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Abstract

In this paper, the separation axioms fuzzy double W -T,, fuzzy double W -Tj, fuzzy
double W - Ty, fuzzy double K - T, fuzzy double K - 77, fuzzy double K - Ty are introduced

and analysed.
1. Introduction

In 2007, Kandil, et al. [2] introduced the concept of double sets, double
topological spaces and continuous functions between these spaces. They also
introduced separation axioms in double topological spaces. In this paper,
fuzzy double sets and fuzzy double topological spaces are introduced and

studied. The definitions of fuzzy separation axioms 7},, 7] and T, introduced

by Ganter, Steingale, and Waren [1] and Katsaras [3] are extended to fuzzy
double topological spaces. It is shown that the extended fuzzy separation

axioms are hereditary and productive.
2. Preliminary Definitions

Definition 2.1. Let X be a non-empty set. A fuzzy double set f is an
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ordered pair (f;, fz) € IX x I such that f, < f,, where I is the closed unit
interval [0, 1]

The family of fuzzy double sets is denoted by FD(X).

Definition 2.2. The fuzzy double null set denoted by 0 = (0, 0) is an
ordered pair in X defined as O(x) = 0 and O(x) = O for each x € X.

Definition 2.3. The fuzzy double universal set denoted by 1 = (1, 1) is an
ordered pair in X defined as 1(x) = 1 and 1(x) = 1 for each x € X.

Definition 2.4. Let X be a non-empty set. Let f = (f, f2), & = (g1, &2)
be fuzzy double sets in X. Then,

(i) f is a subset of g denoted by f < g is defined as f(x) < g;(x) and
fo(x) < go(x) for each x € X. The complement of f is denoted by

(f) = (fs, /') is a fuzzy double set in X defined as (f;)°(x) =1~ f(x) and
(5) (x)=1-fy(x) for each x € X.

(i) The union of f and g is denoted by [ v g is a fuzzy double subsets in
X denoted by (f v g)(x) = (fi(x) v g1(x), fa(x) v ga(x)) for each x € X.

(iii) The intersection of f and g is denoted by [ A g is a fuzzy double

subsets in X denoted by (fAg)(x)=(fi(x)A g (x), fo(x)Aga(x)) for each
x e X.

(iv) The union of ((f),),c., a collection of fuzzy double sub-sets in X

denoted by v f is a fuzzy double set in X defined as

rEA—

(v (B)E) = (v (AR v () for each x € X.

(v) The intersection of ((f); ), & collection of fuzzy double sub-sets in X

reA—

denoted by A f, is a fuzzy double set in X defined as (k/\ (A (x)
eEn —

= (x/e\A(fl ). (%), x/e\/\(fg ). (x)) for each x € X.
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Definition 2.5. Let X be a non-empty set. A collection O of fuzzy double

sets on X defines a fuzzy double topology on X if the following conditions are

satisfied

@) 01¢€8d

(i) f, € d foreach h e A =, [, €8

n

(1i1) Q edfori=1,2..n=), fe€d
The pair (X, ) is called a fuzzy double topological space.

Definition 2.6. Let (X, 3) be a fuzzy double topological space. Let
YcX Let f=(fif,)ed Define f/Y=(A/Y,f/Y) such that

AY)(2Z2)=f(Z) and (/Y)(Z)=/f3(Z) for all ZeY. Define
8/Y)={(f/Y)|f €8} Then (8/Y) is called the fuzzy double subspace

topology on Y and (Y, §/Y) is called a fuzzy double subspace of (X, d).

Definition 2.7. Let f = (f;, f;) and g = (g;, g2) be fuzzy double sets on
I¥ and IY respectively. The Cartesian product f*g of [ and g is a fuzzy

double set on I* x IV defined by
(f * 8)(x, y) = min (f(x), g(y))
= min (£, f2)(x), (&1, 82) ()
= (min{(£,(x), &,(¥))}, min {(£(x), g5())})
For each (x, y) e I x IV
Definition 2.8. Let (X, i) and (Y, 8_2) be two fuzzy double topological
spaces. Then the product fuzzy double topology 8_1 X 8_2 on IX xIY is the

fuzzy double topology having the collection {f * §| f=0Hh He 8, 8

= (81, 82) € B3} as a basis,

Definition 2.9. Let {(x;,8,)|A € A} be a family of fuzzy double
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topological spaces and X = H}\.EA Xy Let {fy = (A), (b)hl2 e A and £ is

fuzzy double set in X,. Then their product HKEA f. is a fuzzy double set in

er/\ f_k defined as HXEA f_k = (HXE/\ (fl )’ H}»e/\ (f2 )X) where
[T0) = min () for & xe[mer and [ (o))

rEA
= min {(f3), (x;)}, forall x € ka € A

The product topology on X is the one with the basic fuzzy double open sets
of the form erA fo, where f, € 8 and f, =1 except for finitely many A's.

