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Abstract

In this paper, we discuss for an existence and uniqueness of common fixed-point theorem for
three self-independent operators mapping in linear n-normed space.

I. Introduction

In 1963, S. Gahler [2, 3] was introduced by 2-norm and n-norm on a linear
space. Raymond W. Freese and Y. J. Cho [1] gave as a survey of the latest
results on the relations between linear 2-normed spaces and normed linear
spaces and conclusion of linear 2-normed spaces. The idea on n-inner product
spaces 1s also due to Misiak who had studied the same as early as 1980.
Lateron A. Misiak [10] had also established the notion of an n-normin 1989.
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A logical growth of linear n-normed spaces has been widely made by Hendra
Ganawan and Mashadi [5], S.S. Kim, Y. J. Cho [7], R. Malceski [8] and A.
Misiak [10]. For correlated works of n-metric spaces and n-inner product
spaces see [4], [5] and [10]. In recent times, many authors establish the fixed-

point theorem in n-normed spaces and n-Banach spaces.

In this paper, the concept of existence and uniqueness of common fixed-
point theorem for three self-independent operators mapping in linear n-

normed space and illustrate the suitable corollary.

Now we will give some basic definitions and results in n-normed spaces

before presenting our main results.

Definition 1.1 [1]. Let U be a genuine direct space with measurement of
U is more prominent than 1 and |-, -| : U x U — [0, ) be a function. Then

@) | w, v]| = 0 if and just if u and v are linearly dependent,

@) [ v =v, u],

(i) || o, v =[] v],

i) |u+v, w| < | uw, w|+| v, wl|, where for all u, v, w e U and a € R.

If || -] is Known as a 2-norm and the pair (U, |-, -|) is known as a
linear 2-normed space. So a 2-norm |u,v| always fulfils [13]

|w, v+oau| =|u v| forall u, v e U and all scalars a.

Definition 1.2 [6]. Let n be a natural number, let X be a genuine vector
space of measurement d >n (d might be endlessness). A real valued
function |, ..., - on X" fulfilling four properties,

@) | xq, x9, x3, ..., X, | = 0 if and just if x4y, x9, x3, ..., x,, are linearly

dependent in X,

(i) | %1, x9, X3, ..., X, | 1is invariant under permutation of
X15 X9, X3, «-vy Xy,
(i) || %1, X9, X35 ey X1, Ay || = || %1, X9, X3, ..ty X1, X%, | for

each a € R,
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(iv) | %1, %9, X3, .0’ Xp1, ¥+ 2 || < || X4, X, X35 ooty X1, Y|+
| %1, %9, %3, ..., %,_1, 2 | for all y and z in X, is called an n-norm over X and
the pair (X]|, ..., -|) is known as a linear n-normed spaces.

Example 1.1 [5]. Let X = R" with the norm |, ..., - | on X by

X11 *¥12 X133 .- Xip
X21  X22 X3 ... Xop
I 1, x2, %3, .oos 2 || %5 | =||¥31  x32 X33 ... X3y
Xnl  ¥n2 X¥p3 -+ Xpp

Where, x; = x;1, Xj9, X;3, ..., Xj, € R for each i =1,2, 3,..., n. Then

(X, ..., -|]) is a linear n-normed space.

Definition 1.3 [6]. An arrangement {x,},_n In a n-normed space

(X, || .-y -|) is said to be a convergent to a component x e X if
lim| x,, —x, a9, as, ..., a, | =0 for all as, as, ..., a, € X. The point x is
n—»o0

called the limit of the sequence.

Definition 1.4 [11]. An arrangement {x,},_n In a n-normed space

(X ey - D) is said to be a Cauchy sequence if
lim | x,, —x,, as, as, ..., a, | =0 for all ay, as, ..., a, € X.
m,n—w
Definition 1.5 [6]. A n-normed space (X, ||, ..., -||) is said to be complete

if every Cauchy sequence in X is convergent. A complete n-normed space is

called an n-Banach space.

Definition 1.6 [6]. Let X be a n-Banach space and T be a self-mapping of

X - T is said to be continuous at x if for every sequence x, in X, x,, - x as

n — o implies Tx, — Tk as n - © in X.

Definition 1.7 [9]. Let (X, |-, ..., -||) be a linear n-normed space. Then
the mapping 7 : X — X is said to be a contraction if there exists % < [0, 1)
such that
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| T — Ty, ug, ug, ..., u, | < k|| x =y, ug, us, ..., u, |,
for all x, y, ug, us, ..., u,, € X.

In this paper we will utilize Picard iteration schema defined as following

Definition 1.8. Let A be any set and T : A > A a self-map. For any
given xe A, we define 77%(x) inductively by 7°x)=x and
T (x) = T(T"(x)), we recall T"(x) the nth iterative of x under 7. For any
xo € X, the sequence {x,},.0 =X given by «x, =Tx,; =T"xg,
n=1,2,3,... is called the sequence of successive approximations with the

initial value x;. It is also known as the Picard iteration starting at x.

