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Abstract 

Let  EVG ,  be a graph. Let  .11 EVEVC    Take 

        11  wNuNEGVuP   for all     1EGVuw   where   1EGV  denotes the 

vertex set of an edge induced sub graph  1EG  and       wNvNVvQ 1  for all 

  .1Vvw   A subset C is said to be a corporate dominating set if every vertex QPv   is 

adjacent to exactly one vertex of .QP   The corporate domination number of G, denoted by 

 ,Gcor  is the minimum cardinality of elements in C. Let nm CC   denote the Cartesian 

product of mC  and ,nC  the cycle of length m and n where .3, nm  In this paper, we 

determine the exact value of the corporate domination number for the Cartesian product of two 

cycles. 

1. Introduction 

Let  EVG ,  be a graph with vertex set V of order n and edge set E of 

size m. Throughout this paper, all graphs are finite, simple, and undirected. 
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The open neighborhood of a vertex v is     GEuvuvN   and the closed 

neighborhood of a vertex v is      .vvNvN   For graph theoretic 

terminology, we refer Chartrand, Lesinak [1] and Harray [4]. 

Let EVyx ,  are said to be associated if they are adjacent of incident 

in G. Consider the two sets  ,,,, EVEVYX   a subset XD   

dominates Y if every element of  YDY \  is associated with an element of 

D. The minimum cardinality among all the subsets of X is denoted by 

 ., GYX  This concept is suitable for the following fundamental domination 

numbers such as 

             ,,,,,,, ,,,,,,, GGGGGGG VVUEVUEEVEEEVUEVEVVV   

   ., ,, GG VUEVUEEVUE   Various domination parameters have been focused 

to dominate the vertices, edges, mixing the vertices and edges. The detailed 

study of numerous domination parameters was established in [5, 6]. 

A dominating set VS   of a graph G is said to be perfect if each vertex 

in SV   is dominated by exactly one vertex of S. The minimum cardinality 

of S, denoted by  Gp  is the perfect domination number of G. Fellows and 

Hoover [3] have addressed some formulation of perfect domination where the 

vertices are required to have at most one or exactly one neighborhood. 

Let  .GVS   Then S is said to be independent if no two vertices in S 

are adjacent. If a dominating set S is both perfect and independent, then S is 

called an efficient dominating set. The graph G is an efficient open 

domination graph if there exists an efficient open dominating set S, for which 

    Dv
GVvN


  and     vNuN   for every   ., Svuvu   

Moreover, the efficient open domination graphs among graph products were 

characterized in [2]. 

The Cartesian product 21 GG   of graphs 1G  and 2G  is a graph with 

     2121 GVGVGGV    and      212211 ,,, GGEyxyx   if and only if 

either 11 yx   and 2x  adjacent to 2y  in 2G  or 22 yx   and 1x  adjacent 1y  

in .1G  A detailed study of the dominating set and its algorithm of Cartesian 

product of paths and cycles have been discussed by Polana Palvic, Janez 

Zerovnik [9]. We have determined the exact value of the corporate 
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domination number for some classes of graphs such as cycle, path, wheel, 

complete graph in [7] and also established the corporate domination number 

of the Cartesian product of path and cycle in [8]. In this paper, we find the 

corporate domination number of the Cartesian product of two cycles and 

finally we conclude the paper along with related work for further research. 

2. Corporate Domination Number of a Graph 

We here start with the definition of corporate domination number with 

example and state related results on corporate domination.  

Definition 2.1. Let  .11 EVEVC    Then C will be in one of the 

following forms. (i) 1V  and .1 E  (ii) 1V  and .1 E  (iii) 1V  

and .1 E  Take         11  wNuNEGVuP   for all 

    1EGVuw   where   1EGV  denote the vertex set of an edge induced 

subgraph  1EG  and       wNvNVvQ 1  for all   .1Vvw   A 

subset C is said to be a corporate dominating set if every vertex 

QPVv   is adjacent to exactly one vertex of .QP   The corporate 

domination number, denoted by  Gcor  equals the minimum cardinality of a 

corporate dominating set of G.  

