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Abstract 

In this paper, the concept of 2-fuzzy 2-Hilbert space is introduced and some fixed point 

theorems are developed. 

1. Introduction 

The concept of fuzzy set was introduced by Zadeh [17] in 1965. The 

concept of 2-inner product space was introduced by C. R. Dimminie, S. Gahler 

and A. White [4]. Further various author gave definitions of fuzzy inner 

product space [5, 11, 12] and fuzzy normed linear space [6, 7, 12, 13, 15]. 

Further some applications of fixed points of various type of contractive 

mapping in Hilbert-2 and Banach-2 spaces were obtained among others by 

Browder [1], Browder and Petryshyn [2, 3], Hicks and Huffman [8], Huffman 

[9], Koparde and Waghmode [10], Smita Nair and Shalu Shrivastava [16]. 

Mukherjee and Bag [14] discussed some properties of fuzzy inner product 

space and established some fixed point theorems. 

In this paper, the concept of 2-fuzzy 2-Hilbert space is introduced and 

some fixed point theorems are developed. 
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2. Preliminaries 

Definition 2.1. A fuzzy set is defined as    ,:,
~

XxxxA A   with a 

membership function    ,1,0:  XxA  where  xA  denotes the degree of 

membership of the element x to the set A. 

Definition 2.2. Let X be a non empty and  XF  be the set of all fuzzy 

sets in X. If  XFf   then   Xxxf  ,  and  .1,0  Clearly f is 

bounded function for   .1xf  Let K be the space of real numbers then 

 XF  is a linear space over the field K where the addition and scalar 

multiplication are defined by 

           fxyxyxgf  ,,,,,  and   gy ,  

and     fxkfkf  ,,  where .Kk   

The linear space  XF  is said to be normed space if for every  XFf   

there is associated a non-negative real number f  called the norm of f in 

such a way, 

(1) 0f  if and only if .0f  

For,  

     0,,0  fxxf  

  01,0,0  fx  

(2) ., Kkfkkf   

For  

    Kkfxxkkf  ,,,  

   fkfxxk  ,,  

(3) gfgf   for every  ., XFgf   

For,  

      1,0,,,,,  Xyxyxgf  
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      1,0,,,,  Xyxyx  

       fxyx  ,,,  and   gy ,  

gf   

Then   ,XF  is a normed linear space. 

Definition 2.3. A 2-fuzzy set on X is a fuzzy set on  .XF  

Definition 2.4. Let  XF  be a linear space over the real field K. A fuzzy 

subset N of     RXFXF   (R, the set of real numbers) is called a 2-fuzzy 

2-norm on X (or fuzzy 2-norm on  XF  if and only if, 

(N1) for all Rt   with   .0,,,0 21  tffNt  

(N2) for all Rt   with   1,,,0 21  tffNt  if and only if 1f  and 2f  are 

linearly dependent. 

(N3)  tffN ,, 21  is invariant under any permutation of ., 21 ff  

(N4) for all ,Rt   with    ctcffNtcffNt ,,,,,0 2121   if ,0c  

Kc   (field). 

(N5) for all       .,,,,,min,,,, 3121321 tffNsffNtsfffNRts    

(N6)      1,0,0:,, 21 ffN  is continuous. 

(N7)   .1,,lim 21  tffNt  

Then   NXF ,  is a fuzzy 2-normed linear space or  NX ,  is a 2-fuzzy 

2-normed linear space. 

Definition 2.5. A sequence  nf  in a 2-fuzzy normed linear space 

  NXF ,  is said to be a convergent sequence if for a given 0t  and 

10  r  there exist a positive number Nn 0  such that 

  rtgffN n  1,,  for  XFg   and for every .0nn   

Definition 2.6. A sequence  nf  is said to be a Cauchy sequence in a 2-

fuzzy normed linear space  XF  if for a given 0r  with 0,10  tr   
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there exist a positive number 0n  such that   rtgffN mn  1,,  for 

 XFg   and for every ., 0nmn   

Definition 2.7. A 2-fuzzy 2-normed linear space  NX ,  is said to be 

complete if every Cauchy sequence in X converge to some point in X. 

