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Abstract 

In this paper, the separation axioms fuzzy double ,- oTW  fuzzy double ,- 1TW  fuzzy 

double ,- 2TW  fuzzy double ,- oTK  fuzzy double ,- 1TK  fuzzy double 2- TK  are introduced 

and analysed. 

1. Introduction 

In 2007, Kandil, et al. [2] introduced the concept of double sets, double 

topological spaces and continuous functions between these spaces. They also 

introduced separation axioms in double topological spaces. In this paper, 

fuzzy double sets and fuzzy double topological spaces are introduced and 

studied. The definitions of fuzzy separation axioms 10, TT  and 2T  introduced 

by Ganter, Steingale, and Waren [1] and Katsaras [3] are extended to fuzzy 

double topological spaces. It is shown that the extended fuzzy separation 

axioms are hereditary and productive. 

2. Preliminary Definitions 

Definition 2.1. Let X be a non-empty set. A fuzzy double set f  is an 
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ordered pair   XX IIff 21,  such that ,21 ff   where I is the closed unit 

interval  .1,0  

The family of fuzzy double sets is denoted by  .XFD   

Definition 2.2. The fuzzy double null set denoted by  0,00   is an 

ordered pair in X defined as   00 x  and   00 x  for each .Xx     

Definition 2.3. The fuzzy double universal set denoted by  1,11   is an 

ordered pair in X defined as   11 x  and   11 x  for each .Xx    

Definition 2.4. Let X be a non-empty set. Let    2121 ,,, gggfff   

be fuzzy double sets in X. Then, 

(i) f  is a subset of g  denoted by gf   is defined as    xgxf 11   and 

   xgxf 22   for each .Xx   The complement of f  is denoted by 

   ccc
fff 12 ,  is a fuzzy double set in X defined as      xfxf

c
11 1   and 

     xfxf
c

22 1  for each .Xx    

(ii) The union of f  and g  is denoted by gf   is a fuzzy double subsets in 

X denoted by             xgxfxgxfxgf 2211 ,   for each .Xx   

(iii) The intersection of f  and g  is denoted by gf   is a fuzzy double 

subsets in X denoted by            xgxfxgxfxgf 2211 ,   for each 

.Xx   

(iv) The union of    ,f  a collection of fuzzy double sub-sets in X 

denoted by 

 f  is a fuzzy double set in X defined as  

             xfxfxf 








 21 ,  for each .Xx      

(v) The intersection of    ,f  a collection of fuzzy double sub-sets in X 

denoted by 

 f  is a fuzzy double set in X defined as     xf


   

        xfxf 





 21 ,  for each .Xx    
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Definition 2.5. Let X be a non-empty set. A collection   of fuzzy double 

sets on X defines a fuzzy double topology on X if the following conditions are 

satisfied  

(i) ,1,0   

(ii) f  for each  


 f   

(iii) if  for  
 i

n

i fni 1,2,1   

The pair  ,X  is called a fuzzy double topological space. 

Definition 2.6. Let  ,X  be a fuzzy double topological space. Let 

.XY   Let   ., 21  fff  Define  YfYfYf 21 ,  such that 

     ZfZYf 11   and      ZfZYf 22   for all .YZ   Define 

    . fYfY  Then  Y  is called the fuzzy double subspace 

topology on Y and  YY ,  is called a fuzzy double subspace of  ., X   

Definition 2.7. Let  21 , fff   and  21 , ggg   be fuzzy double sets on 

XI  and YI  respectively. The Cartesian product gf   of f  and g  is a fuzzy 

double set on YX II   defined by 

        ygxfyxgf ,min,   

       yggxff 2121 ,,,min  

          ygxfygxf 2211 ,min,,min  

For each   YX IIyx ,  

Definition 2.8. Let  1, X  and  2, Y  be two fuzzy double topological 

spaces. Then the product fuzzy double topology 21   on YX II   is the 

fuzzy double topology having the collection    gfffgf ,, 121   

  221,  gg  as a basis.     

