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Abstract

An edge pebbling move is defined as the removal of two pebbles from one edge and placing
one on the adjacent edge. In this paper, we introduce a new graph invariant called the maximal
matching cover pebbling number which is a combination of two graph invariants, ‘cover
pebbling’ and ‘maximal matching’. The maximal matching cover pebbling number, fmep(G), of
a graph G is the minimum number of pebbles that must be placed on E(G), such that after a

sequence of pebbling moves the set of edges with pebbles forms a maximal matching regardless
of the initial configuration. Some basic results on maximal matching cover pebbling number are

found and the number for variants of complete graphs, some path related graphs, cycle C,,

wheel related graphs and some families of trees are determined.
1. Introduction

One of the rapidly developing areas of research in graph theory is graph
pebbling, suggested by Lagarias and Sakhs and introduced into the literature
by F. R. K Chung. We define a pebbling move as the removal of two pebbles
from one vertex and placing one on the adjacent vertex whereas an edge
pebbling move is the removal of two pebbles from one edge and placing one on
the adjacent edge. The pebbling number of a graph G denoted by f(G), is the

least n such that however n pebbles are placed on the vertices of GG, we can
move a pebble to any vertex by a sequence of pebbling moves [2] and an edge
pebbling number of a graph G, denoted by, f,(G), is the least n such that

however n pebbles are placed on the edges of (G, we can move a pebble to any
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edge by a sequence of pebbling moves [10]. For a survey of additional results,
refer [6].

Also, the variants of graph pebbling can be found in [3, 5, 7, 11].

The motivation for us to introduce this topic is as follows. Let the human
body be modeled into a graph where the infected cells of the body be denoted
by the vertices and let two cells be joined by an edge if there is a cell junction
between these infected cells. Then, by finding the maximal matching number
and thereby injecting the drugs into the injured cells will help the drug to
cure the maximum number of cells at a time.

In graph pebbling, we can find the minimum quantity of drugs required
during the movement of drugs from one cell to another if there is a loss.

Hence, by applying the concept of pebbling in maximal matching, one can
find the minimum quantity of drugs required to cure the infected cells of the
human body at a time.

With this motivation, we develop the concept of maximal matching cover
solution, denoted by, fiymep(G), and is defined as the minimum number of
pebbles that must be placed on E(G), such that after a sequence of pebbling
moves the set of edges with pebbles forms a maximal matching regardless of
the initial configuration. But, the maximal matching set of a graph G need
not be unique which makes this problem quite challenging.

For example, consider a path F; with six vertices. Let the vertices of the
path P be denoted by vy, vy, U3, U4, U5, and vg and the corresponding edges
which connects the vertices be denoted by a,b,c,d, and e. Then,
{a, c, e}, {b, d}, {a, d}, {b, e} are the different possible maximal matching

edge set. (See Figure 1). Here, finding the minimum number of pebbles
needed to place at least one pebble on any of the maximal matching edge set
under any configuration of pebbles to the edges of path Fz; makes this

problem a difficult one.
In this paper, some basic results on maximal matching cover pebbling

number are found and the number for variants of complete graphs, some path
related graphs, cycle C,, wheel related graphs and some families of trees are

determined.
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Figure 1. Possible maximal matching edge sets for path Fg.

2. Preliminaries

Definition 1 [1]. Given a graph G = (V, E), a matching M in G is a set
of pairwise non-adjacent edges, none of which are loops; i.e., no edges share

common vertices.

Definition 2 [1]. A matching M of a graph G is maximal if every edge in
G has a non-empty intersection with at least one edge in M and a maximum

matching is a matching that contains the largest possible number of edges in
M.

Definition 3 [3]. The cover pebbling number denoted by y(G) of a graph
G is the minimum number of pebbles required to place a pebble on every
vertex simultaneously under any initial configuration.

Definition 4 [7]. The covering cover pebbling number denoted by o(G) is
the minimum number of pebbles required such that after a sequence of

pebbling moves, the set of vertices with pebbles forms a covering of G.

Definition 5. The distance between the vertices in the corresponding line
graph is called the edge distance of a graph G.

