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1. Abstract 

The focus of this article is to find a fixed point which is common for a rationally contractive 

pair of mappings in the setting of a complete Complex valued metric space. The result is the 

generalization of a variety of established theories. 

2. Introduction 

An unfamiliar metric space with complex codomain, which is nothing but 

generalization than well-known metric space, was proposed by Azam et al. [1] 

and known as Complex valued metric space. They have established several 

fixed point outcomes for a pair of contraction mappings for rational 

expression. Azam et al. [1] strengthened the Banach contraction principle in 

the framework of metric space which was Complex valued encompassing 

rationally contractive behaviour that could not be relevant in cone metric 

spaces. Ume [12] used the concept of a family of weak quasi metrics and 

generating spaces of quasi metric family. In the entire article CVMS 

exemplify Complex valued metric space and CFP for common fixed point. 

Numerous mathematicians have analyzed various CFP formulations in 

CVMS (see [14-17]). 
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Banach Fixed Point Theorem has been a great source of inspiration for 

ancient and modern mathematicians and the various branches of science and 

technology. Until 1968, the contraction principle authorized by Banach [13], 

was the only primary tool used to examine the existence and uniqueness of 

fixed points. It was considered to be the root of the theory of metric fixed 

point, but it was not because it suffered a single disadvantage. This requires 

continual behavior of mapping at each and every point in the defined domain. 

In 1968, Kannan [18] implemented a contractivity based condition that had a 

single fixed point, comparable to Banach yet, unlike most of the 

Banachcondition, mappings have been made which have a discontinuity in 

their domain but have fixed points, while these mappings are continuous at a 

fixed point.The notion of metric space was generalized as2-metric space by 

Ghaler [4], which was followed by numerous papers covering this generalized 

space.The material having broad quantification in case of comprehensive of 

metric spaces likewise semi metric spaces, as well as Pseudo metric spaces 

have been the study of interest for so long [see, 2-11]. So we follow some 

kinds of definitions as well as notations which will be utilized in the 

discussion of the various subsequent. Here in complex valued space, metric 

we can learn the result of wide improvement that is involved in analysis of 

main theorem. In this article +  and   are used to represent the 

nonnegative real number and complex numbers respectively. 

3. Preliminaries 

In accordance with Azam et al. [1], the described concepts and outcomes 

are used in relevant context. 

“Let   be the set of all complex numbers or ,, 21 zz  define a partial 

order ≾ on   as follows 

21 zz   iff ( ) ( ) ( ) ( ).ImIm,ReRe 2121 zzzz   

It follows that, 21 zz   if one of the following conditions is satisfied: 

(1) ( ) ( ) ( ) ( )2121 ImIm,ReRe zzzz   

(2) ( ) ( ) ( ) ( )2121 ImIm,ReRe zzzz =  
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(3) ( ) ( ) ( ) ( )2121 ImIm,ReRe zzzz   

(4) ( ) ( ) ( ) ( )2121 ImIm,ReRe zzzz ==  

In particular, we will write 21 zz   if 21 zz   and one the above 

conditions is not satisfied and we will write 21 zz   if only iii is satisfied. 

Note that 210 zz   implies 322121 ,, zzzzzz   implies .32 zz   

Definition 1.1. [1]. Let   be a nonempty set. A mapping → :  

is called a complex valued metric on   if the following axioms are satisfied: 

( ) ( )yxc ,01   for all =yx,  and ( ) 0, = yx  iff ,yx =  

( ) ( ) ( )xyyxc ,,2 =  for all =yx,  

( ) ( ) ( ) ( )yzzxzxc ,,,3 +   for all .,, zyx  

In this case, we say that ( ),  is a complex valued metric space. 