Lemma 1.1 [12]. Let {x,},.n be a sequence in a complete n-normed

space (X, |+ ..., |) then  there exists re(0,1) such that
| %, —%p41, @2, Q35 .oy @y | S 7| X1 — %y, @9, Q3, ..., @y | for all  non-
negative integer n and every ag, as, ..., a, in X then {x,} converges to a
point in X.

II. Main Result

Theorem 2.1. If T, P and Q are three operators mapping a complete n-
normed space (X, |-, ..., -|) to itself be sequentially continuous and if for all

X, Yy Ug, U, «vy Uy DX

(@) min {| PP(x) - QI(y), ug, us, ..., un |, | T = PP(Ty), ug, us, ..., uy |,
" Ty _Qq(Ty)’ Ug, U3, ..., Up "’

| PP(T,) - QIPP(Ty ) ug, uz, ..yt ||, | Ty = QUPP(Ty ), ug, s, ...y I}
+kmin {| T, - Qq(Ty), Uug, ug, ..., Uy |, | 7y - PP(Ty), ug, ug, ..., uy ||,

| Tx = PPQITY), ug, usg, ..., up |, | QUTLY) - QI PP(Ty), ug, us, .., wy [}

Sr|x—y, ug, ug, ..., uy, |
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where r € (0, 1) and k is a real number.
(i) || T =Ty, ug, ug, ..., up | < x =, ug, uz, ..., uy |

(i) TPP = PPT and TQ?! = QYT then there exists a unique common
fixed point of T, P and Q if k > r.

Proof. Utilizing condition (ii) and (iii), condition (i) becomes,
min {| P?(x) - QY(y), ug, uz, ..., up |, | x = PP(y), ug, ug, ..., uy ||,
|y - Q) ug, ug, ..., up |,
| PP(T,) - QIPP(x), ug, us, ..., uy, ||, || y — QRIPP(x), ug, us, ..., u, |}
+kmin{| x - Q1(y), ug, ug, ..., uy ||, | y — PP(x), ug, us, ..., u, |,
| x = PPQU(y), ug, ug, ..., u, |, | @1(y) - QIPP(x), ug, ug, ..., u, |}
Sr|x—y, ug, ug, ..., Uy |-
Presently for given x in X, we consider a sequence {x,},_xn as
x, X1 = PP(xp), x3 = @¥(x1), ..., 29, = @ (w2 1), X241 = PP(x2,)

If for some m, x,, = x,,,1, then PP and Q7 have a common fixed point
x, in X. Thus, we suppose that x,, # x,,1, Vm=1,2,3,.... From the

condition for x = x9,, and y = xg,,,1, We have,
min{| PP (xg, )~ Q7 (Xoni1), U, Uz, ., Up |, | %2n = PP (Xoni1), U, Uz, sy |,
| Xons1 — @Y (x9p11)s g, Ug, ..., Uy |
| PP (x2,) = QI PP (9, ), g, g, s Uy |, || 2041 — QTP (220 )s g, g, ., iy [}
+kmin{| xg, - Q7 (Vgp41 ) g, Uz, - Uy ||1]| Xonsr — PP (x2,), ug, g, .ty ||
I x2n = PP QI (X2p41), Uz, Us, sty |, | QF (X241) — QT PP (x2,), ug, usg, . wy |}
<7 X9y —Xopi1, Ugs Uz, ooy Up |
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for every non-negative integer n, or,
min{| Xg,41 —X2p42, Uz, Us, - Uy |, || X2 —X2pi1s Uz, Ugs - U [}

= 7'” Xon —X2n+1> U2, U3, - Up ”

for every non-negative integer n.

Since, (X, ||+ ..., -||) is an-normed space, | X9, —X9,,1, U, U3, ..., Uy || # 0
for some ug, us, ..., u, in X.

Hence if || xg9,, — %9541, Uns Ug, -y Uy | < || X2n — Xoni2, Uz, Us, ..., Up |-

Then we have | X9, —Xo9,,1, Us, U3, ..., Up | ST| X905 — X051, Us, Ug, ..y Uy ||
vre(0,1) which is impossible and so, we have,
| Xons1 — Xont2, Ug, g, s ty || < 7 X9 — Ko, Ug, g, s Uy |

Similarly, we have | x9, —X9,,1, Ug, U3, ..., Uy | S 7| Xopi1 — Xop, U,
usg, ..., Uy |-

Therefore, | x,,, — X011, Ug, Ug, ..., Up | S 7| Xpq — X, Us, Us, ..oy Uy ||

for every non-negative integer m and by Lemma (1.1).

The sequence {x,} converges to some point x; in X, i.e., li_r)n X, = Xg.
n—o

Now,
0 = PP (o) g, uz, oty || < || 0 = PP (x0), 2o | +]] %0 — X2, g, Uy ooy |
+[| xgp41 = PP(x0), Uz, Us, sy ||
= xo = PP (x0), %, || +] X0 — 220, Ug, s - Uy |

+|| PP(xg,)—-PP(xg) ug, us, ..., uy, I
—> 0 as n > .