Definition 6 [1]. Let G;(V;, E;) and Gy(V5, E5) be a connected simple
graph. Then G; UGy is the graph G(V, E) where V=V, UV, and
E=E UEy and Gy +Gy is G; UGy together with the edges joining

elements of V] to elements of V.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 11, September 2022



6284 S. SARAH SURYA and LIAN MATHEW

3. Main Results

Result 1. For a connected simple graph G(V, E), fyne (G) > {%—‘

Result 2. Let G be a graph with diameter 2, then f,,,,,.,(G) = 1.

Theorem 1. For a connected simple graph G, fomep(G) < o(G), where

o(G) is the covering cover pebbling number.

Proof. Let M be a matching and S be the vertex cover for the given graph
G and since | M | <| S|, the result follows.

Theorem 2. For a connected simple graph G(V, E) with diameter d and
edge independence number o'(G), the maximal matching cover pebbling
number of graph G is, frmep(G) < 2d_1(x’(G) and the equality holds for star

graph Ks.

Proof. For a graph G with diameter d, the maximum number of pebbles

required to place a pebble on any edge of the graph is 2971 and the result
follows.

Theorem 3. Let G be a graph with |V | vertices and diameter d, then the

maximal matching cover pebbling number of graph G is, fmmcp(G)

< 241 L%J and the equality holds for P;.

Proof. We know that for a graph G with diameter d, the maximum
number of pebbles required to place a pebble on any edge of the graph G is

2d-1, Also, note that every maximum matching is maximal and since

maximum matching number < L%J [1], the result follows.

Theorem 4. If G(V,E) contains a cut edge e°, then

fumep(G) = | E | = (s — 1), where s is the number of adjacent edges of e”.

Proof. Suppose that fy,mep(G) < | E |- (s —1). Then, by placing a single
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pebble on all the edges except e* and the adjacent edges of e*, it is not
possible to produce a maximal matching cover solution which is a
contradiction. Hence the proof.

Theorem 5. Let G(\V,E)|V|=p,pz22 and GV E)|V|
=p,p =2 be two simple connected graphs where p' > p. Then, the

maximal matching cover pebbling number of join of two graphs G and G' is
given by, fmmcp G+G)<4p-1)+ Sfmmcp(G;D’—p)-

Proof. Let uq, uo, ..., up and vy, vg, ..., Ups Upils Upt2s -++s Upy be the
vertices of G and G’ respectively. Then, € = {tyvy, ugvg, ..., upv,} forms an
independent edge set for G, + G,. From the construction, it is clear that a
maximum of 4(p —1) pebbles are required to place a pebble on all the edges
on the edge set ¢ and a maximum of 8f,,,,.,(Gyy_,) pebbles are required to

place at least one pebble on the remaining target edges of G}y_,.
Theorem 6. Let the graph G be traceable, then

2" -1 n even
fmmcp(G) < 3
2" 1, nodd

The equality holds for nth power of a graph G.

Proof. The graph G contains a hamiltonian path since the given graph G
is traceable. Assume that the number of vertices on the hamiltonian path is
n. Let the vertices of the hamiltonian path be denoted by vy, vy, ..., v,, and
the corresponding edges which joins the vertices be denoted by
e, ey, ..., e, 1. Then, (e, es, €5 ....,e,1) if n 1is even and
(e1, e3, €5, ..., €,_9) if n is odd will obviously form a maximal matching for
the given graph G. Note that the maximum number of pebbles required to

place at least one pebble on an edge which is of distance % is 2k, Thus, the

minimum number of pebbles required to place at least one pebble on the

n _ n-1 _ 1
if n is even and —5 if n is odd.

target edge set is
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4. Maximal Matching Cover Pebbling Number for Some Variants of
Complete Graphs

Theorem 7. The maximal matching cover pebbling number for complete

graph K, n> 2 is, frumep(Kp) = 4@%}) -3

Proof. Consider the distribution of pebbles to any one of the edge of the

complete graph K,,, n > 2. Then, in order to produce a maximal matching

cover solution, we need a minimum of 4&% D—3 pebbles. Hence,

frmep ) 2 4| 3 |] - 3.

Note that each edge of K, is at a maximum of distance two from any

other edges of K, and hence a maximum of four pebbles are only required to

place a pebble on any edge. Since, L%J edges of K, forms a maximal

matching, we need a maximum of 4&%D — 3 pebbles to place a pebble on the

target edge set and the result follows.