Definition 2.8. A complete 2-fuzzy 2-normed linear space is a 2-fuzzy 2-

Banach space. 

Definition 2.9. A 2-fuzzy 2-normed linear space  NX ,  is said to be 

complete if every Cauchy sequence in X converge to some point in X. 

Definition 2.10. A complete 2-fuzzy 2-normed linear space is a 2-fuzzy 2-

Banach space. 

3. 2-Fuzzy 2-Hilbert Space 

Definition 3.1. Let  XF  be a linear space over the complex field . 

Define a fuzzy subset  as a mapping from        1,0 XFXFXF  

such that  XFf 1  and  21,  satisfying the following conditions 

 1I  For  XFhgf ,,  and ts,  

      sfhgtfhfstfhgf ,,,,,,,min,,, 111   

 2I  For      22
,,,,,,,min,,,,, thggshffsthgfts     

 3I  For    thfgthgft ,,,,,,,    

 4I  For  21,  with  thff ,,,,0,0 2121   













21
,,,

t
hgf  

     RtthffI 0,,,5  

  01,,,  tthff  if and only if hf ,  are linearly dependent. 

   thgfI ,,,6   is invariant under any permutation. 

     thggthfftI ,,,,,,,07   
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   thgfI ,,,8   is monotonic non-decreasing function of  and 

  .1,,,lim  thgft  

Then  is said to be the 2-fuzzy 2-inner product on  XF  and the pair 

  ,XF  is called 2-fuzzy 2-inner product space. 

Definition 3.2. A sequence  nf  in 2-fuzzy 2-inner product space  XF  

is said to be a convergent sequence if for a given 0t  and 10  r  there 

exist a positive number 0n  such that 

  rthffff nn  1,,,  

for  XFh   and for every ,0nn   where 10  t  and  .1,0r  

Definition 3.3. A sequence  nf  is said to be a cauchy sequence in a 2-

fuzzy 2-inner product space  XF  if for a given 0r  with ,0,10  tt  

there exist a positive number 0n  such that 

  rthffff mnmn  1,,,  

for  XFh   and for every ., 0nmn   

Definition 3.4. A 2-fuzzy 2-inner product space  XF  is said to be 

complete if every cauchy sequence in  XF  converges to some point in  .XF  

Definition 3.5. A complete 2-fuzzy 2-inner product space is a 2-fuzzy 2-

Hilbert space. 

Definition 3.6. A point  XFf   is called a coincidence point of S and A 

if AfSf   and h only if and is said to be the point of coincidence of A and S if 

.AfSfh   

Theorem 3.7. Let GS,  and T be continuous self mappings C of a closed 

subset of a 2-fuzzy 2-Hilbert space H satisfying 

   XTXGTGGTGSSG  ,,   (1) 

 2,,, thSgSfSgSf   



THANGARAJ BEAULA and R. ABIRAMI 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 10, August 2022 

5536 


   

 
,

,,,

,,,,,,
min

2

22

1
thTgSfTgSf

thTgGgTgGgthGfSfGfSf
k




  

   

 


2

22

2
,,,

,,,,,,

thTgGfTgGf

thGgSgGgSgthTfGfTfGf
K




 for all Cgf ,  (2) 

Then GS,  and T have a unique common fixed point. 

Proof. Let ,Cf   by (1), define sequence  ng  in such that 

121222 ,   mnnn TfgSfg  and nn Gfg 212   (3) 

From (2), 

   2
122122

2
122122 ,,,,,, thsfsfsfsfthgggg nnnnnnnn    

 1min k  

   

 
,

,,,

,,,,,,
2

122122

2
12121212

2
2222

thTfSfTfSf

thTfGfTfGfthGfSfGfSf

nnnn

nnnnnnnn








 

   

 


2
122122

2
12121212

2
2222

2
,,,

,,,,,,

thTfGfTfGf

thGfSfGfSfthTfGfTfGf
k

nnnn

nnnnnnnn








 

 1min k  

   

 
,

,,,

,,,,,,
2

122122

2
122122

2
122122

thgggg

thggggthgggg

nnnn

nnnnnnnn








 

   

 


2
212212

2
212212

2
212212

2
,,,

,,,,,,

thgggg

thggggthgggg
k

nnnn

nnnnnnnn







  

