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Abstract

In this paper, the concept of 2-fuzzy 2-Hilbert space is introduced and some fixed point
theorems are developed.

1. Introduction

The concept of fuzzy set was introduced by Zadeh [17] in 1965. The
concept of 2-inner product space was introduced by C. R. Dimminie, S. Gahler
and A. White [4]. Further various author gave definitions of fuzzy inner
product space [5, 11, 12] and fuzzy normed linear space [6, 7, 12, 13, 15].
Further some applications of fixed points of various type of contractive
mapping in Hilbert-2 and Banach-2 spaces were obtained among others by
Browder [1], Browder and Petryshyn [2, 3], Hicks and Huffman [8], Huffman
[9], Koparde and Waghmode [10], Smita Nair and Shalu Shrivastava [16].
Mukherjee and Bag [14] discussed some properties of fuzzy inner product
space and established some fixed point theorems.

In this paper, the concept of 2-fuzzy 2-Hilbert space is introduced and
some fixed point theorems are developed.
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2. Preliminaries

Definition 2.1. A fuzzy set is defined as A = {x, uy(x): x € X}, with a
membership function py(x): X — [0, 1], where py(x) denotes the degree of

membership of the element x to the set A.

Definition 2.2. Let X be a non empty and F(X) be the set of all fuzzy
sets in X. If f e F(X) then f ={(x,n)/x € X and p (0, 1]}. Clearly f is
bounded function for |f(x)| <1. Let K be the space of real numbers then
F(X) is a linear space over the field K where the addition and scalar

multiplication are defined by
f+g=A{x w+0n)={x+y), (10 ef and(yn)e g
and kf = {(kf, w)/(x, n) € f} where k € K.

The linear space F(X) is said to be normed space if for every [ e F(X)
there is associated a non-negative real number || f| called the norm of f in

such a way,
1) | f| = 0 if and only if f = 0.
For,
[£l=0e @ wl/(xwefl=0
ox=0pe(01]ef=0
@) [k [ =Rl f], & € K.
For
| &f | = {ll (e, W[/ e, Wf, & € K}
={ k|l x ul/Cx, w) e fH=|k[|f]
@) [ f+gl<lfl+]g|forevery f, g € F(X).
For,

If+g]=1w+@n)|/xyeX, une1]
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={lx+2). wAan)|/x, y € X, p,m e (0, 1]
<l @ wAm[l G wAan)|/(x, ) € f and (y,n) € g}
=l fl+lel
Then (F(X), |- |) is a normed linear space.
Definition 2.3. A 2-fuzzy set on X is a fuzzy set on F(X).

Definition 2.4. Let F(X) be a linear space over the real field K. A fuzzy
subset N of F(X)x F(X)x R (R, the set of real numbers) is called a 2-fuzzy
2-norm on X (or fuzzy 2-norm on F(X)) if and only if,

(N1) for all ¢t € R with ¢ <0, N(f;, fo, t) = 0.

(N2) for all ¢ € R with ¢t >0, N(fi, fo,t) =1 if and only if f; and f, are

linearly dependent.

(N3) N(f;, fo, t) is invariant under any permutation of fj, f5.

(N4) for all t € R, with ¢ >0, N(fi, cfs, t) = N(fi, cfo, t/|c|) if ¢ =0,
c € K (field).

(N5) for all s, t € R, N(fi, fo + f3, s +t) = min {N(f;, fa, s), N(fi, f3, t)}
(N6) N(fi, f2, -) : (0, ) — [0, 1] is continuous.
(N7) lim,_,,, N(£, fy, £) = 1.

Then (F(X), N) is a fuzzy 2-normed linear space or (X, N) is a 2-fuzzy

2-normed linear space.

Definition 2.5. A sequence {f,} in a 2-fuzzy normed linear space
(F(X), N) is said to be a convergent sequence if for a given ¢ >0 and

0 < r <1 there exist a positive number ny € N such that
N(f, —f, 8, t)>1—r for g € F(X) and for every n > ny.