Example 2.2. For a graph G which is given in Figure 1,   .2 Gcor  

Here       321321 ,, vvEGVvvE   and  632 , vvvC    

 

Figure 1. G with   .2 Gcor  

Proposition 2.3. Let G be a graph. Then   1 Gcor  if and only if one of 

the following holds. 

(i) There exists a full degree vertex in G. 

(ii) There exists an edge uv  in G such that uv  does not lie on any triangle 

and     .nvdud   
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Remark 2.4. Corporate domination need not exist for all graphs. 

Proposition 2.5. Let C be a corporate dominating set with .1VC   Then 

(i) every corporate dominating set is the dominating set as well as the 

perfect dominating set. 

(ii) both dominating and perfect dominating sets need not be the corporate 

dominating set. 

Example 2.6. For a cycle ,9C  the corporate dominating set 

 852 ,, vvvC   which is also the dominating set as well as the perfect 

dominating set. 

Proposition 2.7. 

(i) For any cycle mC  and Path    






4

,2,3
m

CnmP mcorn  and 

 






4

n
Pncor  

(ii) For any complete graph     .1,3  ncorn KnK   

(iii) For any star graph     .1,2 ,1,1  ncorn KnK   

(iv) For any wheel graph     .1,3  ncorn WnW   

3. Main Results 

In this section, we determine the exact value of the corporate domination 

number for the Cartesian product of two cycles. 

Theorem 3.1. Let mC  and  3, nmCn  where  ,3mod0m  

 3mod0n  and nm   be any two cycles. Then 
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Proof. Let mC  and  3, nmCn  and nm   be any two cycles with 

 3mod0m  and  .3mod0n  Consider the following cases. 

Case 1. Let m and n be odd 

Subcase 1.1. Let .nm   Then for 12  mi  and  ,3mod2i  let 

 .,,,, 2332 immnimmnimmnimimimi vvvvvvvC    Here  ,ivP   

immnimmnim vvv  23 ,,,  and  .immnvQ   Clearly, .
3

m
Q   

Since for any        wQPuNQPu
c

  ,  where CQPw ,  is 

the corporate dominating set. 

Since every vertex in QP   is adjacent to exactly two vertices in 

  .
3

,
mn

QPQP
c

   Therefore, 
 

,
3

1


nm
P  as .

3

m
Q   Hence C 

contains 
 

6

1nm
 edges and 

3

m
 vertices. 

Thus, 
       

6

1

6

21

6

21

36

1 











nmnmmnmmnm
C   

.
23 





nm

 

To prove C is minimum, let C  be any other corporate dominating set and 

QP ,  be the sets corresponding to C  such that every vertex not in QP    

is adjacent to exactly one vertex in .QP    Further the set C  will be in one 

of the following forms. (i) 1VC   (ii) 1EC   (iii) .11 EVC     

If (i) holds, then P  and .Q  Since for any 

     wNuNVu ,1  for some ,1Vw   which is a contradiction. If (ii) 

holds, then P  and .Q  Let PP   with 
3

mn
P   and 

.0Q  Then 
3

mn
C   and hence .CC   If (iii) holds, then P  

and .Q  We observe that  .
3

QP
mn

QP    If it is less than 

,
3

mn
 then there exists at least one vertex  ci QPv    which is adjacent to 
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none of the vertices in ,QP    which is a contradiction. 

(a) Let PP   and QQ   with 
3

3
2




mmn
P  and 

.
3

2

3

3 m
Q

m



 Then C  contains at most 

3

3 mmn
 edges and 

3

2m
 

vertices and hence .
3

6

3

2

3

6 





mmnmmmn
C  Thus .CC   

(b) Suppose PP   and QQ   with 1
33


 mn

P
mmn

 

and 
3

1
m

Q   Then it follows that C  has at most 
3

6mn
 edges and 

3

m
 

vertices. Therefore, .CC   

Subcase 1.2. Let .nm   Then for 21  nt  and  ,3mod2t  let 

       .,,,, 111214321 mtmtmttmtmtmtm vvvvvvvC    Here 

     112121 ,,,,  mtmttmtm vvvvP   and    .1 mtvQ   Clearly, 

.
3

n
Q   Proceed as in sub case 1.1, we get C is the corporate dominating set 

and .
3

mn
QP   Hence 

 
,

3

1


nm
P  as .

