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Abstract

In this paper, we determine the open neighborhood chromatic number of splitting graph of
some special graph like path graph, cycle graph, star graph and ladder graph in detail. Also, we

obtain the open neighborhood chromatic number of the tensor products P, ® P, and

C3 ® Ky p-

1. Introduction

All the graphs considered here are simple, finite and undirected graph
G = (V(G), E(G)). For every vertex u, v € V(G), the edge connecting two

vertices is denoted by uv € E(G). For all other standard concepts of graph

theory, we see [1], [2], [5]. A proper coloring of a graph is an assignment of
colors to the vertices such that adjacent vertices receive different colors. The
minimum number of colors required to color the vertices is called the
chromatic number of the graph denoted by ¥(G).

An open neighborhood coloring of a graph G(V, E) as a coloring

f : V(G) —» Z*, such that for each w € V(G) and V u, v € N(w), f(u) # f(v).
An open neighborhood k-coloring of a graph G(V, E) is a k-coloring

f:V(G)—>1{1,2,...,k}, ke Z" which admits the conditions of an open

neighborhood coloring. The minimum value of & for which G admits an open
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neighborhood k-coloring is called the open neighborhood chromatic number of
G and denoted by yx,,/G).

[3], [4] K. N. Geetha, et al. introduced the notion of open neighborhood
coloring and they have discussed the open neighborhood chromatic number of

some standard graphs.

For a graph G the splitting graph of G is obtained by adding a new vertex
v’ corresponding to each vertex v of G such that N(v) = N(v'). The resultant
graph is denoted as Sp(G). Let G; = (V}, E;) and Gy = (V,, E;) be two
connected graphs. [6], [7] The tensor product of G; and Gy denoted by
G = G, ® Gy is the graph with vertex set V(G) = V(G;)x V(G;) and the
edge set E(G) = {(u, v) adjacent to («, V') | dg, (v, ') =1 and dg, (v, V') = 1}.
In this section, an open neighborhood coloring of Splitting graph of path
graph P,, cycle graph C,, star graphs K; , and ladder graph L, are

discussed.

Theorem 1.1. For splitting graph of path graph Sp(P,), %onsSP(P,) = 4,

for n > 3.
Proof. Let we denote {vj, vy, ...,v,} as the vertices of P,, and
{v, V%, ..., U, } as the new vertices.

The vertex set and edge set of Sp(P,) are

n n-1
V[Sp(B,)] = {(U v U Uij} and E[Sp(Pn)] = {(U(Uiviﬂ Ui U Uﬁ’iﬂ)J}

i=1 i=1
Hence |V(Sp(P,))|=2n and | E(Sp(B,))|=3(n—-1). Now we define
f : V(Sp(P,)) — Z* given by for n > 3,

{1}, ifi=1,2 (mod4)

For 1 <i<n, f(y;) = {{2}’ if i =0, 3 (mod4)

{8}, ifi=1,2 (mod4)

f(j) = {{4}’ if i =0, 3 (mod 4).
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It is easy to verify that fis an open neighborhood 4-coloring of Sp(P,).
S XondSP(B,)) = 4, n > 3.

Hence the theorem. O

Theorem 1.2. For splitting graph of cycle graph Sp(C,), %ondSp(C,,))

{4}, if n =0 (mod 4)
=:{6}, forn=6
{6}, otherwise.

Proof. Let we denote {v, vy, ...,v,} as the vertices of C, and

{vi, vy, ..., U, } as the new vertices.

The vertex set and edge set of Sp(C,,) is given by

V[Sp(C,)] = {U v; U U;J} and

=1
n-1
E[Sp(C,)] = {U@ivm U U U§Ui+1)J U (wnr Ut Ut )}
=1

Then | V(Sp(C,))|=2n and | E(Sp(C,))|= 3n. Define f : V(Sp(C,))
— Z" as follows.
Case 1. When n =0 (mod 4). For 1 <i<n

1, ifi=1 2 (mod4)

ForlSiSn,f(Ui)={2 if i =0,3 (mod 4)

, 3, ifi=1,2 (mod4)
f(vf) = e
4, if i =0, 3 (mod 4).
Case 2. When n =1 (mod 4). For1<i<n-1

4, if i =2, 3 (mod 4)

1, ifi=1,2 (mod4 ,
( ) fi) = {5, if i =0,1 (mod4)

flv;) = {2’ if i =0, 3 (mod4)

and f(v,) = f(v}) = 3.
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Case 3. When n = 2 (mod 4). For 1 <i<n-2

1, ifi=1,2 (mod4)
2, if i =0,3 (mod4)

flo) - |

f(vn—l) = f(vn) =3.
For1<i<n-86,

3, if i=0,3 (mod4)

f(v;) = {4, if i =1, 2 (mod 4)

f(vh-1) = f(vp) = f(th-4) = f(Up-5) = 5 and f(v},_2) = f(v)_3) = 4.
Case 4. When n = 2 (mod 4). For 1 <i<n-2

1, ifi=1,2 (mod4)

flv;) = {2, if i =0, 3 (mod 4)

f(Up-1) =3, f(vy) = 2 and f(v}) = 4

3, if i=2,3(mod4)

For2SiSn—2,f(U§):{4 if i =0,1 (mod4)

and f(v),_1) = f(v},) = 5. It can be easily seen that fis an open neighborhood
{4}, if n =0 (mod 4)

coloring of C,, so that y,,.Sp(C,)) =4{6}, forn =6
{5}, otherwise

Hence the theorem. O

Theorem 1.3. For splitting graph of star graph Sp(KL )
XoncSp(Kl, n) =2n,n > 2.

