0) = 5 vr(l) = 5 and ef(0) = 9 er(1) = 3

Ivf(o)—vf(1)|=‘§—§‘=o and|ef(0)—ef(1)|=‘%_%‘=o

Thus it is clear that | vs(0) —v(1) | <1 and | ef(0) — ef(1) | < 1. Hence the
cycle of torch graphs CO,, is cordial.

Conclusion

The torch graph, the path union of torch graphs and the cycle of torch

graphs is proved to be cordial.
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