Definition 1.2 [1]. Let ( ),  be a complex valued metric space, 

•  We say that a sequence  nx  is said to be a Cauchy sequence be a 

sequence in .x  If for every ,c  with c0  there is 0n  such that 

for all 0nn   such that ( ) ., cxx mn   

•  We say that a sequence  nx  converges to an element .Xx   If for 

every ,c  with c0  their exist an integer 0n  such that for all 

0nn   such that ( ) cxx mn ,  and we write .xxn  

•  We say that ( ) ,  is complete if every Cauchy sequence in   

converges to a point in .  

Lemma 1.1 [1]. Any sequence  nx  in complex valued metric space ( ),  

converges to x if and only if  ( ) 0, → xxn  as .→n  

Lemma 1.2 [1]. Any sequence  nx  in complex valued metric space ( ),  

is a Cauchy sequence if and only if ( ) 0, → +mnn xx  as ,→n  where 

.m ” 
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4. Main Results 

Theorem 2.1. Consider ( ),  to be a complete CVMS  and let the 

mappings  → :,  satisfying 

( )
( ) ( )( ) ( ) ( )

( ) 








+

++


,1

,,,1,
,


   

( ) ( ) ( )
( )

( ) ( )
( ) ( ) 







+

+
+









+

+
+




,,2

,,

,1

,,,
 

( )
( ) ( )( ) ( ) ( )

( ) 








+

++


,1

,,,1,
,


   

( ) ( ) ( )
( )

( ) ( )
( ) ( ) 







+

+
+









+

+
+




,,2

,,

,1

,,,
 

,,   where + ,,  with ( ) .12 ++  Then there is an 

existence of CFP  for   and   and the fixed point is unique as well. 

Proof. If we assume 0  as an arbitrarily chosen point of ,  by define 





==

=

+

+

,2,1,0,222

212

sss

ss


 (1) 

then the main equation of Theorem 2.1 results, 

( ) ( )1222212 ,, +++ = ssss   

( ) ( ( )) ( ) ( )

( )









+

++


+

++++

122

122221212212

,1

,,,1,

ss

ssssssss 
  

( ) ( ) ( )
( )










+

+
+

+

+++

122

221212212

,1

,,,

ss

ssssss 
 

( ) ( )

( ) ( )









+

+
+

++

++

122122

122212

,,2

,,

ssss

ssss




 

using the defining criteria of sequence by equation (1), we have result as 

( ) ( ( )) ( ) ( )
( )










+

++


+

++++++

122

22212212221212

,1

,,,1,

ss

ssssssss  
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( ) ( ) ( )

( )









+

+
+

+

+++++

122

21212221222

,1

,,,

ss

ssssss  

( ) ( )

( ) ( )









+

+
+

+++

+++

2221212

2221212

,,2

,,

ssss

ssss  

using the axioms ( )1c  and ( ),3c  then the resultant becomes 

( ) ( ( ) ( )) ( ( ))122222121222212 ,,,, +++++++ ++ ssssssss   

( ( ) ( ))2212122 ,,
2 +++ +


+ ssss  

since it is obvious that 
( )

( )
.1

,1

,

122

122 
+



+

+

ss

ss  Also, 

( ) ( )1222212 ,
2

,
2

1 +++ 






 
+







 
−−− ssss   

( ) ( )1222212 ,

2
1

2
, +++ 








 
−−−








 
+

 ssss   

using the condition defined on ,  and ,  we have 

( ) ( ),,, 1222212 +++  ssss h  where 
( )

( )
.

1 −−−

+
=h  

Similarly, it is obvious that ( ) ( )12223222 ,, ++++ = ssss   

( ) ( ( )) ( ) ( )

( )









+

++


++

++++++++

1222

1222222212122212

,1

,,,1,

ss

ssssssss 
  

( ) ( ) ( )

( )









+

+
+

++

++++++

1222

222212122212

,1

,,,

ss

ssssss 
 

( ) ( )

( ) ( )









+

+
+

++++

++++

12221222

12222212

,,2

,,

ssss

ssss




 

using the defining criteria of sequence by equation (1), we have result as 
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( ) ( ( )) ( ) ( )

( )