   2
12212221 ,,, thggggkk nnnn    

Therefore,  

   21
2

122122 ,,, kkthgggg nnnn    

 2
122122 ,,, thgggg nnnn    
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i.e.,  

   2
122122

2
122122 ,,,,,, thggggkthgggg nnnnnnnn    

where 21 kkk   

   2
122122

2
122122 ,,,,,, thggggkthgggg nnnnnnnn    

  

  

 2
1010 ,,, thggggkn   

For every integer ,0l  

    ,,,,min,,, 2
11

2 thggggthgggg nnnnlnnlnn    

 2
2121 ,,, thgggg nnnn    

 2
11 ,,, thgggg pnpnpnpn    

   212 ,,,1 thggggkkk lnnlnn
l


    

 2,,,
1

thgggg
k

k
lnnlnn

l

 


  

As  ngn ,  is a Cauchy Sequence in C and as C is closed 

.Crgn   Now as      12122 ,,  nnn TfGfSf  are also subsequences of  ng  

so they will also converges to r. 

Now as GS,  and T are continuous such that TrGrGrSr  :  

Again from (2),  

   
2

122122 ,,, thGfSSfGfSSf nnnn  

 1min k  

   

 
,

,,,

,,,,,,
2

122122

2
12121212

2
2222

thTfSSfTfSSf

thTfGfTfGfthGfSSfGfSSf

nnnn

nnnnnnnn
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2
122122

2
12121212

2
2222

2
,,,

,,,,,,

thTfGfTfGf

thGfSSfGfSSfthTfGfTfGf
k

nnnn

nnnnnnnn








 

As  n  

  
   

 
,

,,,

,,,,,,
min,,,

2

22

1
2

thrSrrSr

thrrrrthrSrrSr
kthrSrrSr




  

   

 


2

22

2
,,,

,,,,,,

thrrrr

thrSrrSrthrrrr
k




 

tends to zero  

Therefore, .rTrGrSr   

Uniqueness:  

To prove the uniqueness of fixed point, let ‘q’ be the another fixed point of 

and then by using (2)  

   22 ,,,,,, thGqSrGqSrthqrqr   


   

 
,

,,,

,,,,,,
min

2

22

1
thTqSrTqSr

thTqGqTqGqthGrSrGrSr
k




  

   

 


2

22

2
,,,

,,,,,,

thTqGrTqGr

thGqSqGqSqthTrGrTrGr
k




 


   

 
,

,,

,,,,,,
min

2

22

1
thqrqr

thqqqqthrrrr
k




  

   

 


2

22

2
,,,

,,,,,,

thqrqr

thrqrqthrrrr
k




 

tends to zero. 

Therefore, .qr   Thus r is the unique common fixed point of GS,  and T.  

This completes the proof. 

Theorem 3.8. Let TGS ,,  and K be continuous self mappings C of a 
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closed subset of 2-fuzzy 2-Hilbert space H satisfying  

   XGXSGTTGKSSK  ,,  and    XKXT    (4) 

 2,,, thSgSfSgSf   


   

 
,

,,,

,,,,,,
min

2

22

1
thTgKfTgKf

thGgTgGgTgthSfKfSfKf
k




  

   

 
,

,,,

,,,,,,
2

22

2
thGgTfGgTf

thSgKgSgKgthTgSfTgSf
K




 

   

 


2

22

3
,,,

,,,,,,

thSgTfSgTf

thTgKgTgKgthGgTfGgTf
K




 for all Cgf ,  (5) 

Then TGS ,,  and K have a unique common fixed point.  