3. Separation Axioms

Definition 3.1. A Fuzzy double topological space (X, 8) is called a fuzzy
double W -T, if for any two distinct points x, y € X there exists a fuzzy
double open set f = (f;, f;) such that either f(x) =1, fo(x) =1, A(y) =0,

f(y)=0o0r A(3) =1 £(y) =1 filx) =0, fo(x) = 0.
Definition 3.2. A fuzzy double topological space (X, 3) is called a fuzzy

double W - T}, if for any two distinct points x, y € X, there exists two fuzzy
double open sets f = (f;, f;) and g = (g, g3) such that fi(x) =1, fo(x) =1,
fl(y) = O’ f2(y) = 0 and gl(‘x) = O, gZ(x) = O’ gl(y) = ]-7 gZ(y) =1

Definition 3.3. A fuzzy double topological space (X, ) is called a fuzzy
double W -T, or fuzzy double W-Hausdorff, if for any two distinct points
x, vy € X, there exists two fuzzy double open sets [ =(f;, f) and

g = (81, 82) such that fi(x) =1, fo(x) =1, /() = 0, fo(y) = 0 and g (x) =0,
82(x) =0, 8(y)=1 g2(y) =1 and frg = 0.
Definition 3.4. A fuzzy double topological space (X, 8) is called a fuzzy

double K -7, if for any two distinct points x, y € X, there exists a fuzzy

double open set f = (f;, fo) such that either fj(x)> 0, fo(x) > 0, fi(y) =0,
f2(y) =0 or A(¥) >0, £(¥) > 0, fi(x) = 0, fo(x) = .
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Definition 3.5. A fuzzy double topological space (X, ) is called a fuzzy
double K - T3, if for any two distinct points x, y € X, there exists two fuzzy
double open sets f =(f;,f,) and g=(g,8s) such that f(x)>0,

folx) > 0, g1(y) > 0, g8o(y) > 0, A(¥) = 0, fo(y) = 0, g1(x) = 0, ga(x) = 0.

Definition 3.6. A fuzzy double topological space (X, §) is called a fuzzy
double K -T5, or fuzzy double K-Hausdorff, if for any two distinct points
x,y € X, there exists two fuzzy double open sets f =(f;, f;) and

g = (81, 82) such that fi(x)>0, fa(x) >0, g(y) >0, g2(¥) > 0, fi(y) =0,
f(y) =0, g1(x) =0, go(x) =0 and f A g = 0.

Theorem 3.7. Subspace of a fuzzy double W-Hausdorff space is a fuzzy
double W-Hausdorff space.

Proof. Let (x, 8) be a fuzzy double W-Hausdorff space. Let Y be a
subspace of X. To prove: (Y, 8/Y) is a fuzzy double W-Hausdorff space.
Consider y;, y5 € Y such that y; # y,. Then y,, y, € X, there exists two
fuzzy double open sets f = (f;, f;) and g = (g, &) such that fj(y)=1,

fln) =1 g1(e) =1, 82002) =1, fi(y2) = 0, fo(y2) = 0, 81(%) = 0, 82(31) =0
and fAg=0ie) ffAg =0 and f A gy =0. Since Y is a subspace of

X, flY, glY €8/Y where f/Y = (,/Y, f, /Y) and g/Y = (g,/Y, g,/Y)
Therefore (f,/Y)(y) = f(01) =1
(H/Y) (1) = o) =1
(&1/Y)(32) = &1(y2) =1
(82/Y)(32) = g2(y2) =1
Consider (f/Y)N(g/Y) = (fi/Y) A (g/Y), (f/Y) A (g2/Y)
(A/V)A (& /Y)() = (H/Y) () A (81/Y)(y), forall y e Y ¢ X

