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Abstract

In this paper, depth of intuitionistic I-fuzzyedge, height of intuitionistic I-fuzzyedge and
intuitionistic I-fuzzyspanning supergraph are introduced. Some definitions, properties and
theorems are given. Here intuitionistic I-fuzzygraph means intuitionistic interval valued fuzzy
graph.

Introduction

In 1965, Zadeh [14] introduced the notation of fuzzy set as a method of
presenting uncertainty. Since complete information in science and technology
is not always available. Thus we need mathematical models to handle various
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types of systems containing elements of uncertainty. Intuitionistic fuzzy set
was introduced by K. T. Atanassov [4]. After that Rosenfeld [8] introduced
fuzzy graphs. Yeh and Bang [13] also introduced fuzzy graphs independently.
Fuzzy graphs are useful to represent relationships which deal with
uncertainty and it differs greatly from classical graph. It has numerous
applications to problems in computer science, electrical engineering system
analysis, operations research, economics, networking routing, transportation,
P. V. Ramakrishnan etc. and T. Lakshmi [7] introduced depth of, height of
and fuzzy spanning super graphs. Arjunan. K and Subramani. C [2, 3]
introduced a new structure of fuzzy graph and I-Fuzzy graph. I-fuzzy
spanning supergraphs and intuitionistic fuzzy spanning supergraphs have
been defined and introduced by Vasudevan. B et al. [11, 12]. In this paper,
intuitionistic I-fuzzy spanning subgraph is defined and introduced.

1.Preliminaries

Definition 1.1 [14]. Let X be any nonempty set. A mapping
M : X — [0, 1] is called a fuzzy subset of X.

Definition 1.2 [14]. Let X be any nonempty set. A mapping
[M]: X - D|0, 1] is called a I-fuzzy subset (interval valued fuzzy subset) of

X, where D|0, 1] denotes the family of all closed subintervals of [0, 1] and
[M](x) = [M ' (x), M~ (x)], for all x in X, where M~ and M" are fuzzy
subsets of X such that M (x) < M (x), for all x in X. Thus M (x) is an

interval (a closed subset of [0, 1]) and not a number from the interval [0, 1] as

in the case of fuzzy subset.

Definition 1.3 [4]. An intuitionistic I-fuzzy subset (IIFS) [A] in X 1is
defined as an object of the form  [A]={(x, pa)(x), vpa)(x))

el g B (5 ()i X where gy X > Df0, 1
and v4] : X — D[0, 1] define the degree of membership and the degree of

non-membership of the element x € X respectively and for every x € X

satisfying Miar (x) + Uapt (x) <1.
Example 1.4. [A]={(a,[0.4,0.7],[0.2,0.5],[0.2,0.3]),(b,[0.1,0.5],[0.2,0.5]),
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(¢,0.5,0.8],[0.1,0.2])} is an intuitionistic I-fuzzy subset of X = {a, b, c}.

Definition 1.5  [4].  Let [A]={(x, nay(x). vpa)(x))/x € X},
[B]={(x,up)(x))/x € X} be any two intuitionistic I-fuzzy subsets of X. We
define the following relations and operations:

(@) [A]  [B] if and only if ppay(x) < ugg)(x) and vay(x) < vpp(x) for all x
in X.

(if) [A] = [B] if and only if ppa)(x) = pyp)(x) and vay(x) = vgp)(x) for all
xin X,

(i) [AIN[B]= {{x, rmin {ua)(x), pip) ()}, rmax {up)(x), v (e)h)/x € X}
where rmin {({nf](c), nip)()} = [min {u , - (), - ()}, min dp o (%), 1y ()]

and rmax {({u4)(x), yp)(x)} = [max {v[ AT (x), Upr (%)}, max {v[ Al (), Vg (x)}].

(v) [AJU[B]={(x, rmax {ua)(x), ppy(x)}, rmmin v 41(x), v (e)})/x € X}
where rmax {({uga] (), np) (6)) = [max iy, o (o) gy (@), max g, (%),
Mgy ()] and rmin {({uga)(x), vyp) (%)) = [min {vy - (), vy (0

min {U[A]+ (%), U[B]+ ()}]-

) [A]° = {({x, vupa) (), ppy()h/x € X}

Definition 1.6. Let [M] = (u[p], vjar]) be an intuitionistic I-fuzzy subset

in a set S, the strongest intuitionistic I-fuzzy relation on S, that is an

intuitionistic I-fuzzy relation [V]= (u[y], vfy)) with respect to [M] given by
uy(x, ¥) = rmin {uar)(x), pan(v)h and vpy(x, y) = rmax fva(x), vpan ()}
for all x and y in S.