Theorem 8. For ; <ly <... <1

- be the complete r-

let Ky 1515, ..,1,

partite graph with U, ly, ...l vertices in the vertex classes my, mg, ..., m,

respectively. Then,

a4 +13 + 15 +...,1,_1) — 3, m, even
Framep (K115, 15,...,1.) = {

4(22 + l4 + Z6 + ..., lr—l) -3, m, odd
Proof. Consider the configuration of placing all the pebbles on a single

edge of Ky ;.- Then, a minimum of 4(4 +1l3 +15 +...,L,4) -3, if m,

I, ls,...,
is even or 4(ly +1y +1lg +...,1._1)— 3, if m, is odd pebbles are required in
order to produce a maximal matching cover solution. Thus, we obtained the
lower bound for maximal matching cover pebbling number for complete r-
partite graph Klplz,lg,-..,lr'
Note that, for a complete r-partite graph, the maximal matching set
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contains 4 +Il3+l5+...,0.1 and lpb +1y +lg+..., [._; edges when m, is

even and odd respectively. Here, since each edge of Kll, is at a

Io,ls, ... 1

distance of two from all other edges, a maximum of four pebbles are required

to place a pebble on any of the edge from an edge of Kll, ;.- Hence, we

lo,l3,...,
obtain the upper bound for maximal matching cover pebbling number for

complete r-partite graph Ky gz, 7, 7 -

Corollary 1. The maximal matching cover pebbling number of the

complete bipartite graph K, ; is, fumep (Kp q) =1+ 22 {min(p, q) — 1}.

Proof. Consider the configuration of placing all the pebbles on any edge

of complete  bipartite graph K Then, frnmep (K p q) 21

p.q-

+22{min(p, ¢)—1.. Note that {min(p, )} edges forms the maximal

matching for the complete bipartite graph K, ,. Since, each edge is at a
maximum of distance two from all other edges, we require a maximum of four
pebbles to place a pebble on any edge of K, , and hence the result follows.
Result 3. For a star graph K ., fnmep (K1,m) = 1.
5. Maximal Matching Cover Pebbling Number for Some Path Related
Graphs

Theorem 9. For a path P,, n > 4, the maximal matching cover pebbling

number is given by,

n —
2 1 ,n = 0mod3
n
2((2? u— 1
fmmcp(Pn)z ((—)7 ), n = 1mod3
n-2
212" n= 2med3
Proof. Let us denote the vertices of path P, by wy, wsy, ..., w, and the
edges by e, eg, ..., €,_1. The maximal matching cover pebbling number for
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path P,, n < 3 is as follows:

0,n=1
f mmcp (P n) =
Ln=23
In order to complete the proof, let us divide the proof into following cases.
Case 1. n = Omod 3
Consider the distribution of all the pebbles on the first edge e¢;. Then, a

minimum of 1+2% +26+29 + . pebbles are required in order to place a
pebble on all the edges of maximal matching set. Thus,

2" —1
fmmcp(Pn) 2

,n=0mod3, n=>4.

2" -1
7
when n = 3. Assume that the result holds good for all P,_3, n = Omod 3.

Let us prove fppep(Py) < by induction on n. The result is obvious

Note that e,_3, e,,_9 and e,_; are the only extra edges of P,, n >3 when
compare to P,_3, n > 4. Since, the edge e,,_5 forms a maximal matching for
the edges e,_3, e,_9 and e,_; and since the edge e,_o is at a maximum
distance of n —3 from all other edges of P,, we need only a maximum of

on=3 pebbles to place a pebble on the edge e,_5. So, we are left with

2" -1 gng _ 2" -1
7

edges of the maximal matching set of P,_3, n > 3 and the proof follows.

pebbles and is sufficient to place a pebble on all the

Case 2. n = 1mod 3

Consider the configuration of placing all the pebbles on the first edge e;.

el

Consequently, we need a minimum of -

pebbles in order to

e F

produce a maximal matching cover solution. Thus, fymep(Py,)> -

n=1mod3, n > 4.
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We will prove the upper bound by induction on n. The result is obvious
when n = 4. Assume that the hypothesis holds for all P, 5, n = 1mod 3,

n > 4. In this case, we need only a maximum of gn—3 pebbles to place a
pebble on the edge e, 9. Consequently, we are left with

n n-1

2((23)[4W— D 03 _ 2((23)[ s 1)
7 7
pebble on all the edges of the maximal matching set of P, 3, n > 4 and the

pebbles and is sufficient to place a

proof follows.
Case 3. n = 2mod 3
e,_o and e,_; are the only two extra edges of P,, n = 2mod3 when

compare to Case 1. Also, a maximium of on-3 pebbles are required to place a

pebble on the edge e,,_g and the result follows.

