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1. Abstract

The focus of this article is to find a fixed point which is common for a rationally contractive
pair of mappings in the setting of a complete Complex valued metric space. The result is the
generalization of a variety of established theories.

2. Introduction

An unfamiliar metric space with complex codomain, which is nothing but
generalization than well-known metric space, was proposed by Azam et al. [1]
and known as Complex valued metric space. They have established several
fixed point outcomes for a pair of contraction mappings for rational
expression. Azam et al. [1] strengthened the Banach contraction principle in
the framework of metric space which was Complex valued encompassing
rationally contractive behaviour that could not be relevant in cone metric
spaces. Ume [12] used the concept of a family of weak quasi metrics and
generating spaces of quasi metric family. In the entire article CVMS
exemplify Complex valued metric space and CFP for common fixed point.
Numerous mathematicians have analyzed various CFP formulations in
CVMS (see [14-17]).
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Banach Fixed Point Theorem has been a great source of inspiration for
ancient and modern mathematicians and the various branches of science and
technology. Until 1968, the contraction principle authorized by Banach [13],
was the only primary tool used to examine the existence and uniqueness of
fixed points. It was considered to be the root of the theory of metric fixed
point, but it was not because it suffered a single disadvantage. This requires
continual behavior of mapping at each and every point in the defined domain.
In 1968, Kannan [18] implemented a contractivity based condition that had a
single fixed point, comparable to Banach yet, unlike most of the
Banachcondition, mappings have been made which have a discontinuity in
their domain but have fixed points, while these mappings are continuous at a
fixed point.The notion of metric space was generalized as2-metric space by
Ghaler [4], which was followed by numerous papers covering this generalized
space.The material having broad quantification in case of comprehensive of
metric spaces likewise semi metric spaces, as well as Pseudo metric spaces
have been the study of interest for so long [see, 2-11]. So we follow some
kinds of definitions as well as notations which will be utilized in the
discussion of the various subsequent. Here in complex valued space, metric

we can learn the result of wide improvement that is involved in analysis of

main theorem. In this article R" and C are used to represent the

nonnegative real number and complex numbers respectively.
3. Preliminaries

In accordance with Azam et al. [1], the described concepts and outcomes

are used in relevant context.

“Let C be the set of all complex numbers or z;,z9 € C, define a partial
order S on C as follows
z1 3 29 iff Re(z;) < Re(zg), Im (27) < Im (29).
It follows that, z; X z9 if one of the following conditions is satisfied:

(1) Re(z1) < Re(z9), Im () < Im (29)

(2) Re(z1) < Re(zg), Im (21) = Im (25)
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(3) Re(z7) < Re(zg), Im (27) < Im (29)
(4) Re(z1) = Re(z3), Im (21) = Im (23)

In particular, we will write 2z 229 if 2; # zg and one the above
conditions is not satisfied and we will write z; < z9 if only iii is satisfied.

Note that 0 3 z; <z9 implies | 21 | < | 29 |, 21 S 29, 29 < 23 implies z9 < z3.

Definition 1.1. [1]. Let C be a nonempty set. A mapping 0 : CxC — C

is called a complex valued metric on C if the following axioms are satisfied:
(c1)030(x, ) forall x, y = C and &(x, y) = 0 iff x = y,
(cg) O(x, y) =0(y, x) forall x, y =C
(c3)0(x, 2) 30(x, z) + O(z, y) for all x, y, z € C.
In this case, we say that (C, ) is a complex valued metric space.
Definition 1.2 [1]. Let (C, 8) be a complex valued metric space,

e We say that a sequence {x,} is said to be a Cauchy sequence be a
sequence in x € C. If for every ¢ € C, with 0 < ¢ there is ny € N such that
for all n < ng such that d(x,, x,,) < c.

e We say that a sequence {x,} converges to an element x € X. If for

every ¢ € C, with 0 < ¢ their exist an integer ny € N such that for all
n > ng such that d(x,,, x,,) < ¢ and we write xn_éx

e We say that 9(C, d) is complete if every Cauchy sequence in C
converges to a point in C.

Lemma 1.1 [1]. Any sequence {x,} in complex valued metric space (C, 0)

converges to x if and only if | d(x,, x)| > 0 as n — .