Definition 1.7. Let V be any nonempty set, E be any set and
f:E—>VxV be any function. Then [A]= (ua}, v[a]) is an interval-

valued intuitionistic subset of V, [S] = (u[g], v[s]) is an intuitionistic I-fuzzy

relation on V with respect to [A] and [B] = (ug), v[g]) is an intuitionistic I-
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fuzzy  subset of E such that ppple) < HEzSe]f‘l(x y)(x, y) and
vp|(e) > Ut[ai]f’l(x, y)(x, y). Then the ordered triple [F] = ([A], [B], f) is called

an intuitionistic I-fuzzy graph, where the elements of [A] are called
intuitionistic I-fuzzy points or intuitionistic I-fuzzy vertices and the elements
of [B] are called intuitionistic I-fuzzy lines or intuitionistic I-fuzzy edges of
the Intuitionistic I-fuzzy graph [F]. If f(e) = (x, y), then the Intuitionistic I-

fuzzy points (x, pja)(®) via)(®)), (v, nia)(¥), v[a)(v)) are called intuitionistic
I-fuzzy adjacent points and intuitionistic I-fuzzy points (x, pja)(x), vja)(x)),
intuitionistic I-fuzzy line (e, pigj(e), ypj(e)) are called incident with each
other. If two district intuitionistic I-fuzzy lines (e;, p[pj(e;), vipj(e;)) and
(e, uip)(e2), vpj(ez)) are incident with a common intuitionistic I-fuzzy point,
then they are called intuitionistic I-fuzzy adjacent lines.

Definition 1.8. An intuitionistic I-fuzzy line joining an intuitionistic I-

fuzzy point to itself is called an intuitionistic I-fuzzy loop.

Definition 1.9. Let [F] = ([A], [B], f) be an intuitionistic I-fuzzy graph.
If more than one intuitionistic I-fuzzy line joining two intuitionistic I-fuzzy
vertices is allowed, then the intuitionistic I-fuzzy graph [F] is called an
intuitionistic I-fuzzy pseudo graph.

Definition 1.10. [F]= ([A], [B], f) is called an intuitionistic I-fuzzy
simple graph if it has neither intuitionistic I-fuzzy multiple lines nor
intuitionistic I-fuzzy loops.