Definition 7. The Braid graph B, is obtained from a pair of paths P,
and P,, by joining ith vertex of path P, with (i + l)th vertex of the path P,

and the it vertex of the path P, with (i + 2)/" vertex of the path P, for all
1<i<n-2 I8

Theorem 10. The maximal matching cover pebbling number of Braid

graph B,, n >3 is

2422 _q)
— 3 p=0mod3
25(2M_1)

fnmep(Bn) = 17+ 9:,3 n = 0mod 3
2n

4573 7 _ 2
5+M+2(2{3J ) n = 2mod 3

5+

Proof. Let the vertices of the path P and P, be denoted by
W, Us, ..., U, and vy, Vg, ..., U, respectively. In order to prove the theorem,

let us divide the proof into following cases.
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Case 1. n = Omod 3

Consider the configuration of placing all the pebbles on the first edge of
any path P or P Then, we need a minimum of

1+22 +22% +2°+27 +..) pebbles in order to produce a maximal matching

2n_,
493 7 _
N 2%(2 2)

3 , n = 0mod 3.

cover solution. Therefore, f,cp(By) = 5

Let us prove the upper bound by induction on n. The result is obvious
when n = 3. Assume that the assertion is true for all B,_5, n = O mod 3.

Consider the distribution of all the pebbles on the Braid graph
B,, n = 0mod 3, n > 3. Note that {u,_s, u,,_1, u,} and {v,_g, v,_1, U,} are

the only extra vertices from the path P, and P, of B, when compare to
B,_3, n = 0mod 3. Since both the edges v,_ov,,_; and u,_ou,_; are at a

2n -5
3

distance of from any edge of either P, or P,, we need a maximum of

2n-3
2(2 3 ) pebbles to place a pebble on both the edges u,_ou,_; and v,_gv,_;

of P, and P,.

2n 2(n-1)

37 ;oo 3 —
Also, 5+24%—2(2 3 ):5+24%n;0m0d3,

and hence the result follows by induction.
Case 2. n = 1 mod 3.

Consider the distribution of all the pebbles on the first edge of Braid
graph B,, n = 1mod 3. Then, a minimum of 1+ 2+ 2% + 21+ 22 +2% + )

pebbles are required in order to produce a maximum matching cover solution.

2(n—4)
2°(2 3
3

Consequently, f,,,cp(B,) > 7+ — 1), n = 1mod 3.
Let us prove the upper bound by induction on n. Then, a maximum of
2n-5
2 3 pebbles are required in order to place a pebble on both the edges
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U,_oU,_1 and v,_sv,_; on the paths P, and P, by a sequence of pebbling

moves.
( 2@ Ly s
Hence the result follows by induction as 7 + 2° s 2 3 =7
2(n-5)
3
+25(2 1),n;1mod3.

Case 3. n = 2mod 3

{u,_1, u,} and {v,_q,v,} are the only extra vertices of B, when

compare to B,,_5, n = 2mod 3. Note that, in order to place a pebble on both
2n

the target edges, we require only a maximum of 2(2t 3 J ) and hence the

result follows.
6. Maximal Matching Cover Pebbling Number for Cycle

Lemma 1. The maximal matching cover pebbling number of cycle
Cos frmep (C,,) can be obtained by placing all the pebbles on a single edge.

Proof. The proof is by contradiction. Assume that the worst case
configuration is by placing the pebbles on more than one set of consecutively
edges (islands). Then, the cardinality of this set be at most two. If not, one
could move all the pebbles to their inner one or two edges, causes a larger
number of pebbles to form a maximal matching cover solution which is a
contradiction. Hence, each island is having at most two edges. Now, again
consider the case of moving all the pebbles on to a single island. Then, it

requires more than fy,,,.,(C,) pebbles to form the maximal matching cover

solution which is again a contradiction. Thus, we have the worst case
configuration consisting of a single island with two pebbled edges. Clearly,