Therefore, || xq — PP(xq), ug, Us, ..., Uy, | = 0 Vug, us, ..., u, € X, thus

x( 1is a fixed point of P?.
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Similarly, x, is also a fixed point of Q7 i.e., xy is the common fixed

point of PP and QY.

Next let £ > r and to prove the uniqueness of a common fixed point of

PP and Q7 with xg # yg. Then, | xg — yg, Us, U, ..., &, || # 0, for all
Ug, Us, ... U, InX,

min{| PP (xo) - Q7 (o), g, us, ... uy |, [ x0 — @ (¥0), g, uz, -y ||,
| xo = PP (yo), tg, g, ..., ty |,
| PP(xg) = QI PP(xo), ug, ug, ..., up |, | x0 = QIPP(xp), ug, us, ..., uy, |}
+kmin{| xg - Q% (yo), ug, us, ..., up |, | Yo —PP(xg) ug, ug, ..., 1y, |,

" X0 _Pqu(yO)’ Ug, U3, .- Up "’

| Q¥ (vo) — @IPP(x0), uz, ug, ..., uy I} < 7| X0 — yo, Ug, us, ..., Uy |
or
K| 20 = 0, ug, ug, ..., uy | < 7| X0 — 5o, Uz, U, ..., Uy ||
ie., | xg — ¥0, Ug, U3y ..oy Uy || %" X — Yo» U, U3y ooy Up ||

which is impossible.

This proves that PP and Q7 have a unique common fixed point.
PP(P(x)) = PP(P(xq)) = P(xq), but x( is the unique fixed point of PP (x).

So, P(xq) = xq-
Similarly, Q(xq) = x¢, and also x is the unique fixed point of P and Q.

NOW, " X0 —T.’)Co, Ug, Uz, ..., Uy ” = " Pp(xo)—Qq(Txo), Ug, U3, ..., Uy "

So,

min{| PP (xg) - Q4 (Txo ), ug, ug, ..., uy |, | Txg — PP (Txo), ug, us, ..., ty, |,
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| @7 (o)~ QI (Tx0), ug, ug, ... uy |,
| PP(Txo) - Q1 PP (Txg), ug, ug, ..., up ||, || T 29 — QPP (T'x), ug, ug, ... wy, |}
+kmin{| Txg —QU(TYxg), ug, ug, ..., uy ||, || T 20 — PP (T'xq), tg, Us, -..s Uy, |,
| Txeg = PPQI (T x0), ug, us, ... tn |,
| Q1T %) — QIPP(Txg), ug, ug, ..., Uy ||} < 7l| 29 — Txo, g, us, ..., Uy |
or,
k| Txg — T9%q, ug, us, ..., u, | < 7| xg — Txq, ug, ug, ..., Uy, |
or
k| Txg —T%, ug, us, ..., uy, ||£%|| xg —Txg, ug, Us, ..., Uy |

which gives,
| xg — Txq, ug, usg, ..., u, | = 0.
Thus,
xg = Txp.

Hence x; is the unique common fixed point of 7', P and Q.

Corollary 2.1. If I, P and @ are three operators mapping a complete n-

normed space (X, |-, ..., -|) to itself be sequentially continuous and if for all
X, ¥, Ug, Uz, ..., Uy B X
0 min{] PP (2)- QU (3), sty st o) Ty ~ PP (I )ty 4y ity |,

11y =QI(Iy) ug,us, ... uy |,
" Pp(Ix)_Qqu(Ix)a Ug, Ug, ..., Up "’ " Iy _Qqu(Ix)’ Ug, Uz, -, Up "}
+kmin {| I, - QY(I,), ug, us, ..., up ||, | I, — PP(I,), ug, us, ..., uy |,

" Ix _Pqu(Iy)’ Ug, U3, ..., Up "’" Qq(Iy)_Qqu(Ix)’ Ug, U3, ... Up "}
<r|x—y,uo,ug, ... Uy, ||
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where r € (0, 1) and k is a real number and I is an Identity operator.
() || Iy — 1y, ug, ug, s Uy | <[ x =y, ug, ug, ..y wyy ||
Gii) IPY = PPI
1Q7 = Q1
then there exists a unique common fixed point of I, P and Q if k > r.

Proof. If I(x) = x Vx € X, and we take 7' = I theorem reduces to
min{| PP (x)- Q% (x),ug,us, ... u, ||| x— PP (x) ug, us, ... u, |,
ly-Q7(y).ug, us, ... uy |,
| PP(x)— QIPP(x), ug, ug, ..., u, ||, | ¥y — QIPP(x), ug, us, ..., u, |}
+Ekmin{| y - QY(y), ug, us, ..., u, ||, | y — PP(x), ug, us, ..., uy |

PP QI () iyt .ot ] Q ()~ Q7 PP (), gty ..y}

<r|x-y,ug,ug, ...y, |
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