Definition 2.6. A sequence {f,,} is said to be a Cauchy sequence in a 2-

fuzzy normed linear space F(X) if for a given r >0 with 0 <r <1,¢>0
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there exist a positive number nq such that N(f, - f,, g, t) >1—r for

g € F(X) and for every n, m > ny,.

Definition 2.7. A 2-fuzzy 2-normed linear space (X, N) is said to be

complete if every Cauchy sequence in X converge to some point in X.

Definition 2.8. A complete 2-fuzzy 2-normed linear space is a 2-fuzzy 2-
Banach space.

Definition 2.9. A 2-fuzzy 2-normed linear space (X, N) is said to be

complete if every Cauchy sequence in X converge to some point in X.

Definition 2.10. A complete 2-fuzzy 2-normed linear space is a 2-fuzzy 2-

Banach space.

3. 2-Fuzzy 2-Hilbert Space

Definition 3.1. Let F(X) be a linear space over the complex field C.

Define a fuzzy subset p as a mapping from F(X)x F(X)x F(X)xC — [0, 1]
such that f; € F(X) and a4, ag € C satisfying the following conditions

(I;) For f, g, he F(X) and s,t € C
W + g h A, |t]+]s]) 2 min{u(f, 2, A, [2]), w8, b, f, [ s}
) For s, < €, u(f, g b st) = min{f, £. B |5 ) ue, & 7 ¢ )

(I
(I3) For t € C, u(f, g, h, | t|) = u(g, f, h, |t])
(

1) For o, og € C with oy =0, ag = 0, u(oyf, asf, h, t)

(f & h |0°10°2 J

(Is)u(f, f. b, t) =0 Vt € C/R*
w(f, f, h,t) =1 V¢ > 0 if and only if f, h are linearly dependent.

(Ig) u(f, g, h, t) is invariant under any permutation.

(I7) vt >0, u(f, f, h, t) = (g, g, h, t)
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(Ig) w(f, g, h, t) 1is monotonic non-decreasing function of C and
lim, ., w(f, g, h, £) = 1.

Then u is said to be the 2-fuzzy 2-inner product on F(X) and the pair
(F(X), n) is called 2-fuzzy 2-inner product space.

Definition 3.2. A sequence {f,,} in 2-fuzzy 2-inner product space F(X)

is said to be a convergent sequence if for a given ¢ > 0 and 0 < r <1 there

exist a positive number ng € p such that

M(fn_f7fn_f’h9t)>1_r
for h € F(X) and for every n > ngy, where 0 <¢ <1 and r € (0, 1).

Definition 3.3. A sequence {f,,} is said to be a cauchy sequence in a 2-
fuzzy 2-inner product space F(X) if for a given r >0 with 0 <t <1,¢ > 0,

there exist a positive number ng such that

M(fn _fm9 fn_fm, h, t)>1—}"
for h € F(X) and for every n, m > ny.

Definition 3.4. A 2-fuzzy 2-inner product space F(X) is said to be

complete if every cauchy sequence in F(X) converges to some point in F(X).

Definition 3.5. A complete 2-fuzzy 2-inner product space is a 2-fuzzy 2-
Hilbert space.

Definition 3.6. A point f € F(X) is called a coincidence point of S and A
if Sf = Af and h only if and is said to be the point of coincidence of A and S if
h = Sf = Af.