the worst case is by placing fmep (G) —1 pebbles on any one edge, say e; and
a pebble on the other edge, say ey, since it need more pebbles to reach the ey
side of the cycle. Since all the pebbles were on e;, we need at least more
pebbles to produce a maximal matching cover solution, again a contradiction

and hence the result follows.
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Theorem 11. The maximal matching cover pebbling number for cycle C,,
is given by,

n
2fmmep(Pn ) + 22, n even

2
2fmmep(Prs1), nodd
2

f mmcp (Cn ) <

Proof. By the above lemma, let us assume that all the pebbles are placed
on a single edge, say, e; of C,. Then, we have two identical paths with

n ; 2 edges on both the paths and an edge which is of distance % if n is

even and edges on both the paths if n is odd to cover. So, we can

produce a maximal matching cover solution for the paths and the edge with

n
2fmmep(Py ) + 22 pebbles if n is even and 2f,,,,cp(Pn41) pebbles if n is odd
2 2

and hence the result follows.

7. Maximal Matching Cover Pebbling Number for Some Wheel
Related Graphs

Definition 8. A wheel graph denoted by W, on n+1 vertices is the
graph obtained from K; + C,,, where C,, is a cycle with n vertices [5].

Theorem 12. The maximal matching cover pebbling number of wheel

graph K +C,,, is

n-9

[

13 + 8§( ), n = 0mod 3

-7
fmmcp(Wn) =49+ 8(nT), n = 1mod 3
5+8(nT_5), n = 2mod 3

Proof. Let the vertices of the cycle C,, be denoted by uy, us, ..., u,, and

the apex vertex as u. Let the edges which connects the vertices of the cycle
C,, be denoted by e;, eg, ..., e, and let e}, =1, 2, ..., n be the edge which

connects the vertex v; and the apex vertex u.
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Let us divide the proof into following cases based on the distribution of
pebbles to the edges of wheel graph W,,.

Case 1. n = Omod 3

Consider the distribution of all the pebbles on an edge of cycle C,,. Since,

there exists %+1 independent edges, we need at least 13+8(—n59),

n = 0mod 3 pebbles to produce a maximal matching cover solution (See
n-9

Figure 2). Therefore, f,pcp(W,) > 13 + 8( 3

), n = 0 mod 3.

Now, let us divide the case into following subcases based on the
distribution of pebbles to the edges e;, 1 =1,2, ..., n and e},i =1, 2, ..., n.

Figure 2. Distribution of pebbles for the wheel graph Ws.
Case 1.1. Any one of the ¢},i=1,2,...,n has ¢t > 4(%) pebbles.

Let us denote the pebbled edge by e*. Place a pebble on the adjacent edge
of e* on the cycle C,, by a pebbling move. Name the pebbled edge on the

cycle C, as e"*. Now, place a pebble on any e, i =12, ..., n where the

edge should not be adjacent to €™ by a pebbling move. So, here, a total of

four pebbles are used. Now, in order to produce a maximal matching cover

solution, we need to place a pebble on the remaining (% —1) independent
edges of cycle C,, and we require a maximum of 4(% —1) pebbles for it by a
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sequence of pebbling moves. Hence the result follows.

Case 1.2. Let none of the e;,i=1,2 3, ...,n has ¢ < % pebbles,
t=1)

n-9
3

cycle C, and the edges ej,i=1,2, 3,...,n. Choose any one maximal

Then, there are at least 13 + §( ) — (4—;) pebbles on the edges of the

matching edge set with more number of pebbled edges. If any of the two
maximal matching edge sets are having equal number of pebbled edges, then
choose the set which has more number of edges with odd number of pebbles.
If not, choose any one such set. Without loss of generality, let us assume that

there are k£ number of edges which receives pebbles in the set S(say). Thus,

clearly k& > 1. Note that there are % independent edges for cycle C,,. So, our

aim is to place a pebble % — k edges of S.

If any one of the % — k edges of S is adjacent to an edge having at least

two pebbles, then, pebble those edges of S by a pebbling move. Let us assume
that &' number of edges receives pebbles in this way. i.e., we have used 2k’

number of pebbles to pebble these &' number of edges of S. Also, if anyone of

the % — k edges of S is adjacent to an edge having at least four pebbles then,

pebble those edges of S by a pebbling move. Let us assume that £” number of

edges receives pebble in this way, i.e., we have used 4k" number of pebbles to

place a pebble on these k" number of edges of S. Also, if anyone of the % -k

edges of S is adjacent to an edge e;,i=1,2, 3, ..., n having at least two

pebbles, then pebble those edges of S by a pebbling move. Let us assume that
k" number of edges of S receives pebble in this way, i.e., we have used 2k"

number of pebbles to place a pebble on these " number of edges of S.