Definition 2.9. Let    ,x  be a family of fuzzy double 
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topological spaces and .   XX  Let        21 , fff  and f  is 

fuzzy double set in .X  Then their product   f  is a fuzzy double set in 

  f  defined as           21 , fff  where 

       


  ,min 11 xfxf  for a   xx  and       xf2  

   ,min 2  xf   for all .  xx  

The product topology on X is the one with the basic fuzzy double open sets 

of the form   f  where f  and 1f  except for finitely many .s  

3. Separation Axioms 

Definition 3.1. A Fuzzy double topological space  ,X  is called a fuzzy 

double 0- TW  if for any two distinct points Xyx ,  there exists a fuzzy 

double open set  21 , fff   such that either     ,1,1 21  xfxf    ,01 yf   

  02 yf  or         .0,0,1,1 2121  xfxfyfyf  

Definition 3.2. A fuzzy double topological space  ,X  is called a fuzzy 

double ,- 1TW  if for any two distinct points ,, Xyx   there exists two fuzzy 

double open sets  21 , fff   and  21 , ggg   such that     ,1,1 21  xfxf  

    0,0 21  yfyf  and         .1,1,0,0 2121  ygygxgxg   

Definition 3.3. A fuzzy double topological space  ,X  is called a fuzzy 

double 2- TW  or fuzzy double W-Hausdorff, if for any two distinct points  

,, Xyx   there exists two fuzzy double open sets  21 , fff   and 

 21 , ggg   such that         0,0,1,1 2121  yfyfxfxf  and   ,01 xg  

      1,1,0 212  ygygxg  and .0 gf   

Definition 3.4. A fuzzy double topological space  ,X  is called a fuzzy 

double ,- 0TK  if for any two distinct points ,, Xyx   there exists a fuzzy 

double open set  21 , fff   such that either       ,0,0,0 121  yfxfxf  

  02 yf  or         .0,0,0,0 2121  xfxfyfyf  
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Definition 3.5. A fuzzy double topological space  ,X  is called a fuzzy 

double ,- 1TK  if for any two distinct points ,, Xyx   there exists two fuzzy 

double open sets  21 , fff   and  21 , ggg   such that   ,01 xf  

              .0,0,0,0,0,0,0 2121212  xgxgyfyfygygxf   

Definition 3.6. A fuzzy double topological space  ,X  is called a fuzzy 

double ,- 2TK  or fuzzy double K-Hausdorff, if for any two distinct points  

,, Xyx   there exists two fuzzy double open sets  21 , fff   and 

 21 , ggg   such that           ,0,0,0,0,0 12121  yfygygxfxf    

      0,0,0 212  xgxgyf  and .0 gf  

Theorem 3.7. Subspace of a fuzzy double W-Hausdorff space is a fuzzy 

double W-Hausdorff space. 

Proof. Let  ,x  be a fuzzy double W-Hausdorff space. Let Y be a 

subspace of X. To prove:  YY ,  is a fuzzy double W-Hausdorff space. 

Consider Yyy 21,  such that .21 yy   Then ,, 21 Xyy   there exists two 

fuzzy double open sets  21 , fff   and  21 , ggg   such that   ,111 yf   

              0,0,0,0,1,1,1 12112221222112  ygygyfyfygygyf   

and 0 gf  i.e.) 011  gf  and .022  gf  Since Y is a subspace of 

YYgYfX //,/,   where  YfYfYf 21 ,  and  YgYgYg 21 ,   

Therefore       11111  yfyYf    

      11212  yfyYf   

       12121  ygyYg   

       12222  ygyYg  

Consider             YgYfYgYfYgYf 2211 ,   

             ,1111 yYgyYfyYgYf   for all XYy    

   ,11 ygyf   for all XYy    
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   ,11 ygf   for all XYy    

  ,0 y   for all  XYy   

    011  YgYf  

             ,2222 yYgyYfyYgYf   for all XYy   

    ,22 ygyf   for all XYy   

    ,22 ygf   for all XYy   

  ,0 y  for all XYy   

    022  YgYf  

      00,0  YgYf   

Therefore, subspace of a fuzzy double W-Hausdorff space is a fuzzy double 

W-Hausdorff space. 

Theorem 3.8. Product of two fuzzy double W-Hausdorff spaces is a fuzzy 

double W-Hausdorff space in the product topology. 

Proof. Let  1, X  and  2, Y  be two fuzzy double W-Hausdorff spaces. 

To prove:  21, YX  is a fuzzy double W-Hausdorff space. 