Theorem 3.7. Let S, G and T be continuous self mappings C of a closed
subset of a 2-fuzzy 2-Hilbert space H satisfying

SG = GS, GT = TG, G(X) c T(X) 1)

u(Sf - Sg, Sf - Sg, h, t*)
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w(Sf - Gf, Sf - Gf, h, t*)w(Gg — Tg, Gg — Tg, h, tZ),
w(Sf - Tg, Sf - Tg, h, t*)

> min {k;

—Tf, Gf —Tf, h, t*)u(Sg - Gg, Sg - Gg, h, tz)}

K, wGf - S s
w(Gf - Tg, Gf - Tg, h, t°)

forall f, g e C (2)

Then S, G and T have a unique common fixed point.
Proof. Let f € C, by (1), define sequence {g,,} in such that
n = Sf2n’ 82n+1 = H2m+1 and 8on-1 = Gf2n 3

From (2),

2 2
H(g2n — 82n+1> 82n — 82n+1> h7 ¢ ) = u(szn - Sf2n+1’ Son - 5f2n+1’ h’ ¢ )

> min {;

W(Sfan = Gfon, Sfan = Gfans hs t2)(Gfon1 = Thoni1, Gf2n+1 ~Thons1, hs )
W(Sfan = Thoni1, Shon — Thons1, by t2)

kz H(Gf2n Tf2n’ Gf2n Ton’ h ¢ )H(Sf2n+1 Gf2n+1’ Sf2n+1 Gf2n+1’ h ¢ )}
H(Gf2n Tf2n+1’ Gf2n Tf2n+1’ h,t )

> min {k;

2 2
H(g2n — 82n-1> 82n — 82n-1, N )H(an — 82n+1> 82n — 82n+1> M t )
2 b
P'(an — 82n+1> 82n ~ 82n+1> h’ ¢ )

by W(E2n-1 — 82ns S2n-1 — 8oms s )1M(82041 — o, g2n+1 8on> hs t )}
W(Saon-1 — Son> S2n-1 — an» by 1)

> (ky + ko )82 — 8on-1: 8on — 8on-1, B, 17)

Therefore,
9
wW(gon — 82n+1> 8on — 8ont1> P t7) 2 (R + ky)

2
w(g2n — 8an-1, &2n — 8o2n-1, h, t7)
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le.,

2 2
“(an — 82n+1> 82n — 82n+1> h’ t ) 2 k“(an — 82n-1> 82n — 82n-1> h’ ¢ )
where & =k + ks

2 9
W(g2n — 8on+1s 8on — 82n+1> M t7) 2 k(8o — 8on-1, 8o — 82n-1, As t7)

2 an(gO — &1, 80 — 81> h9 t2)

For every integer [ > 0,
W(En = &nits &n = Enats B 17) = Min (g — Eni1s En — &ne1s B 10),
W(Zns1 = &nios Bns1 — Enazs Ao t0)
W(Enip-1 — Enips Enip-1 — Enip» P t?)

2 (1+ k+k2 +--~+kl_1)u(gn — 8n+l> 8n — 8n+l> h’ tz)

kl
= 1-k H(gn — 8n+l> 8n ~ n+l> h, t2)

As n—>x, {g,} is a Cauchy Sequence in C and as C is closed

g, —> 1 € C. Now as {Sfy,}, {Gfop11}, {Tfon+1} are also subsequences of {g,}

so they will also converges to r.
Now as S, G and T are continuous such that Sr = Gr : Gr = Tr
Again from (2),

W(SShu, — Gfans1> SSfan — Gfons1, by t2) 2

min {/;

WSSk — Gfan, SSfan — Gfans hy 2 )Gfons1 — Thonsts Glonst — Thonsts hy t2)
WSS — Thns1> SSfan — Thons1s hy t2)
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by W(Gfon = Thon, Gan = Thon, h t*(SSfons1 = Gfonis sz2n+1 —Gfons1s Mot )}
W(Gfan — Thons1s Gfon — Tfons1s b t2)

As n > o

(Sr—r,Sr—r, h, t)u(r—r, r - rhtz)

MSr—r,Sr—r,h,t2 > min {k; &
( ) t w(Sr—r, Sr—r, h, %)

by w(r—r,r—r, b, t2)W(Sr—r, Sr—r, h, %)
}
w(r—r,r—r, h,t?)

tends to zero
Therefore, Sr = Gr = Tr = r.
Uniqueness:

To prove the uniqueness of fixed point, let ‘g’ be the another fixed point of
and then by using (2)

wr—-gq,r—aq,h, tz) = w(Sr - Gq, Sr — Gg, h, t2)

(Sr - Gr, Sr - Gr, h, t>)u(Gq - Tgq, Gq Tq, h, t2)

> min {k &
w(Sr — Tgq, Sr —Tg, h, t?)

k “(Gr — Tra Gr - ﬂ’ h’ tZ)H(SCI — Gq’ Sq — Gq, h’ tZ)}
’ w(Gr - Tgq, Gr —Tg, h, t*)

2 2
2min{k1 H(r_rar_rahat )“(q_cbq_q’ h’t )’

M(r_qr_q5 hatz)

by wr—r,r—r,h,t>)ulg-r,q— rht)}
wr-q,r—g,h,t%)

tends to zero.

Therefore, r = q. Thus r is the unique common fixed point of S, G and 7.

This completes the proof.

Theorem 3.8. Let S, G, T and K be continuous self mappings C of a
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closed subset of 2-fuzzy 2-Hilbert space H satisfying
SK = KS, TG = GT, S(X) c G(X) and T(X) c K(X) (4)

w(Sf - Sg, Sf - Sg, h, 12)

o WKL = Sf, Kf = Sf, h, t*)u(Tg - Gg, Tg ~ Gg, h, t*)
W(Kf ~Tg, Kf ~Tg, h,1%)

> min {k;

K, M(Sf =T, Sf T, h, t*)u(Kg - Sg, Kg —Sg, h,t*)
w(Tf ~Gg, Tf - Gg, h, t*)

K, WIF-Ge. Tf - Gg. h, t*)(Kg ~Tg, Kg~Tg. h, 1* N forall f,gcC (5
W(Tf ~Sg, Tf ~ Sg, b, £*)

Then S, G, T and K have a unique common fixed point.

Proof. Let f € C, by (4), define sequence {g,,} in C such that

n — Tf2n+1 = Sf2n’ 8on+1 = Gf2n+1 and Kf2n = 8on-1 for all
n=012 .. (6)

From (5),
H(an — 8on+1> 82n — g2n+1’h’ tz) = H(Son - Sf2n+1’ Sf2n - Sf2n+1’ h’ tz)

> min{k;

W(KFon — Sfans Kfon = Sfons b t ) Thons1 — Gfonsts Thons1 — Gons1s h 1)
H(Kf2n - Tf2n+1 ’ Kon - Tf2n+l ) h7 tz)

by W(Sfan ~ Thons1s Sfon = Thonsts hs ) Kfons1 = Shonsrs Kfons1 — Shansa, b t%)
W(Tfan — Gfans1 Tfon — Gfaner, ho t?)

k P-(Ton _Gf2n+l’Tf2n Gf2n+1’h ! )M(Kf2n+l Tf2n+17Kf2n+1 _Tf2n+1’h ¢ )}
W(Tfan — Sfons1 Tfon — Sfans1s ho t?)

2 2
> min {f W(82n-1 — 82n> 82n-1 — 82n» Mo t )82 — 8on+1> 8on — 82041, Mo t )’

W(8on-1 — 82ns 82n-1 — 82, M %)
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by W(8on — 82n1s 8on — 8on-1 My )80 — Sons1, 82n — Sonsts hy t2)
W(E2n 1 — 82n+1s Son-1 — 82ns1s Py t2)

2 2

k3 H(an—l — 89n+1> 82n-1 — 82n+1> P )H(g2n+1 — 82n> 82n+1 — 82n> s ¢ )
2
u(g2n—1 — 82n+1> 82n-1 ~ 82n+1> h’ ¢ )

Therefore,
2 2
(82, — 8an+1> 8on — 8an+1, Mo t™) = (By + ko )82, — 82ns 82n-1 — 82ns o t7)