+

++


++

++++++++

1222

2222322212223212

,1

,,,1,

ss

ssssssss  

( ) ( ) ( )

( )









+

+
+

++

++++++

1222

223212223222

,1

,,,

ss

ssssss  

( ) ( )

( ) ( )









+

+
+

++++

++++

22221232

22223212

,,2

,,

ssss

ssss  

using the axioms ( )1c  and ( ),3c  it can easily be concluded that 

( ) ( ( ) ( )) ( ( ))3222322222123222 ,,,, ++++++++ ++ ssssssss   

( ( ) ( ))32222212 ,,
2 ++++ +


+ ssss  

( ) ( ) ( )1222222 ,
2

,1 +++ 






 
+−−− ssss   

( )
( )

( )1222212 ,
1

2
, +++ 

−−−








 
+

 ssss   

using the condition defined on ,  and , we have 

( ) ( )121 ,, +++  ssss h  

( )ssh  − ,1
2  

( ) ( ).,,,, 10
1

12
3  −

−−
s

ss hh    

For the case ,sr   

( ) ( ) ( ) ( )rrssssrs +++ −+++ ,,,, 1211   

  ( )10
1212 , ++++ −++ rss hhhk   

( )10

2

,
1










− h

h  

and hence we have, ( ) ( )10 ,|
1

, 








−


h

hs

rs   which converges to 0 as n 
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approaches to  and hence  s  is a sequence which satisfies Cauchy’s 

behavior and since it is also given that the space   is complete, so the 

limiting value, let it be  and   such that  s  converges to , which 

follows that ,=  if not then ( ) 0, = p  and in such a case 

( ) ( )+ ++ ,, 2222 ssp  

( ) ( )+ ++ ,, 1222 ss   

( ) ( )1222 ,, ++ + ss   

( )
( ) ( ( )) ( ) ( )

( )









+

++
+

+

++++
+

12

22122212
22 ,1

,,,1,
,

s

ssss
s  

( ) ( )

( )









+

+
+

+

+++

122

122222

,1

,,

ss

sss p
 

( ) ( )

( ) ( )









+

+
+

++

++

2212

2212

,,2

,,

ss

ss  

which results, ( )22, + sp   

( ) ( ( )) ( ) ( )

( )12

22122212

,1

,,,1,

+

++++

+

++
+

s

ssss  

( ) ( )

( )122

122222

,1

,,

+

+++

+

+
+

ss

sss p
 

( ) ( )

( ) ( )
,

,,2

,,

2212

2212

++

++

+

+
+

ss

ss  

results ,0=p  which is a contradiction and hence .=  It tends to follow 

the same way as .=  Now, it is to prove that  and   have a CFP  with 

uniqueness. Make the assumption, for this reason, that in   is a 

distinct CFP  point of  and ( ) ( ) =  ,,,  

( ) ( ( )) ( ) ( )

( ) 













+

++






,1

,,,1, 
  
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( ) ( ) ( )

( )

( ) ( )

( ) ( ) 













+

+
+















+

+
+













,,2

,,

,1

,,,
 

using the defining criteria of sequence by equation (1), we have result as 

( ) ( ( )) ( ) ( )

( ) 













+

++






,1

,,,1,
  

( ) ( ) ( )

( )

( ) ( )

( ) ( ) 













+

+
+















+

+
+









,,2

,,

,1

,,,
 

using the axioms ( )1c  and ( ),3c  we have ( )   ( )++  ,,   since it 

is obvious that 
( )

1
,1

1


+ 
 and 

( ) ( )
,1

,,2

2


+ 
 which confirms 

the uniqueness and the completion of the confirmation of this theorem. 

Corollary 2.1. Let ( ),  be a complete complex valued metric space and 

let the mappings  →:  satisfying  

( )
( ) ( ( )) ( ) ( )

( ) 








+

++


,1

,,,1,
,


   

( ) ( )) ( )
( ) 









+

+
+

,1

,,, 
 

( ) ( )
( ) ( ) 







+

+
+



,,2

,,,
  

for all ,,   where ,  and  are nonnegative reals with 

( ) .12 ++  Then   has a unique fixed point. 