Proof. Let ,Cf   by (4), define sequence  ng  in C such that  

12122122 ,   nnnnn GfgSfTfg  and 122  nn gKf  for all 

,2,1,0n  (6)  

From (5), 

   2
122122

2
122122 ,,,,,, thSfSfSfSfthgggg nnnnnnnn    

 1min k  

   

 
,

,,,

,,,,,,
2

122122

2
12121212

2
2222

thTfKfTfKf

thGfTfGfTfthSfKfSfKf

nnnn

nnnnnnnn








 

   

 2
122122

2
12121212

2
122122

2
,,,

,,,,,,

thGfTfGfTf

thSfKfSfKfthTfSfTfSf
k

nnnn

nnnnnnnn








 

   

 


2
122122

2
12121212

2
122122

3
,,,

,,,,,,

thSfTfSfTf

thTfKfTfKfthGfTfGfTf
k

nnnn

nnnnnnnn








 


   

 
,

,,,

,,,,,,
min

2
212212

2
122122

2
212212

1
thgggg

thggggthgggg
k

nnnn

nnnnnnnn
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 2
12121212

2
122122

2
122122

2
,,,

,,,,,,

thgggg

thggggthgggg
k

nnnn

nnnnnnnn








 

   

 2
12121212

2
212212

2
12121212

3
,,,

,,,,,,

thgggg

thggggthgggg
k

nnnn

nnnnnnnn








 

Therefore, 

     2
21221221

2
122122 ,,,,,, thggggkkthgggg nnnnnnnn    

 2
1221223 ,,, thggggk nnnn    

 
 

 2
122122

3

212
122122 ,,,

1
,,, thgggg

k

kk
thgggg nnnnnnnn  




  

   2
122122

2
122122 ,,,,,, thggggkthgggg nnnnnnnn    

where 
 

3

21

1 k

kk
k




  

   2
11

2
122122 ,,,,,, thggggkthgggg nnnnnnnn    

  

  

 2
1010 ,,, thggggkn   

For every integer ,0l  

    ,,,,min,,, 2
11

2 thggggthgggg nnnnlnnlnn    

  ,,,, 2
2121 thgggg nnnn    

 2
11 ,,, thgggg lnlnlnln    

   212 ,,,1 thggggkkk lnnlnn
l


    

 2,,,
1

thgggg
k

k
lnnlnn

l
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As  ngn ,  is a Cauchy Sequence in C and as C is closed 

.Crgn   Now as        nnnn KfTfGfsf 212122 ,,,   are also subsequences 

of  ng  so they will also converges to r. 

Now TGS ,,  as K and are continuous such that 

Again from (5), 

   
2

1212122 ,,, thGfSSfGfSSf nnnn  

 1min k  

   

 
,

,,,

,,,,,,
2

122122

2
12121212

2
2222

thTfSSfTfSSf

thGfTfGfTfthSSfKfSSfKf

nnnn

nnnnnnnn








 

   

 
,

,,,

,,,,,,
2

122122

2
12121212

2
2222

2
thGfTfGfTf

thSSfKfSSfKfthTfSSfTfSSf
k

nnnn

nnnnnnnn








 

   

 


2
122122

2
12121212

2
2222

3
,,,

,,,,,,

thSSfTfSSfTf

thTfSSfTfSSfthGfTfGfTf
k

nnnn

nnnnnnnn








 

As n  

  
   

 
,

,,,

,,,,,,
min,,,

2

22

1
2

thrSrrSr

thrrrrthSrrSrr
kthrSrrSr




  

   

 2

22

2
,,,

,,,,,,

thrrrr

thSrrSrrthrSrrSr
k




 

   

 


2

22

3
,,,

,,,,,,

thSrrSrr

thrSrrrSthrrrr
k




 

tends to zero 

Therefore, rKrTrGrSr   

Uniqueness: 

To prove the uniqueness of fixed point, let ‘q’ be the another fixed point of 

TGS ,,  and K then by using (5) 
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   22 ,,,,,, thGqSrGqSrthqrqr   


   

 
,

,,,

,,,,,,
min

2

22

1
thTqKrTqrK

thGqTqGqTqthSrKrSrKr
k




  

   

 2

22

2
,,,

,,,,,,

thSqTrSqTr

thSqKqSqKqthTqSrTqSr
k




 

   

 


2

22

3
,,,

,,,,,,

thSqTrSqTr

thTqKqTqKqthGqTrGqTr
k




 


   

 
,

,,,

,,,,,,
min

2

22

1
thqrqr

thqqqqthrrrr
k




  

   

 2

22

2
,,,

,,,,,,

thqrqr

thqqqqthqrqr
k




 

   

 


2

22

3
,,,

,,,,,,

thqrqr

thqqqqthqrqr
k




 

tends to zero. 