2
+ k3u(g2n — 82n+1> 82n — 82n+1> h’ t )

(k1 +k2)

u(an 82n+1>82n — g2n+1’ht )> H(an 8on-1>82n — an—lfht )

2 9
W(g2n — 8on+1s 8on — 8on+1> Pu t7) = k(8o — Gon-1, 82n — 8o2n-1, M 1)

(Ry + k)

where k = T

2 2
(82 — 8on+1> 82n — 8on+1r Mo t7) 2 R(Gp—1 — s 8n-1 — &n» h 1)

> k"w(go — g1, &0 — &1, B, t2)

For every integer [ > 0,
WEn — &nit> &n — &nats B %) 2 min (W&, — &ni1, &n — &nits b 7))
W(8ni1 — 8ni2s 8nil — Enszs B t2) ...
W11 = ntl> Bnsiot — &nsts o 2}

2 (1 +k+ R +~~+kl_1)u(gn — 8n+l> 8n — &nsls Iy tz)

kl
A wgn — 8niis &n — nstr Mo t2)

>
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As n—> o, {g,} is a Cauchy Sequence in C and as C is closed
g, —>reC. Now as {sfo,}, {Gfon+1} Tfons1) {Kfo,} are also subsequences

of {g,} so they will also converges to r.
Now S, G, T as K and are continuous such that
Again from (5),
W(SSfoy, = Gfans1, SSfons1 = Ganns ho £%) 2

min {/;

W(EFop = SSfans Kfon = SSfons b ) Tfons1 — Gonst, Tf2n+1 —Gfopi1, byt )
W(SSfan ~ Thans1, SStan — Tans1s b t?)

k H(SSfon _Ton’ SSﬁ?n _Ton’h ¢ )H(Kf2n+l SSf2n+1’ Kf2n+1 SSf2n+lrh ! )
W(Tfay, — Gfani1» Tfan — Gfans, B t?)

’

k H(Ton Gon’Tf2n Gf2n7h tz)u(SSf2n+1 Tf2n+1’SSf2n+1 Tf2n+1’h ! )}
(Ton SSf2n+l7Tf2n SSf2n+1’ht)

As n - o

Sr,r—Sr, h, t*)u(r—r, r - rhtz)
w(Sr—r, Sr—r, h, t%)

w(Sr—r, Sr—r, b, t2) > min {k uer -

p(Sr—r Sr—r, h, t2)u(r — Sr, r - Sr, h, t2)
wr—r,r—r, h,t%)

u(r—r r—r, b t(Sr—r, Sr—r, h, t2)}
u(r — Sr, r - Sr, h, t2)

tends to zero
Therefore, Sr =Gr =Tr = Kr =r
Uniqueness:

To prove the uniqueness of fixed point, let ‘g’ be the another fixed point of
S, G, T and K then by using (5)
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H(r -q,7r—gq, h’ tz) = “(Sr—GQ’ Sr— GQ7 h7 tz)

w(Kr — Sr, Kr — Sr, h, t>)u(Tq — Ggq, Tq —Gq, h, t%)

> min
ta w(Kr - Tq, Kr —Tq, h, t2)

(Sr —Tq, Sr - Tq, h, t*)u(Kq - Sq, Kq - Sq, h, t*)
w(Tr — Sq, Tr — Sq, h, t2)

by W(Tr — Gg, Tr — Gg, h, t*)u(Kq - Tq, Kq —Tq, h, t )}
W(Tr — Sq, Tr — Sq, h, t*)

2 2
> min {gy MO o b )G - . g g, . tT)

wr—q, r-q, b, t%)

ky wr—q,r—q ht>)u(g -q, 9 -q, h, t*)
wr—gq, r—gq, b, t%)

py M =9 7=, b, *)lg-g.9-q h tz)}
Wr-g,r-g, h %)

tends to zero.

Therefore, r = q. Thus r is the unique common fixed point of S, G, T
and K.

This completes the proof.
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