=) A g(y), forallyeY c X
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=(fhrg)(y),forall yeY c X

=0(y), forall yeY c X

(h/Y) A (8/Y)=0

((R/Y) A (82/ YD) = (2/Y)(¥) A (82/Y)(y), forall y e ¥ = X
= () A go(y), forall y e Y c X
=(fo ngy)(y), forall yeY c X

=0(y), forall yeY c X

(f2/Y) A (82/Y)=0
= (f/Y)N(g/Y)=(0,0)=0

Therefore, subspace of a fuzzy double W-Hausdorff space is a fuzzy double

W-Hausdorff space.
Theorem 3.8. Product of two fuzzy double W-Hausdorff spaces is a fuzzy
double W-Hausdorff space in the product topology.

Proof. Let (X, 8,) and (Y, 85) be two fuzzy double W-Hausdorff spaces.
To prove: (X xY,8, x 8;) is a fuzzy double W-Hausdorff space.

Consider two distinct points (x;, 3;), (x9, y9) € X x Y. Either x; # x, or

Y1 # ¥y Assume Xx; # x5, therefore there exists two fuzzy double open sets

f = f) and g=(g,8;) such that fi(x)=1 folx)=1 &(x) =1,

8a(xg) =1, filxg) = 0, folx) = 0, g1(x1) = 0, g2(x1) =0 and [fAg=0,

where 0 is a fuzzy double null set in X f*1 e éﬁx 6_2, since [ € éﬁ, le 8_2

and g*1ed x3,, since ge€d,1ed, where f*1= (i *1, f,, *1) and

g*1=(g;*1,89%1) Consider (f; *1)(x;,y;)=min{fi(x;),1(y;)} =min{l, 1} =1
(fo * 1) (e, y1) = min{fo(x;), 1y )} = min{l, 1} =1

(g1 *1)(xg, ¥2) = min {g;(xy), 1(yy)} = min{l, 1} =1
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(82 *1)(xg, yo) = min {gy(xz), 1(ys)} = min{l, 1} =1

Also fArg=0

= (Anrgfhng)=0
= (i A g1)(x) =0(x) and (fo A g9)(x) = O(x), for all x € X
= fi(x) A g1(x) = 0(x) and fo(x) A go(x)=0(x), for all x € X

= either fj(x) = 0(x) or g;(x) = 0(x) and f;(x) = 0(x) or g,(x) = 0(x),
forall x € X

= either fi(x) A1(y) =0 or g;(x) A1(y) = 0 and
either fo(x) A1(y) =0 or gy(x)Al(y) =0 forall x € X and y € X

= either (fi*1)(x,y)=0 or (g *1)(x,y)=0 and either
(fy *1)(x, )= 0 or (g, *1)(x, ) = 0 forall (x, ) € Xx ¥

(e DA (e D 3) =0 and (f *1) (g *D)( y) =0, for al
(x, y) e XxY

= (f*DN(g*1)=0.
Therefore product of two fuzzy double W-Hausdorff spaces is a fuzzy
double W-Hausdorff space in the product topology.

Theorem 3.9. Arbitrary product of fuzzy double W-Hausdorff spaces is a
fuzzy double W-Hausdorff space in the product topology.

Proof. Let {(X,, 8,) | A € A} be a collection of fuzzy double W-Hausdorff

spaces. Let X = HXK in the product topology. Consider two distinct points

AEA

@ hens D hen € [ X0

rEA
Therefore x, # y, for some p e A. Therefore there exists two fuzzy
double open sets, (f), = ((A),, (f2),) and (g), = ((&1),, (82),) € (8), such
that
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(A (x,) = 1f2), () = 1, (81),(0) = 1, (82),(3) = 1,
(A ) = 0, (£2),(3,) = 0, (81),,(x,) = 0, (g2),,(x,) = 0 and
(£, N(g), = (0),

Let f = H(/_[)X’ where (f), = (1), for & # u and

AEA

8= H(g);\, where (g), = (1), for & #

AEA

Then f, g € 1_[(5)X

AEA

f =116 =qTEw [1(F)) and

AEA Aen AEA

g=]]Gh=]Ehm [E))