Lemma 1.2 [1]. Any sequence {x,} in complex valued metric space (C, 0)
is a Cauchy sequence if and only if | 0(x,, Xpim)| = 0 as n — oo, where

m e N.”
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4. Main Results

Theorem 2.1. Consider (C, 0) to be a complete CVMS and let the
mappings B, S : C - C satisfying

By, So) = 5(8(‘”’ Bx) (L + o(So, ©)) + 1, Bx) A(x, Sw))

1+ a(y, )

8(80), B )+ 8(8 , )6([3 , ) 6(0), B )+6( ,803)
“‘( X1+a(x?(m)§ o j+r(2+6(ﬁ)§c, m>a3‘x, &»))

By, So) = 5(8(‘”’ Bx) (L + o(So, ©)) + 1, Bx) A(x, Sw))

1+ a(y, )

(S, By)+ d(Sw, @By, x) (o, By) + o(x, Sw)
" “( T j* T(z o1, o &0))

Vy, ® € C, where 8, p, peRT with (28 +pu+p)<1. Then there is an
existence of CFP for B and S and the fixed point is unique as well.

Proof. If we assume y as an arbitrarily chosen point of C, by define

{X25+1 = Bras 1)

X2s+2 = SXZS’ S = O, 1, 2,
then the main equation of Theorem 2.1 results,

O(X2s+1> X2s+2) = OBxas> Sx2s+1)

< 8(6(X2s+1’ Braos) (@ + O(Sxass1, x2s41)) + Oxas, Bros)O(tes. 3X2s+1)j
~ 1+ (x2s A2s+1)

N u[5(3X2s+1, Bras) + 0(Sxs+1s %2s+1)0(Bxas X2S)j
1+ 6(%23’ X2s+1)

+ p( a(7(2s+1’ szs) + 8(%23’ SX2s+1) )
2+ a(BXZs’ X23+1)6(X23’ SX23+1)

using the defining criteria of sequence by equation (1), we have result as

< 8(6(X2s+17 2s+1) (L + 0(xos i, X2s+1)) + Ot2s, X2s41)0(ts X23+2))
~ 1+ 0(xas> %2s+1)
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N u(a(x2s+2’ %2s+1) T O(X2s+2> %2541)0(X 2541 X2s)]
1+ a(XZs’ X23+1)

p( O(x2s+1> X2s41) + (X 2ss A2s+2) j
2+ 312511 A25+1)0(X2s> X2s5+2)

using the axioms (c¢;) and (cg), then the resultant becomes

a(X23+1 s X2s+2) j (a(XZS’ X2s+1) + a()(,2s+1 > X2s+2 )) + l"l(a(X28+2 > X2s+1 ))

+ %(G(XQS’ %2s+1) + 02511 X25+2))

PO(x2ss X2s+1) < 1. Also,

since it 1s obvious that
1+03(xos» X2s+1)

(1 -d-p- gja(X28+1’ X2s+2) S (5 + %ja(ms, X2s+1)

(8+gj

O(K2s+1> A2s+2) D x2s> A2s+1)
_s_y_P
(1 -k 2]

using the condition defined on §, p and y, we have

(6 +p)

oy L 3 ho(yes, X , where h = ———————.
( 2s+1 23+2) ( 2s 2$+1) (1—8—H_P)

Similarly, it is obvious that d(x2s.9, X2s+3) = O(BY2s+2s SA2s+1)

< 8(5(X23+17 Broste) L+ 0(xast1s X2se1)) + OXasi2r Brosi2)O(Kast2, 3%23+1)]
~ 1+ 0(xas+2, X2s+1)

N M(5(3%2“1’ Bros+2) + 0(Sxas+1> %2s41)0Bxos+2s X23+2))
1+ 0(x2s+2> X2s+1)

p( O(x2s+1> Br2s+2) + 0(x2s+2> St2s+1) j
2+ 0(Byos+2s X2s+1)0(X 2512, SA2s+1)

using the defining criteria of sequence by equation (1), we have result as
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< 8(6(X2s+1’ r2s+3) L+ 0(12s12, A2s+1)) + O(X25+2: X2s+3)0(X2s+2, X2s+2)j
~ L+ 0(xas2> X25+1)

N u(a(XZS-%—Zv %2s+3) T 025425 %25+1)0(X25+3> X23+2)j
1+ 0(x2s+2> X2s+1)

( (X 2s+1> X2s+3) + O(X2s425 A25+2) )
2+ 0(x2s13> X25+1)0(X2s5+2> A2542)

using the axioms (c;) and (cg), it can easily be concluded that

O(X2s+2> A2s+3) 5 8(0(x2s+1s A2s+2) + Ox2s+2> X2s+3)) + M(O(X2s+25 A25+3))

+ %(G(X%H’ X2s+2) + O(X2s12> X2s5+3))

1-8-p—-p)olxasie> X2s+2) 3 (5 + gj (X2s> X2s+1)