Consider two distinct points     .,,, 2211 YXyxyx   Either 21 xx   or 

21 yy   Assume ,21 xx   therefore there exists two fuzzy double open sets 

 21, fff   and  21 , ggg   such that       ,1,1,1 211211  xgxfxf  

          0,0,0,0,1 1211222122  xgxgxfxfxg  and ,0 gf  

where 0  is a fuzzy double null set in X ,1 21 f  since 21 1, f  

and ,1 21 g  since 21 1, g  where  1,11 21  fff  and 

 1,11 21  ggg  Consider           11,1min1,min,1 111111  yxfyxf  

               11,1min1,min,1 112112  yxfyxf   

           11,1min1,min,1 221221  yxgyxg   



SEPARATION AXIOMS IN FUZZY DOUBLE TOPOLOGICAL … 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022 

1657 

           11,1min1,min,1 222222  yxgyxg   

Also 0 gf  

  0, 2211  gfgf  

     xxgf 011   and      ,022 xxgf   for all Xx   

     xxgxf 011   and      ,022 xxgxf   for all Xx   

  either    xxf 01   or    xxg 01   and    xxf 02   or    ,02 xxg   

for all Xx   

  either     011  yxf  or     011  yxg  and  

     either     012  yxf  or     012  yxg  for all Xx   and Xy   

  either     0,11  yxf  or     0,11  yxg  and either 

    0,12  yxf  or     0,12  yxg   for all   YXyx ,  

      0,11 11  yxgf  and       ,0,11 22  yxgf  for all 

  YXyx ,  

    .011  gf   

Therefore product of two fuzzy double W-Hausdorff spaces is a fuzzy 

double W-Hausdorff space in the product topology. 

Theorem 3.9. Arbitrary product of fuzzy double W-Hausdorff spaces is a 

fuzzy double W-Hausdorff space in the product topology. 

Proof. Let    |,X  be a collection of fuzzy double W-Hausdorff 

spaces. Let 


 XX  in the product topology. Consider two distinct points 

    ., 


  Xyx   

Therefore   yx  for some .  Therefore there exists two fuzzy 

double open sets,         21 , fff  and           21 , ggg  such 

that  
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                ,1,1,11 2121   ygygxfxf  

                0,0,0,0 2121   xgxgyfyf  and  

       0gf   

Let  


 ,ff  where      1f  for   and  

 


 ,gg  where      1g  for   

Then  


 ggf ,  

         
  

  21 , ffff  and  

         
  

  21 , gggg  

       


  xfxf 11 min  for all   

    xf1  for some    

1  

       


  xfxf 22 min  for all    

    xf2  for some   

1    

       


  ygyg 11 min  for all   

    yg1  for some    

    1  

       


  ygyg 22 min  for all    

    yg2  for some   
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.1  

Consider                    
 


   

  2121 ,, ggffgf   

                2211 , gfgf  

Then,         
 

  xgf 11  

          
 

  xgxf 11  for all    

           xgxf 11 minmin  for all    

         xgxf 11  

        xgf 11  

0  

        
 

  ygf 22  

          
 

  ygyf 22  for all    

           ygyf 22 minmin  for all   

         ygyf 22  

        ygf 22  

.0  

Therefore, arbitrary product of two fuzzy double K-Hausdorff spaces is a 

fuzzy double K-Hausdorff space in the product topology. 

Theorem 3.10. Subspace of a fuzzy double K-Hausdorff space is a fuzzy 

double K-Hausdorff space. 

Proof. Let  ,x  be a fuzzy double K-Hausdorff space. Let Y be a 

subspace of X. To prove:  YY ,  is a fuzzy double W-Hausdorff space. 
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Consider Yyy 21,  such that .21 yy   Then ,, 21 Xyy   there exists two 

fuzzy double open sets  21 , fff   and  21 , ggg   such that 

        0,0,0,0 22211211  ygygyfyf  and 0 gf  i.e.) 011  gf   

and 022  gf  Since Y is a subspace of YYgYfX ||,|,   where 

 YfYfYf |,|| 21  and  YgYgYg |,|| 21   

Therefore       0| 1111  yfyYf  

      01212  yfyYf  

      02121  ygyYg  

       02222  ygyYg  

Consider            YgYfYgYfYgYf 2211 ,   

             ,1111 yYgyYfyYgYf   for all XYy    

   ygyf 11   for all XYy    

    ygf 11   for all XYy   

  ,0 y  for all XYy   

    ,011  YgYf  

          ,2222 yYgyYfyYgYf   for all XYy    

   ,22 ygyf   for all XYy   

    ,22 ygf   for all XYy    

  ,0 y  for all XYy   

    022  YgYf  

      .00,0  YgYf   

Therefore, subspace of a fuzzy double K-Hausdorff space is a fuzzy double 

K-Hausdorff space. 
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Theorem 3.11. Product of two fuzzy double K-Hausdorff spaces is a fuzzy 

double K-Hausdorff space in the product topology. 