Now, place at most one pebble on every edge of C,, —S and move the

remaining to any one of the corresponding edge e}, =1, 2, 3, ..., n which
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connects the hub vertex and the cycle C, by a pebbling move. Also, place at

most two pebbles on the edges of S and transfer the remaining to any one of
the corresponding edge e}, =1, 2, 3, ..., n by a pebbling move. Hence, we

13+ 8222

)—t — 2k — 2" — 4R"
have at least ¢t —2kR" + 3

2

pebbles on the

edges e},1=1,2,3, ..., n.

As we need to place a pebble on (% —k—Fk — k" — k") edges of the cycle

C, and an independent edge e},i1=123,...,n, we need at most

1+ 4(% —k -k — k" - k") pebbles on the edges e},i =1, 2,3, ..., n.

13+8(n_9

N =)=t =2k~ 2k 4k
ut, t-— +

2

_1_4(%_k_k/_kﬂ_kw)

=2kR" +3k+3k +2k"-5>0 as k>1,t>1 and &', k", R” cannot be equal

to zero simultaneously.

Case 2. n = 1mod 3

It is not possible to place a pebble on the maximal matching set if we
place 8(nT_7) pebbles on any edge of the cycle C, of W,, n =1mod 3.

n-"17

3 ), n>12.

Therefore, f,cp (W) =9+ 8(

n+2

Case 2.1. Any one of the e}, i =1,2, 3, ..., n has 4( 3

) pebbles on it.

Similarly, by distributing the pebbles as we discussed in Case 1.1, we
n+2

need a maximum of 4( ) pebbles to produce a maximal matching cover

solution.

n+2

Case 2.2. Any one of the e/, 7 =1,2,3,..., n has t < 4( 3

) pebbles on

it.
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n+17 n+2
3 ) -4 3

it. Then, by proceeding as in Case 1.2, we can obtain a maximal matching

Then, the cycle C, of W, has at least 9 + 8( ) pebbles on

cover solution for W,,, n = 1 mod 3.

Case 3. n = 2mod 3

Consider the configuration of placing all the pebbles on any one of the

edge of cycle C,, of W,, n=2mod3. Then, we need a maximum of

5+ 8(nT+5), n = 2mod3 pebbles to produce a maximal matching cover

n+b
3

solution. Hence, fycp(Wy,) > 5 + 8( ), n = 2mod 3.

n+2
)

Case 3.1. Any one of the e,i=1,238,...,n has ¢>1+4( 3

pebbles on it.
In a similar manner, by distributing the pebbles as we discussed in Case
1.1, a maximum of 1+ 4(nT+2) pebbles are required to produce a maximal

matching cover solution.

Case 3.2. None of the ¢;,71=1,2,...,n hast <1+ 4(n ;: 2) pebbles on it
t=1)
. . n->5 n—2
In this case, a minimum of 5+ &( 3 )—1—4( 3 ) pebbles are

distributed to the edges of cycle C,, of W,,, n = 2mod 3. Then, by proceeding

as in Case 1.2, the result follows.

Definition 9. A Friendship graph denoted by F,, can be constructed by
joining n cycles C, with a common vertex. It has 2n +1 vertices and 3n

edges [4].
Theorem 13. The maximal matching cover pebbling number for

friendship graph F,, is given by, fomep(Fy,) = 22(n-1)+2,n > 1.

Proof. Let us denote the edges which are adjacent to the apex vertex be
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e, €g, ..., eg,, and the edges between the two edge ¢;,i=1,2,...,2n be
w;,1=1,2, ..., n. In order to prove the theorem, let us divide the proof into
following cases based on the number of pebbles distributed to the edges
e,1=12 .., 2nand w;,1=1,2,..., n

Case 1. Let any one of the e;, i =1, 2, ..., n has ¢ > 4(n — 1) + 1 pebbles.