Example 1.11. [F]= (A], [B], f), where V ={v, vy, vs, U4, U5},
E={a,b,c,d,e,h, g} and f:E —>VxV is defined by f(a)=(v,vs)
f(b) = (vg, v2), f(c) = (vg, v3), f(d) = (v3, vy), f(e)=(vs,v4), f(h)=(v4,05),
f(g)=(vy,v5). An intuitionistic I-fuzzy subset
[S] = {((vy, vy1), [0.5, 0.7], [0.2, 0.3)), (vg, [0.4, 0.6], [0.1, 0.3]), (vs, [0.4, 0.8],
[0.2, 0.2]), (v4, [0.3, 0.5], [0.2, 0.3]), (v5, [0.3, 0.7], [0.2, 0.2])} of V. An
intuitionistic I-fuzzy relation [S]= {((v;, v;), [0.5, 0.7], [0.2, 0.3]), ((v;, vy),
[0.4, 0.6], [0.2, 0.3]), ((vy, v3), [0.4, 0.7], [0.2, 0.3]), ((v;, vy), [0.8, 0.5], [0.2, 0.3]),
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((v1, vs), [0., 0.7], [0.2, 0.3]) (U, vy), [0.4, 0.6], [0.2, 0.3]), ((vg, vy), [0.4, 0.6],
[0.1, 0.3]), (s, v3), [0.4, 0.6], [0.2, 0.3]), (s, v4), [0.3, 0.5], [0.2, 0.3]), (Vs vs ),
[0.3, 0.6], [0.2, 0.3]), (vg, vy), [0.4, 0.6], [0.2, 0.3]), (vg, vs), [0.4, 0.6], [0.1, 0.3]),
((vg, vg), [0.4, 0.6], [0.2, 0.3]), ((vg, v4), [0.3, 0.5], [0.2, 0.3]), ((vg, vs), [0.3, 0.6],
[0.2, 0.3]), (s, vy), [0.4, 0.7], [0.2, 0.3]), ((vs, v), [0.4, 0.6], [0.2, 0.3]), (s, v3),
[0.4, 0.8], [0.2, 0.2]), (s, vs). [0.3, 0.5], [0.2, 0.3]), ((vs, vs), [0.3, 0.7], [0.2, 0.2]),
((vg, v7), [0.8, 0.5], [0.2, 0.3]), ((vg, vsg), [0.3, 0.5], [0.2, 0.3]), ((vy4, v3), [0.3, 0.5],
[0.2, 0.3]), ((v4, vg), [0.3, 0.5], [0.2, 0.3]), (v, vs), [0.3, 0.5], [0.2, 0.3]), (vs, v;),
[0.3, 0.7], [0.2, 0.3]), (v, vs), [0.3, 0.6], [0.2, 0.3]), (vs, vs). [0.3, 0.7], [0.2, 0.2]),
((vs, v4), [0.8, 0.5], [0.2, 0.3]), ((v5, vs), [0.3, 0.7], [0.2, 0.3])} on V with respect
to [A] and an intuitionistic I-fuzzy subset [B]= {(a, [0.4, 0.5], [0.2, 0.4]),
(b, [0.3, 0.5], [0.2, 0.3]), (¢, [0.4, 0.6], [0.2, 0.4]), (d, [0.2, 0.5], [0.3, 0.4]),

(e, [0.3, 0.5], [0.2, 0.3]), (h, [0.3, 0.6], [0.3, 0.4]), (g, [0.3, 0.6], [0.2, 0.4])} of E.

(1. [0.5.0.71.[0.2.0.3])

) a,[04,05][02,04
(2.103,0.6].[0.2,0.4]) @ ! M D (6.]0.3.0.51./0.2.0.31)

(v [0.3.0.7][02.0.2)) (v2.[0.4.0.6].[0.1.0.3))

(h.[0.3.0.6].[0.3.0.4])

(d, [0.2,0.5].[0.3.0.4]) (c. [0.4,0.6],[0.2,0.4])

(va. [0.3.0.51.00.2.0.3]) (vs, [0.4.0.8],[0.2.0.2])
(e. [0.3.0.5].[0.2.0.3])

Figure 1.1.

In figure 1.1, () (vq, [0.5, 0.7], [0.2, 0.3]) is an intuitionistic I-fuzzy point.
() (a, [0.4, 0.5],[0.2,0.4])) is an intuitionistic I-fuzzy edge. (iii)
(v1, [0.5, 0.7], [0.2, 0.3]) and (vg, [0.4, 0.6], [0.1, 0.3]) are intuitionistic I-
fuzzy  adjacent points. (iv)  (a, [0.4, 0.5], [0.2, 0.4])  join  with
(v1, [0.5, 0.7], [0.2, 0.3]) and (vg, [0.4, 0.6], [0.1, 0.3]) and therefore it is
incident with (v, [0.5, 0.7], [0.2, 0.3]) and (vg, [0.4, 0.6], [0.1, 0.3]). (V)
(a, [0.4, 0.5, ], [0.2, 0.4]) and (g, [0.3, 0.6], [0.2, 0.4]) are intuitionistic I-
fuzzy adjacent lines. (vi) (b, [0.3, 0.5], [0.2, 0.3]) is an intuitionistic I-fuzzy
loop. (vi)) (d, [0.2, 0.5], [0.3, 0.4]) and (e, [0.3, 0.5],[0.2, 0.3]) are
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intuitionistic I-fuzzy multiple edges. (viii) It is not an intuitionistic I-fuzzy

simple graph. (ix) It is an intuitionistic I-fuzzy pseudo graph.

Definition 1.12. The fuzzy graph [F]= (A],[B], f) where
[C] = (ucys ve]) and [D] = (uip), vyp)) is called an intuitionistic I-fuzzy
subgraph of [F] = ([A], [B], f) if [C] c [A] and [D] c [B].