Proof. Let  1, X  and  2, Y  be two fuzzy double K-Hausdorff spaces. 

To prove:  21, YX  is a fuzzy double K-Hausdorff space. Consider two 

distinct points     .,,, 2211 YXyxyx   Either 21 xx   or 21 yy   Assume 

,21 xx   therefore there exists two fuzzy double open sets  21 , fff   and 

 21 , ggg   such that         0,0,0,0 22211211  xgxgxfxf  and 

,0 gf  where 0  is a fuzzy double null set in X ,1 21 f  since 

21 1, f  and ,1 21   since 21 1, g  where 

 1,11 21  fff  and  1,11 21  ggg   

Consider             0min1,min,1 11111111  xfyxfyxf    

         01,min,1 112212  yxfyxf   

         01,min,1 221221  yxgyxg  

         01,min,1 222222  yxgyxg   

Also 0 gf  

  0, 2211  gfgf  

     xxgf 011   and      ,022 xxgf   for all Xx   

     xxgxf 011   and      ,022 xxgxf   for all Xx   

  either    xxf 01   or    xxg 01   and either    xxf 02   or 

   ,02 xxg   for all Xx   

 either     011  yxf  or     011  yxg  and   

either     012  yxf  or     012  yxg  for all Xx   and Xy    

  either     0,11  yxf  or     0,11  yxg  and either     0,12  yxf  

or     0,12  yxg  for all   YXyx ,  

      0,11 11  yxgf  and       ,0,11 22  yxgf  for all 



 R. SOWMYA and A. KALAICHELVI 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022 

1662 

  YXyx ,  

    .011  gf   

Therefore product of two fuzzy double K-Hausdorff spaces is a fuzzy 

double K-Hausdorff space in the product topology. 

Theorem 3.12. Arbitrary product of fuzzy double K-Hausdorff spaces is a 

fuzzy double K-Hausdorff space in the product topology. 

Proof. Let    |,X  be a collection of fuzzy double K-Hausdorff 

spaces. Let 


 XX  in the product topology Consider two distinct points 

    


  Xyx ,,  Therefore   yx  for some .  Therefore 

there exist two fuzzy double open sets,         21 , fff  and 

          21 , ggg  such that             ,0,0,0 121   ygxfxf  

    02  yg  and       .0   gf  

Let  


 ,ff  where      1f  for   and  


 ,gg  where 

     1g  for .  

Then  


gf ,  

        
 




  21 , ffff  and  

       








  21 , gggg   

       


  xfxf 11 min  for all    

    01   xf  for some    

   


  01 xf  
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  xfxf 22 min  for all    

       02   xf  for some    

   


  02 xf  

       


  ygyg 11 min  for all   

        01   yg  for some   

   


  01 yg  

       


  ygyg 22 min  for all    

      02   yg  for some   

    .02


 yg  

Consider  

    
 

 gf   

              
   

 2121 ,, ggff   

            
   

  2211 , gfgf  

Then,         
 

  xgf 11  

           
 

  xgxf 11  for all   

            xgxf 11 minmin  for all    

          xgxf 11  
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         xgf 11  

 0  

        
 

  ygf 22   

                 
 

  ygyf 22  for all    

            ygyf 22 minmin  for all   

          ygyf 22  

         ygf 22  

 .0  

Therefore, arbitrary product of fuzzy double K-Hausdorff spaces is a fuzzy 

double K-Hausdorff space in the product topology. 

Conclusion 

In this paper, the separation axioms fuzzy double ,- 0TW  fuzzy double 

,- 1TW  fuzzy double W-Hausdorff, fuzzy double ,T- 0K  fuzzy double ,- 1TK  

fuzzy double K-Hausdorff are introduced and it is proved that these 

separation axioms are hereditary and productive. 
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