Without loss of generality, let the pebbled edge of F), be denoted by e;.
Retain one pebble on the edge e; itself. Consequently, all the edges
e,l=2,3,...,2n are adjacent to a pebbled edge. Now, in order to produce a

maximal matching cover solution, we need to place at least one pebble on
(n—1) independent edges w!,i=2, 3,...,n Since, these independent

w;, 1 =2,...,n edges are of distance two from e;, we need a maximum of

22 (n —1) pebbles and the proof follows.

Case 2. Let none of the ¢;,71 =1,2,...,n has t < 4(n —1)+1 pebbles on

it.

Then, there are at least 23(n —1)+ 2 — (4(n —1)+1) = 4n — 3 pebbles on
the edges w;,i=1,2,...,n and e¢,i=1,2, ..., n. Let us assume that m
number of w;, i =1, 2, ..., n edges have pebbles on it. Now, if there exists at

least two pebbles on any e;,i1 =1, 2, ..., 2n. then place a pebble on the
corresponding non-pebbled edge w;, i =2, ..., n by a pebbling move. Let us

assume that m' edges get pebbles in this way and hence we have used 2m/

number of pebbles to pebble m’ edges by a pebbling move.

Keep a maximum of two pebbles on the edges w;,i=1,2,...,n and
transfer the remaining pebbles from the edge w;, i =1, 2, ..., n to any one of
the corresponding edge ¢;,i=1,23,...,2n by a pebbling move.
Consequently, the edges ¢;,1 =1, 2, ..., 2n of the friendship graph F,, has a

23(n —1)+ 2 — (2m + 2m’ + t)
2

minimum of [ pebbles on it.

Now, our aim is to place at least one pebble on the remaining
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(n—1—m—m') number of w;,i=2,...,n edges and any one of the edge
e,i1=1,2, ..., 2n, where the edge ¢;,i =1, 2,..., 2n is not adjacent to a
pebbled edge w;, i =1, 2, ..., n. So, in order to produce a maximal matching

cover solution, we need a maximum of 4(n —1 — m — m') + 2 pebbles more.

23(n—1)+ 2 — (2m + 2m’ + t)
2

But, t+{ -(4n-1-m-m)+2)=4n-1

+3m+3m' +t— téJ > 0 Hence the proof.

8. Maximal Matching Cover Pebbling Number for Some Families of
Trees

Theorem 14. The maximal matching cover pebbling number of comb

2(4 %1 ~1)

3 ,n > 2.

graph P, © Kj is, fmmcp(Pn O K;) =

Proof. Let the vertices of the path P, be denoted by vy, v, ..., v,, and
the corresponding pendant edges from the vertices of the path P, be

U, Ug, ..., Uy.

Consider the configuration of placing all the pebbles on the edge vu;.
Then, a minimum of 2 + 2% + 2% + ... pebbles are required in order to produce
a maximal matching cover solution. Therefore,  fy,mep(P, © Kq)

5]
2
> M’ n>2
3
Let us prove the upper bound by induction on n. Since P, © K; = P4, the

result follows from Theorem 9 when n = 2. Assume that the assertion is true

for all comb graphs P,_; ® K;. Consider the configuration of all the pebbles

on P,0OK; -v,_1v, and u,u, are the only extra edges of P, ®K; when

compare to P, ; ® K;. But, we need only a maximum of 2L or 27 pebbles

to place a pebble on the edge v,_jv, or v,u, when n is even or odd
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respectively. Also, the remaining pebbles are sufficient to produce a maximal
matching cover solution for P, ; ®K; and hence the result follows by

induction.

Definition 10. An olive tree 7T, is a rooted tree consisting of n branches,

where ith branch is a path of length ¢ [9].

Theorem 15. The maximal matching cover pebbling number of Olive Tree
T,,n=3is,

f; mmep (Tn ) =

2T’L+3

ntlh =3 n=3J on+i -
+2 ( )+ E i E 2" 'n = Omod 3
n+3 _ 1-3j .
2(2 1) 2n+1(2n 5) E _1 § n- ]2n+1+l, 7 =~1mod3

2n+1 n n+3,M —5 n=2-3j .94 -
27 Zlggryyom3iz2 )Zjlz 2M+2+ = 9mod 3

Proof. Let us denote the root vertex by u. Let ul] be the remaining

vertices of the Olive tree T;, where i, j indicates the branch and the vertices

of T, respectively.