Definition 1.13. The intuitionistic I-fuzzy subgraph [H]| = ([C], [D], f) is

said to be an intuitionistic I-fuzzy spanning subgraph of [F] = ([A], [B], f) if
[C]=[Al

Definition 1.14. Let [F]= ([A],[B], /) be an intuitionistic I-fuzzy
graph. Then the degree of an intuitionistic I-fuzzy vertex is defined by

d(v) = (du (U)’ dy (U)) where du (U) = Zeef_l(u, y)M[B](e)"' 2 z eef (v, U)“[B](e)
and dv(v) = Zeef_l(u, U)H[B](e) + 22 eef (v, v)U[B](e)'

Definition 1.15. Let [F]= ([A], [B], f) be an intuitionistic I-fuzzy
graph. The total degree of intuitionistic I-fuzzy vertex v is defined by

dr(v) = (dr, (v), dr, (v))

where
g, @)= D Mm@ T2 )+ aae) = d©) + i)
and
dg, @)= D i B2 um(e) + ua) = dy(v) + vpa©)
forallvin V.

Definition 1.16. The minimum degree of the intuitionistic I-fuzzy graph

[F]=(A],[B],f) is 8[F] = (SM[F], 5,[F]) where SM[F] = rmin {d, (v)/v € V}

and §,[F]= rmax {d,(v)/v e V} and the maximum degree of [F] is
A[F]=(A,[F], Ay [F)) where Ay[F]=rmaxid,(v)/veV} and
Au[F] = r min {d,(v)/v € V}.

Definition 1.17. Let [F]= ([A], [B], f) be an intuitionistic I-fuzzy
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graph. Then the order of intuitionistic I-fuzzy graph [F] is defined to be
O[F] = (O,[F], O,[F]) where 0, [F]ZZUEV},L[ 4)©) and

OulF]= 2. oy oa1(0)

Definition 1.18. Let [F]= ([A],[B], f) be an intuitionistic I-fuzzy
graph. Then the size of the intuitionistic I-fuzzy graph [F] is defined to be
S[F] = (S,[F], S,[F)) where S”[F]ZZeef_l(x,y)H[B](e) and

S,[F]= Zeef—l(x, y)U[B](e)-

Definition 1.19. Let [F]= ([A], [B], f) be an intuitionistic I-fuzzy
graph. Then the depth of intuitionistic I-fuzzy edge [B] is defined by
D([B)) = (n(g1([B]), viq)([B]) = (r min {p[gj(e)/e € E)}, r max {yjgj(e)/e € E)}).

Definition 1.20. Let [F]= ([A], [B], f) be an intuitionistic I-fuzzy

graph. Then the height of intuitionistic I-fuzzy edge [B] is defined by
H([B]) = (wq)([B]), vq)([B]) = (r max {yp)(e)/e € E)}, r min {yp)(e)/e € E)}).
Example 1.21.
(b, [0.1.0.41,[0.2,0.4])

(a, [0.3.0.5.[0.2.0.5])
(u. [0.4.0.5].[0.2.0.3]) (v.[0.3.0.61.[0-2p4])

(£ [0.3.0.51.[0.2.0.4])
(c. [0.2.0.51,[0.2.0.4])
(e, [0.2.0.41.[0.2.0.4])

~

(d. [0.2.0.5].[0.3.0.4])

(. [0.3.0.51,[0.2.0.4]) (x.[0.2.0.5].[0.1,0.4])

Figure 1.2. intuitionistic I-fuzzy graph [F].
Here D(B) = ([0.1, 0.4], [0.3, 0.5]) and H(B) = ([0.3, 0.5], 0.2, 0.4).

Remark 1.22. Clearly D([B]) < [B](e) < H([B]).
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2. Intuitionistic I-fuzzy Spanning Supergraphs

Definition 2.1. An intutionistic I-fuzzy graph [F] = ([A], [B], f) is called
a intuitionistic I-fuzzy ([k;], [ky])- regular graph if d(v) = ([k;], [ky]) for all v
inV.