(8 + %)
O x2s+15 A2s4+2) 3 m (X255 X25+1)

using the condition defined on &, u and vy, we have
a(Xs+1 > Xs+2 ) j ha(Xs ’ Xs+1)
Sh0(ts-1s %s)

jhga(Xs—% Xs—l)’ (R ﬁhs_la(Xo, Xl)‘

For the case r > s,
a(Xs’ Xr)ja(x,sa Xs+1) + a(Xerl’ Xs+2) +...F 8(%,,1, Xr)

SE2 R 4 RS2 BT 00, 1)

h2
j|:1 — h}a(XO, XI)

S
and hence we have, | (s, %) | 3 [l}i_h} |0(x0, x1) which converges to 0 as n
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approaches to o and hence {x,} is a sequence which satisfies Cauchy’s

behavior and since it is also given that the space C is complete, so the

limiting value, let it be n and n € C such that {y,} converges to n, which
follows that n = pn, if not then &(Bn, n) = p > 0 and in such a case

p 30, xas+2) + (12542, BN)
Z0(M, x2s+2) + O(Sxas+1s BN)

Z0(M, x2s42) + O(BN, Sx2s41)

<00, T2arn) + 5(5(X2s+1, Bn) (L + 0(x2s+2, x2s41)) + 0, Pn)OM, x25+2)
o L+0(n, x2s+1)

. u(a(x25+2’ Bn) + 8(x2s+25 A2s+1 )pj
1+ a(XZS’ X25+1)

p( A(x2s+1, BN) + 8(n, %2s+2) J
2+ (BN, x2s+1)0M, X2s+2)

which results, | p | 3| oM, %2s4+2) |

o 51 902sa1, B) ( + 042, X541)) + 0, Bn)O(n, 72542) |
| 1+0M, %2s+1) |

| 0(x 25125 MB) + 0(X2s+2> X2s41) || P

+ 1
| 1+ 0(x2s> X2s+1) |

| O(x2s415 BN) + 0N, X2s42) |
| 2+ 0B, %2541)2(M, X2s+2) |

results | p| = 0, which is a contradiction and hence pn = n. It tends to follow

the same way as Sn = 1. Now, it is to prove that p and S have a CFP with
uniqueness. Make the assumption, for this reason, that in n* € C is a

distinct CFP point of p and S, d(n, n°) = a(Bn, Sn*)

By 5[a<n*, Bn) (1 + a(Sn*, n*)) + o(n, Bn)o(n, Sn” )]
- 1+0(n", n")
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N ILL[é‘(&l*, pn) + a(Sn", n")a(Bn, n)J . p( d(n*, Bn) + 8(n, Sn’) J
1+dm, ") 2+ 9(Bn, n")o(n, Sn*)

using the defining criteria of sequence by equation (1), we have result as

< 8(6(11*, n) (1 +8(n", n") + a(n, n)a(n, n” )j
- 1+0(n, ")

. M(6(11*, n) + 0, o, n)J N p[ o(n’, m) + o(n, n°) J
1+8(n, ") 2+ 0(n, n")a(n, n°)

using the axioms (c;) and (c3), we have d(n*, 1) 3[8 + u + p]é(n*, n) since it

is obvious that 1 <1 and 2 < 1, which confirms

1+dm, ") 2+0m, n")o(m, n")

the uniqueness and the completion of the confirmation of this theorem.

Corollary 2.1. Let (C, 0) be a complete complex valued metric space and

let the mappings S : C — C satisfying

o(w, Sx) (1 + 0(Sw, ) + d(x, Sx)o(x, Sm))
1+ 0(y, o)

Sy, Sw) 3 5(

o(Sw, Sy) o(Sw, ®)) + d(Sy, 1)
(S )

o(w, Sy) + oy, Sw,)
’ "(2 + 5y, R Sw))

for all %, ®e C, where 8, u and p are nonnegative reals with

(28 + p+ p) < 1. Then S has a unique fixed point.

Corollary 2.2. Let (C, 8) be a complete complex valued metric space and

let the mappings S : C — C satisfying

6(Ssx, Ssg)>j 6[5(60, S (1 + o(S%0, o)+ 0(x, Sw)o(y, Ssm)]

1+ 0(y, o)

. u[a(ssm, S%) (S50, o)) + 8(S%y, X)J
1+ 0(y, o)
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. p( (o, S%y) + oy, S*w) J
2+ 0(S%y, wo(y, S*w)

for all y, o € C, where &, u, p e R" with (28 +u+p)<1. Then S has a

unique fixed point.
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