Proof. Let {v, vy, vg,...,v,} be the vertices of star K; , and
{v, v}, vy, ..., Uy} be the new vertices of K; ,. Here v is the apex vertex. The

vertex set and edge set of Sp(Kj ,) is given by
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VISp(K;, ,)] = {0 v U U{] UoU v'} and

i=1

n-1
E[Sp(K;, »)] = {U(Uvi Ui Uv'y; )}

i=1
Then |V(Sp(K; ,))|=2(n+1) and |E(Sp(Ky ,))|=3n. We define
f:V(Sp(Ky, ) — Z" given by
For1<i<n,
f;) =i+n, f(v) =i, fl) =1, f(') = 2
It can be easily seen that f is an open neighborhood coloring of K; , so

that

XoncSp(Kl, n) =2n,n 2 2.

Hence the theorem. O

Theorem 1.4. For ladder graph L,,,
Xonc(Ln) =3,n=3

Proof. The ladder graph denoted by L, is obtained from two path P,
with {vy, vg, ..., v,} and {vy, vg, ..., u,} vertices by joining the vertices v;u;

for1<i<n.

n n—-1 n
VIL,]= {U v; U U%J} and E[L,] = {U(Uiviﬂ U uiui+1)J U {U uivi]}

1=1 i=1 =1
we have | V(L,)|=2n and | E(L,)| = 3n — 2. We color the graph L, by
defining a function f : V(L,) — {1, 2, 3}.
For 1 <i <n,

{1}, for i =1 (mod 3)
fv;) = () = {2}, for i = 2 (mod 3)
{8}, for i = 0 (mod 3)
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It can be easily seen that fis an open neighborhood coloring of L, so that
Yond(Ly) = 2n, n > 3.
Hence the theorem. a]

Theorem 1.5. For splitting graph of ladder graph Sp(l,), %ond(Sp(l,))
=6,n > 3.

Proof. Let {v, vy, ..., v,, iy, Ug, ..., u,} are the vertices of [, and

{v1, vy, ..., U, 1, Uh, ..., uy,} are the new vertices. The vertex set and edge

set of Sp(l,,) are

V[Sp(i,)] = {(0 v; Uvi Uy; U u;}} and

=1

n-1
E[Sp(l,)] = {U(Uiviﬂ U witgjg Uvjg Uvivg Uwugg U u'ui+1i)]

=1

U {U viw; Uy, U )]}

=1

Hence |V(Sp(l,))|=4n and | E(Sp(l,))| = 3(3n —2). Now we define
f:V(Sp(l,) —» {1, 2, ..., 6} given by for n > 3,
{1}, fori=1 (mod3)

For 1 <i<n, f(v;) = fy;) =4{2}, for i = 2 (mod 3) and f(v}) = 5.
{3}, for i = 0 (mod 3)

{6},
For 2 <i < n, f(v}) = {4},

{5}’
{4}’
For 1 <i < n, f(u}) =<{5},
{6}7

It can be easily seen that f is an open neighborhood coloring of Sp(L,,) so
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that y,,/Sp(l,)) = 6, n > 3. Hence the theorem.
2. Open Neighborhood Coloring of P, ® P,,

Now we start by investigating a tensor product of two path P, and
B,,m,ne N, admits Open neighborhood coloring conjecture. Let

{v1, v, ..., v, } be the vertices of P, and {w;, wy, ..., w,} be the vertices of
P

-
Theorem 2.1. For the tensor product P, ® P,,
Xonc(Pm ®Pn) =4, m,n=>3.

Proof. Let the vertex set of P, and P, are {u, vy, ..., 0,} and

{wy, wy, ..., w,} respectively. The vertex and edge set of PB,, ® P, are given
by

V(B,®P,) =1y j1i=1,23,..,m,j=123, ..., n}
m

1 m—1
E(P, ® B,) = { Ui, jUis1, j+1J U {Uum, U, j+1],
-1 i=1

l
i=1,23 .., (n-1)
Clearly, B,, ® P, has mn vertices and 2(m —1)(n — 1) edges.

The vertices and edges are colored by defining f:V(P, ® P,)
— {1, 2, 3, 4}.

For1<i<mand1<1i<n,
If i =1, 2 (mod 4), then

({1}, for j=1,2 (mod4)
flui j) = {{2}, for j =0, 3 (mod 4)

If i =0, 3 (mod 4), then
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{3}, for j =1, 2 (mod4)

fw;, ;)= {{4}, for j =0, 3 (mod 4)

It can be easily seen that f is an open neighborhood coloring of P, ® P,

so that

Xonc(Pm ®Pn) =4, mn=3.
Theorem 2.2. For the tensor product Cg ® ky ,,
Xonc(CS ® kl, n) = 3(’1 - 1), n > 3.

Proof. Let {vy, vy, vg} be the vertices of C3 and {w;, wy, ..., w,} be the

vertices of k; ,. The vertex and edge set of C3 ® k; ,, are given by

V(C3®k1,n):{ui’j |i=1, 2, 3,j=1, 2, 3,...,n}

n-1 n-1
E(C3®Mk )= Uy, Ui, 1 |U Uuz, 14, j+1
J=1 j=1
i=1, 2 i=1,3
n—1
U Uus, 1%, j+1
j=1
i=1,2

The vertices and edges are colored by defining f:V(Cs®Fk ,)
—{1,23, ..., k.

For 1 <i <3, f(u; 1) = f(w, 2) =i
f(ui’j):i+3j—6, for j > 3.

It can be easily seen that f is an open neighborhood coloring of C3 ® %;

so that

Xonc(03 ® kl; n) = 3(n - 1), n > 2. O
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Conclusion

In this note, we have proved that the open neighborhood chromatic

number for the splitting graph of some special graph like Path graph, cycle

graph, star graph and ladder graph. Also, we found the open neighborhood

coloring of tensor products P, ® P, and C3 ® K; .
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