AEA AEA AEA

H(ﬁ)x(xk) = min {(f;), (x; )} for all L € A

AEA

= (fi),(x,) for some p e A
=1
[ [ (x,) = min {(f), (x;)} for all % € A

AEA
= (f3),(x,) for some p e A
=1

[1(e0)x(3) = min (g ), (v, )} forall % e A

AEA
= (81),(y,) for some p e A
=1

H(gz)x(yx) = min {(g3), ()} for all A € A

AEA

= (g2),(y,) for some u e A
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=1

Consider H(f)x N H(g)x = (H(fl)x’ H(fz)x) N (H(gl)x’ kH(gz)X)

AEA AEA AEA AEA AEA AEA

= (Hst (h). A H?\,E/\ (81)s., Hst (o) A Hk@\ (82))
Then, (H(fl)x A H(gl)x)(xx)

NN YNIIN

= (H(fl)x(xx)) A (H(gl)x(xk)) forall A e A

AEA AEA

= (min {(£ ), (x;)}) A (min {(g, ), (x;))}) for all & € A
= (A) () A (1), (x,)

= (h)u ~ (1)) (x,)

=0

(T A [T )

YNSIN YNSIN

= (JTEL) A (T T(g2)(32) for all 2 € A

AEA AEA

= (min {(f; )x (7)) A (min {(g, )x (3.)}) forall & € A
= (fz)u(yu) A (82)H(yp)
= ((f2), A (82),) ()

= 0.

Therefore, arbitrary product of two fuzzy double K-Hausdorff spaces is a

fuzzy double K-Hausdorff space in the product topology.

Theorem 3.10. Subspace of a fuzzy double K-Hausdorff space is a fuzzy
double K-Hausdorff space.

Proof. Let (x,3) be a fuzzy double K-Hausdorff space. Let Y be a
subspace of X. To prove: (Y, 8/Y) is a fuzzy double W-Hausdorff space.
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Consider y;, y, € Y such that y; # y,. Then y,, y, € X, there exists two
fuzzy double open sets f =(f;,f;) and g =(g;,8;) such that

A1) >0, f5(31) > 0, g1(y2) > 0, g85(y2) > 0 and f/\ g=0 lLe) fing =0
and f, A gy =0 Since Y is a subspace of X, f[Y,g|Y €8|Y where

f1Y=((1Y, £ 1Y)and g|Y =(g |Y, g, 1Y)
Therefore (f; 1 Y)(y;) = fi(») >0
(£/Y)(n) = £(n) >0
(&/Y)(y2) = &1(y2) > 0
(82/Y)(¥2) = 8a(y2) > 0
Consider (f/Y)N(g/Y) = (A/Y) A (81/Y), (fa/Y) A (82/Y)
(h/Y) A (&1/Y) () = (h/Y) (V) A (81/Y)(y), forall y e Y = X
= (M)A gy foral yeY ¢ X
=(hrg)(y) forall yeY c X
=0(y), forall y e Y ¢ X
(h/Y)~(81/Y) =0,
(R/Y) A (82/Y)()=(f2/Y)(¥) A (82/Y)(y), forall y e Y < X
= () A go(y), forall yeY c X
=(fo n82)(y), forall yeY c X
=0(y), forall y e Y ¢ X
(fo/ Y) A (g2/Y) = 0
= (f/Y)N(g/Y)=(0,0) = 0.

Therefore, subspace of a fuzzy double K-Hausdorff space is a fuzzy double
K-Hausdorff space.
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Theorem 3.11. Product of two fuzzy double K-Hausdorff spaces is a fuzzy
double K-Hausdorff space in the product topology.

Proof. Let (X, 8;) and (Y, 8;) be two fuzzy double K-Hausdorff spaces.
To prove: (X xY, 81 x 8 ) is a fuzzy double K-Hausdorff space. Consider two

distinct points (x;, ¥;), (%3, ¥5) € X xY. Either x; # x4 or y, # y, Assume

X, # Xy, therefore there exists two fuzzy double open sets f = (f;, f;) and
g = (81, 82) such that fi(x;) >0, fy(x;) >0, g1(x3) > 0, gy(x5) >0 and
f~ng=0, where 0 is a fuzzy double null set in X f*1 € 8, x3,, since
[ei,leéﬁ and d*1 €8 x3y, since ge€d,ledy where
f*l=(f*L fy*1) and g*1 = (g *1, g *1)
Consider (f; *1)(x;, ) = min {f;(x), 1(y;)} = min{£A(x;)} > 0