Definition 2.2. An intuitionistic I-fuzzy graph [F]= ([A], [B], f) is

called a intuitionistic I-fuzzy complete graph if every pair of distinct
intuitionistic I-fuzzy vertices are intuitionistic I-fuzzy adjacent and

wiB)(@) = nisl, 1., (® ) and yigjle) = vs]
1%

eef_l(x’y)(x, y) for all (x, y) in

Definition 2.3. An intuitionistic I-fuzzy graph [F]= ((A], [B], f) is a
intuitionistic I-fuzzy strong graph if ppjle) = ps),_ PR (x, y) and

vB(e) = VSl (x.y) (x, y) forall x, y in V.

Definition 2.4. An intuitionistic I-fuzzy graph [F] is intuitionistic I-fuzzy
[k] = (R ], [k2])- totally regular graph if each vertex of [F] has the same total

degree [k] = ([&1], [k2]).
Definition 2.5. Let [F] = ([A], [B], f) be an intuitionistic I-fuzzy simple

graph, E' be an extension set of E and g: E' 5> V xV be an extension
function of f. An intuitionistic fuzzy spanning supergraph [F'] = ([A], [B], g)
of [F] is defined as

nizle) = { a1l if e f )
e ua)@) Nppay ) if e e (g7 w, v)- F(w, v))

VB (e) = { 12 if ecf )
” V)@ U vpa ) if e e (7w, v) = 7 (w, v)

for all ein E'.
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Example 2.6.
(n, [0.3,071[0.2,0.3])

(a,[0.4,0.5,[0.2,04])

(v,[0.4,0.61,[0.1,0 3] (v3, [0.4,0.8][0.2,0.2D
(b, [0.4,0.6],[0.2,0.4])

Figure 2.1. A Intuitionistic fuzzy graph.

(v1, [0.5,0.71,[0.2,0.3])

(a,[0.4,0.5,00.2,0.4 (¢, [0.3,0.6],[0.3,0.4]))

(V2. [04.06LI0.103D ) 10 40,6110.2.0.4]) (v3,[0.4,0.81,00.2.0.2])

Figure 2.2. A Intuitionistic fuzzy spanning supergraph.
Theorem 2.7. Let [F]= ([A], [B], f) be an intuitionistic I-fuzzy strong

graph with p-intuitionistic fuzzy vertices. Then [F']= ([A], [B], g) is an
intuitionistic I-fuzzy complete graph.

Proof. Assume that [F] = ((A], [B], f) be an intuitionistic I-fuzzy strong
graph with p-intuitionistic fuzzy vertices. That is ppj(e) = HIShe /(s y)(x, y)
and  y[p)(e) = VST (x. ) (x,y) for all x,y in V, implies that
up(e) = rpa)x) Nupa)(y) and ypile) = via)(x) Uvpa)(y) for all x and y in
V(F). Then  wpile) is  pp)@)=wsy 1, , )  and
)(x, y) for all x, y in V([F']).

Y[B](e) = 'Y[S]sefil(x, y

Therefore [F]| = ([A], [B], f) is an intuitionistic I-fuzzy complete graph.
Theorem 2.8. Let [F]=([A],[B],f) be an intuitionistic I-fuzzy

connected graph. [F) is intuitionistic I-fuzzy strong graph if and only if [F'] is

intuitionistic I-fuzzy complete graph.

Proof. The proof follows from the definitions of intuitionistic I-fuzzy
strong graph and intuitionistic I-fuzzy complete graph.
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Proposition 2.9. If [F] is an intuitionistic I-fuzzy strong graph. Then
[F'] need not be intuitionistic I-fuzzy regular graph.

Proof. The proof follows from the definitions of I-intuitionistic fuzzy
strong graph and intuitionistic I-fuzzy spanning super graph.

Theorem 2.10. Let [F] = ((A], [B], f) be an intuitionistic I-fuzzy strong
graph with p-intuitionistic I-fuzzy vertices and [A] be a [k]- constant function.