Therefore, .qr   Thus r is the unique common fixed point of TGS ,,  

and K.  

This completes the proof. 

References 

 [1] F. E. Browder, Fixed point theorems for non-linear semi contractor active mappings in 

banach spaces, Arsh. Rat. Nech. Anal. 21 (1965/66), 259-269. 

 [2] F. E. Browder and W. V. Petryshyn, The solution by iteration of non-linear functional 

equation in banach spaces, Bull. Amer. Math. Soc. 72 (1966), 571-576. Available online at 

https://doi.org/10.1090/s0002-9904-1966-11543-4. 

 [3] F. E. Browder and W. V. Petryshyn, Construction of fixed points of non-linear mappings 

in Hilbert-2 Spaces, J. Math. Anal. Appl. 20 (1967), 197-228. Available online at 

https://doi.org/10.1016/0022-247x(67)90085-6. 

 [4] C. Dimminie, S. Gahler and A. White, 2-Inner product space, Demonstration Math. 6 

(1973), 525-536. Available online at https://doi.org/10.1515/dema-1977 - 0115. 

 [5] A. M. El-Abyad and H. M. El-Hamouly, Fuzzy inner product spaces, Fuzzy Sets and 

Systems 44(2) (1991), 309-326. Available online at https://doi.org/doi:10.1016/0165-

0114(91)90014-h. 



SOME FIXED POINT THEOREMS IN 2-FUZZY 2-HILBERT … 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 10, August 2022 

5543 

 [6] C. Felbin, Finite dimensional fuzzy normed linear spaces, Fuzzy Sets and Systems 48 

(1992), 239-248. Available online at https://doi.org/10.1016/0165-0114(92)90338-5. 

 [7] C. Felbin, The completion of a fuzzy normed linear space, Journal Math. Anal. Appl. 

174(2) (1993), 428-440. Available online at https://doi.org/10.1006/jmaa.1993.1128. 

 [8] T. L. Hicks and Ed. W. Huffman, Fixed point theorems of generalized Hilbert spaces, J. 

Math. Anal. Appl. 64 (1978), 381-385. Available online at https://doi.org/10.1016/0022-

247x(78)90004-5. 

 [9] Ed. W. Huffman, Strict convexity in locally convex spaces and fixed point theorems of 

generalized Hilbert spaces, Ph.D. Thesis, Unit of Missouri-Rolla, Missouri, (1977). 

 [10] P. V. Koparde and D. B. Waghmode, Kannan type mappings in Hilbert spaces, Scientist 

of Physical Sciences 3(1) (1991), 45-50. 

 [11] J. K. Kohli and R. Kumar, On fuzzy inner product spaces and fuzzy co-inner product 

spaces, Fuzzy Sets and Systems 53(2) (1993), 227-232. Available online at 

https://doi.org/10.1016/0165-0114(93)90177-j. 

 [12] J. K. Kohli and R. Kumar, Linear Mapping, Fuzzy Linear Spaces, Fuzzy Inner Product 

and Fuzzy Co-inner Product Spaces, Bull. Calcutta. Math. Soc. 87(3) (1995), 237-246.  

 [13] S. V. Krishna and K. K. M. Sharma, Separation of fuzzy normed linear spaces, Fuzzy 

Sets and Systems 63(2) (1994), 207-221. Available online at https://doi.org/10.1016/0165-

0114(94)90351-4. 

 [14] S. Mukherjee and T. Bag, Some properties of fuzzy Hilbert spaces and fixed point 

theorems in such spaces, The Journal of Fuzzy Mathematics 20(3) (2012), 539-550. 

 [15] G. S. Rhie, B. M. Choi and D. S. Kim, On the completeness of fuzzy normed linear space, 

Math. Japonica 45(1) (1997), 33-37. 

 [16] Smita Nair and Shalu Shrivastava, Fixed point theorem in Hilbert spaces, Jnanabha 36 

(2006). 

 [17] L. A. Zadeh, Fuzzy sets, Information and Control 98 (1965), 338-353. Available online at 

https://doi.org/10.1016/s0019-9958(65)90241-x. 