Corollary 2.2. Let ( ),  be a complete complex valued metric space and 

let the mappings  →:  satisfying 

( ) ( ) ( ( )) ( ) ( )
( ) 














+

++


,1

,,,1,
,

ssss
ss 

   

( ) ( )) ( )
( ) 














+

+
+

,1

,,, ssss 
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( ) ( )

( ) ( ) 













+

+
+

ss

ss





,,2

,,
 

for all ,,   where + ,,  with ( ) .12 ++  Then   has a 

unique fixed point. 

References 

 [1] A. Azam, B. Fisher and M. Khan, Common fixed point theorems in Complex valued 

metric spaces, Numerical Functional Analysis and Optimization 32(3) (2011), 243-253. 

 [2] A. Branciari, A fixed point theorem of Banach-Caccippoli type on a class of generalized 

metric spaces, Publ. Math. Debrecen 57(1-2) (2000), 31-37. 

 [3] B.C. Dhage, Generalized metric spaces with fixed point, Bull. Cal. Math. Soc. 84 (1992), 

329-336. 

 [4] S. Ghaler, 2-metrische raume and ihretopologischestrukture, Math. Nachr. 26 (1963), 

115-148. 

 [5] A. George and P. Veeramani, On some results in fuzzy metric spaces, Fuzzy Sets and 

System 64 (1994), 395-399. 

 [6] O. Hadzic and E. Pap, Fixed Point Theory in PM-Spaces, Kluwer Academic, Dordrecht, 

The Netherlands (2001). 

 [7] L. G. Huang and X. Zhang, Cone metric spaces and fixed point theorems of contractive 

mappings, J. Math. Anal. Appl. 332 (2007), 1468-1476. 

 [8] J. L.Kelley, General Topology, Van Nostrand Reinhold, New York (1955). 

 [9] H. P. A. Kunzi, A note on sequentially compact quasi-pseudo-metric spaces, Monatshefte 

Math. 95 (1983), 219-220. 

 [10] M. Nauwelaerts, Cartesian closed hull for (quasi)-metric spaces (revisited), 

Commentationes Math. Univ. Carolinae 41 (2000), 559-573. 

 [11] M. Telci and B. Fisher, On a fixed point theorem for fuzzy mappings in quasi-metric 

spaces, Thai J. Math. 2 (2003), 1-8. 

 [12] J. S. Ume, Fixed point theorems in generalizing spaces of quasi metric family and 

applications, Indian J. Pure App. Math. 33 (2002), 1041-1051. 

 [13] Banach, Sur les operations dan s les ensembles abstraits et leur application aux equation 

integrals, Fund. Math. (1922), 133-181. 

 [14] H. K. Nashine, M. Imdad and M. Hasan Common fixed point theorems under rational 

contractions in complex valued metric spaces, Journal of Nonlinear Science and Its 

Applications 7(1) (2014), 42-50. 

 [15] H. K. Nashine, Common fixed point for a pair of maps in complex valued metric 

spaces, Nonlinear Functional Analysis and Applications 18(2) (2013), 279-289. 



POONAM RANI, ARTI SAXENA and PRAGATI GAUTAM 

Advances and Applications in Mathematical Sciences, Volume 20, Issue 7, May 2021 

1328 

 [16] F. Rouzkard and M. Imdad, Some common fixed point theorems on complex valued metric 

spaces, Computers and Mathematics with Applications 64(6) (2012), 1866-1874. 

 [17] W. Sintunavarat and P. Kumam, Generalized common fixed point theorems in complex 

valued metric spaces and applications, Journal of Inequalities and Applications (84) 

(2012), 1-11. 

 [18] R. Kannan, Some results on fixed points, Bull. Cal. Math. Soc. 60 (1968), 71-76. 