Then [F'] = ((A], [B'], g) is a intuitionistic I-fuzzy (p —1)[k] regular graph.
Proof. Assume that [F] = ([A], [B], f) is an intuitionistic I-fuzzy strong

graph with p-intuitionistic I-fuzzy vertices. By Theorem 2.7, is
intuitionistic I-fuzzy complete graph and also [A](v) = [k] for all v in V([F"))

That is pg)(e) is wipjle) = nis) (&, ) and ygie) = sy, 1, )0 )

eeffl(x, ¥
for all x and y in V. Then ppj(e) = ppa)x) Npa)(y) and
vig)(e) = vja)(x) Nppa)(y) = [k]  for all x and y in V. Therefore
d(v) = (p —1)[k] for all v in V([F']). Hence [F'] is an intuitionistic I-fuzzy
(p — 1) [k} regular graph.

Theorem 2.11. Let [F] = ((A], [B], f) be an intuitionistic I-fuzzy strong

graph with p-intuitionistic I-fuzzy vertices and [A] be a [k]- constant function.

Then S(F7) = 221 [a)

Proof. By Theorem 2.10, d(v) = (p —1)[k] for all v in V([F']. Then

D>.d@w)= Y (p-1)[k]  which implies that 2S(F'])=p(p-1)[k]=
veV veV

' ’ _]-
s((#) =22
Proposition 2.12. If [F]= ([A], [B], f) is an intuitionistic I-fuzzy
complete graph. Then [F'] need not be intuitionistic I-fuzzy regular graph.

Theorem 2.13. Let [F]= ([A], [B], f) be an intuitionistic I-fuzzy
complete graph with p-intuitionistic I-fuzzy vertices and [A] be a [k]- constant

function.
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Then [F]= ([A], [B], g) is an intuitionistic I-fuzzy (p —1)[k] regular
graph.

Theorem 2.14. Let [F]= ((A], [B], f) be an intuitionistic I-fuzzy

complete graph with p-intuitionistic I-fuzzy vertices and [A] be a [k]- constant

function.
Then S([F']) = @ [%].

Remark 2.15. If [F] is an intuitionistic I-fuzzy complete graph. Then

[F'] = [F]. But converse need not be true.

Theorem 2.16. Let [F] = ((A], [B], f) be an intuitionistic I-fuzzy strong
graph with p-intuitionistic I-fuzzy vertices and [A] be a [k]- constant function.

Then [F'] is an intuitionistic I-fuzzy [k]- totally regular graph.

Proof. By Theorem 2.10, d(v) = (p —1)[k] for all v in V([F']. Then
dr() = dv + [A](v) = (p —1)[k] + [k] = plk] - [k] + [k] = p[k] for all v in
V([F']). Hence [F'] is an intuitionistic I-fuzzy p[k]- totally regular graph.

Theorem 2.17. If [F] is an intuitionistic I-fuzzy strong graph with p-

2 ’
intuitionistic I-fuzzy vertices. Then S([F']) = M.

Proof. By Theorem 2.16, then dp(v)= p[k] for all in

V(F)= d@)+[Alv) = p[E]= Y d(v)+ Y [Al(v) = p[k]= 2S(F']) = p*[k].
veV veV

: ?[k] -o([p'])
Hence S([F']) = pT

Theorem 2.18. If [F]= ([A], [B], f) is an intuitionistic I-fuzzy strong
graph and [A] be a [k]- constant function. Then o([F']) = p[k].

Proof. By Theorems 2.10 and 2.16, is both intuitionistic I-fuzzy
(p — 1)[k] regular graph and intuitionistic I-fuzzy [k]- totally regular graph.
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By Theorems 211 and 217, S(F))=pp-1)[k] and
2S((F") = p*[k] - o[F").

Then p(p —1)[k] = p%[k] - o([F")) which implies that
o([F') = p*[k] - p(p —1)[k] = p*[k] - p*[k] + plk] = plk].

Theorem 2.19. Let [F]| = ((A], [B], f) be an intuitionistic I-fuzzy strong
graph with p-intuitionistic I-fuzzy vertices and [A] be a [k]- constant function.
Then sum of the total degree of all intuitionistic I-fuzzy vertices in an

intuitionistic I-fuzzy spanning super graph [F'] is pz[k].
Proof. By Theorem 2.10, d(v) = (p —1)[k] for all v in V([F']). We have
[F]1=(A], [B], f) for all v in ) dp(v)= Y d)+ D [Al(v)=p(p-1)[k]

veV veV veV
+o([F') = p(p—1)[k]+ plk] = p*[F].
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