Let us divide the proof into following cases based on the number of
pebbles distributed to the edges of Olive tree 7},.

Case 1. n = Omod 3

Consider the configuration of all the pebbles on the edge w) u)_;. Then, a

. 2n+3 n+1n—3 =3 onti o
minimum  of +2 ( )+ z] 3 Z 2" 'n = Omod 3

pebbles are required to produce a maximal matching cover solution.

Now, let us prove the upper bound by induction on n. The assertion is
true when n =3. Assume that the result is true for all Olive tree
T,_3,n = 0mod 3. Consider the distribution of all the pebbles on the Olive

tree T, n 2 3, n = Omod 3. Note that by adjoining P, o, P,_;, and P, to
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the root vertex of 7),_3, we obtain T;,. Also, the maximum distance between

the edges of P,_;, P,

n»

and P,_; to the other edges of T},_3 is n—3. So, a

maximum of 277 3(fmmcp( o)+ fmmcp( )+ fmmcp (P,)) pebbles are

required to place at least one pebble on any edge of the maximal matching of
P, 5, P, and P,.

Mo, ZT Loty S Y0 (B o)
+fmmcp(Pn_1)+ fmmcp(Pn)) > fmmcp( T,_3) and hence the result follows by
induction.

Case 2. n = 1mod 3

Consider the configuration of all the pebbles on a single edge wujiu)_;.

Then, in order to produce a maximal matching cover solution, a minimum of
2(2n+2 1) n+l 2n 5 n=1-3] n+1+i -
+ 2" () + Z] S Z 2 ,n = 1mod3 pebbles

are required to place a pebble on all the edges of maximal matching set.

Let us prove the upper bound by induction on n. The result is obvious
when n =4. Assume that the assertion is true for all Olive Tree
T,,_3, n = 1mod 3. Consider the distribution of all the pebbles on the Olive

tree 7,,_3, n 2 3, n = 1mod 3. Then, as we discussed in Case 1, a maximum

of 2"_3(fmmcp (Po—2) + fumep(Pn-1) + frmumep (P )) pebbles are required to place
at least one pebble on any edge of the maximal matching set of P, o, P,_;

and P,.

2(2n+2 1) n+1 2n 5 n=1-3j Jni1+i n-3
Also, + 2 Z] B Z 2 _2

2n_3(fmmcp(Pn—2) + fmmcp(Pn—l) + fmmcp(Pn)) 2 fmmcp(Tn—3) and the result

follows by induction.

Case 3. n = 2mod 3

If we distribute all the pebbles on the edge u)lu,,_;, then a minimum of
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n+1 —92-3j
27 -1 qen)+ on3(B 5)+z 3 Z” Jon+2+i  Lebbles  are
Jj=

required to produce a maximal matching cover solution.

The upper bound can be proved by induction on n. The result is true when
n =>5. Assume that the result is true for all Olive tree 7, 3, n >3,
n=2mod3. Then, as we discussed in Case 1, a maximum of
2”‘3(fmmcp( ~2) + framep(Pn-1) + frumep(P,)) pebbles are required to place at

least one pebble on all the edges of maximal marchlng of P, 9, P,; and P,.
n n+3/N — 5 n=2-3] on+2+i n-3
However, 2 —1 7(2m)42nt3(R=2), Z] 3 Z 2 -2

zn_g(fmmcp(Pn—Z) + fmmcp(Pn—l) + fmmcp(Pn)) = fmmcp(Tn—S) and hence the

result follows by induction.
9. Conclusion

Graph pebbling and matching are the two main areas of research in
graph theory which have tremendous applications. By combining the two
graph invariants, namely, graph pebbling and matching, one can find the
solution for many real world problems. So, in this paper, we combined the
graph invariants cover pebbling and maximal matching and obtained a new
graph invariant called ‘maximal matching cover pebbling’. Some basic results
on maximal matching cover pebbling number are found, a bound for join of
two graphs G and G’ and the number for variants of complete graphs, some

path related graphs, cycle C,, wheel related graphs and some families of

trees are determined.
Given below are some interesting open problems.

* Finding the maximal matching cover pebbling number for networks and

for directed graphs.

* Finding the exact maximal matching cover pebbling number for a graph

with diameter d.

* Finding fyep(G) < k?
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