(2 *1) (21, 2) = min {f5(x;), ()} > 0

(1 *1)(xg, y2) = min{g; (xz), 1(y2)} > 0

(82 *1)(xz, ¥2) = min {g,(x5), ()} > 0

Also fAg=0

=>hrg,hrg)=0

= (i Agy)(x) =0(x) and (f; A g5)(x) = O(x), forall x e X

= fi(x) A g1(x)=0(x) and f5(x) A go(x) = O(x), for all x € X

= either f(x)=0(x) or g;(x)=0(x) and either f5(x)=0(x) or
g5(x) = 0(x), forall x € X

= either fi(x) A1(y) =0 or g;(x) A1(y) =0 and
either f5(x) A1(y) =0 or gy(x)Al(y) =0 forall x € X and y € X

= either (f; *1)(x, y) = 0 or (g; *1)(x, ¥) = 0 and either (f; *1)(x, y) =0
or (g5 *1)(x, y) =0 forall (x, y) e XxY

S (h*DAlg*)@E ) =0 and (h*D)A(g*)( ) =0, for al
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(x, y) e XxY
= (f*)N(g=*1)=0.
Therefore product of two fuzzy double K-Hausdorff spaces is a fuzzy
double K-Hausdorff space in the product topology.

Theorem 3.12. Arbitrary product of fuzzy double K-Hausdorff spaces is a
fuzzy double K-Hausdorff space in the product topology.

Proof. Let {(X;,38,)| L € A} be a collection of fuzzy double K-Hausdorff

spaces. Let X = HXx in the product topology Consider two distinct points

reEA

(3 hens B hens € HXK Therefore x, # y, for some e A. Therefore

AEA

there exist two fuzzy double open sets, (f), = ((f),, (),) and

(&), = (81, (82),)  (3), such that (£), (x,)> 0, (o) (5,) > 0, (¢1), () > O,

(g2),(y,) > 0 and (f), A(g), =(0),.

Let f = H(Dk’ where (f), =(1), for 2 #p and g= H(g)x, where
rEA rEA

(g),, = ), for & # p.

Then f, EH@)X

Aen
£= T10, = QTG [T¢Rn) and
g = g(g)x = (g(gl)w xe]_E(gz)x)
g(ﬁ)x(xk) = min{(4), (x;)} for all % € A
~ (£),(x,) > O for some i < A
[TAK @) >0

AEA
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H(fz)x(xx) = min {(fy), (xy )} for all A € A

Aen
= (fy),(x,) > 0 for some € A
g(fz)x(xx) >0
g(gl)k(yx) = min{(gy), ()} forall & € A
= (g1),(3,) > 0 for some p e A
E(gl)x(yx) >0

[1(g2),.(3.) = min {(g2), ()} for all % e

AEA

= (82),(3,) > O for some p € A

[ 1(g2).() > 0.
AEA
Consider
H(f)x N H(g)x
reEA ren
= (H(fl)w H(fz)x) N (H(gl)w H(gz)x)
reA ren AEA ren

= (H(fl)x A H(éﬁ)w H(fz)x A H(gz)x)

NSIN AEA AEA e

Then, (JT(A), ~ [ T(g1)) ()

ren AEA

= ([TAh@)) A ([ T(g1)r(x2)) forall & A

ren AEA

= (min {(f;); (x2)}) A (min {(g1),.(x)}) for all p & A

= (A (o) A (81),(x)

1663

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022



1664 R. SOWMYA and A. KALAICHELVI
= (A A (81),) (%)
=0

(T A [T )

YNIN YNSIN

= ([ TR A (T T(g2) () forall 2 e A

AEA YNSIN

= (min {(£,), (»3)}) A (min {(g5), (3, )}) for all p € o
= (£), () A (82),(,)

— (), A (82),) ()

= 0.

Therefore, arbitrary product of fuzzy double K-Hausdorff spaces is a fuzzy

double K-Hausdorff space in the product topology.
Conclusion

In this paper, the separation axioms fuzzy double W - Tj, fuzzy double
W -1y, fuzzy double W-Hausdorff, fuzzy double K - T, fuzzy double K - T3,

fuzzy double K-Hausdorff are introduced and it is proved that these
separation axioms are hereditary and productive.
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