3

m
Q   Thus C contains 

 
6

1nm
 edges and 

3

n
 vertices. 

Therefore .
32














nm

C   

We shall prove that C is minimum. Proceed the similar argument of sub 

case 1.1 by replacing m by n and n by ., CCm    

Case 2. Let either (m or n) or both (m and n) be even. 

Subcase 2.1. Let m be even. Then n may be even or odd. 

For 21  nt  and  ,3mod1t  let    1121 ,,  mttmtm vvvC   

  .1 mtv   

Here      mtmttmtm vvvvP 11121 ,,,,    and .Q  
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Since every vertex not in QP   is adjacent to exactly one vertex in 

CQP ,  is the corporate dominating set. 

As every vertex in QP   is adjacent to exactly two vertices in 

  .
3

,
mn

QPPQP
c

   

Hence C contains 
6

mn
 edges. 

To prove C is minimum, let C  be any other corporate dominating set and 

QP ,  be the sets corresponding to C  such that     1 QPuN   for all 

  .
c

QP    Further, the set C  will be in one of the following forms. 

(i) 1VC   (ii) 1EC   (iii) 11 EVC    

If (i) holds, then P  and .Q  Since for any    wNuNVu ,1  

  for some ,1Vw   which is a contradiction. 

If (ii) holds, then P  and .Q  Let PP   with .
3

mn
P   

Then 
3

mn
C   and hence .CC    

If (iii) holds, then P  and .Q  

If ,QPQP    then     1 QPwN   for some 

  ,
c

QPw    which is a contradiction. 

Suppose .QPQP    Then there exists at least one vertex 

  ,
c

QPu    which is adjacent to none of the vertices in ,QP    which is a 

contradiction. Hence .
3

mn
QPQP     

Let PP   and QQ   with   1
33

2 







mn

P
n

m  and 

.
3

2
1

n
Q   
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Then C  has at most 2
3


mn

 edges and 
3

2n
 vertices. Therefore 

  2
3

2 







n

mC  and hence .CC   

Subcase 2.2. Let n be even. Then m may be even or odd. 

For 12  mi  and  ,3mod2i  let  ,,, 32 imimimi vvvvC   

.2 immnimmn vv   

Here  immnimimi vvvvP  ,,,, 2   and .Q  Similarly, as in the 

sub case 2.1, we can prove that C is the corporate dominating set and 

.
3








m

nQPP   Hence .
6

mn
C   

Now we claim that C is minimum. Replacing m by n and n by m in the 

sub case 2.1, C is the minimum corporate dominating set. 

Corollary 3.2. Let mC  and  4,3,  mnmCn  be any two cycles with 

 3mod0m  and  .3mod0n  Then 

  .
32














nm

CC nmcor   

Proof. Let mC  and nC  be any two cycles with  ,3mod0m  

 3mod0n  and .4m  Consider the following cases. 

Case 1. Let m be odd. Then for 21  nt  and  ,3mod1t  let 

       .,,,, 111214321 mtmtmttmtmtmtm vvvvvvvC    Here  ,1 tmvP  

      .,,,, 11132 mtmttmtm vQvvv    Clearly, .
3

n
Q   Since for any 

       wQPuNQPu
c

  ,  where CQPw ,  is the corporate 

dominating set. Since every vertex in QP   is adjacent to exactly two 

vertices in   .
3

, 







n

mQPQP
c   As   .

3
1,

3








n

mP
n

Q  

Hence C contains 
 

6

1 nm 
 edges and 

3

n
 vertices. Thus .

32














nm

C  

We claim that C is minimum. Let C  is any other corporate dominating 
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set and QP ,  be the sets corresponding to C  such that 

    1 QPwN   for all   .
c

QPu    Further, the set C  will be in 

one of the following forms. 

(i) 1VC    (ii) 1EC   (iii) .11 EVC    

If 1VC   holds, then P  and .Q  Since for any 

     wNuNVu ,1  for some ,1Vw   which is a contradiction. 

If 1EC   holds, then P  and .Q  Let PP   with 

.
3

mn
P   Then 

3

mn
C   and hence .CC   

If 11 EVC    holds, then P  and .Q  As in the proof of sub case 

2.1.in Theorem 3.1, .QPQP     

(a) Let PP   and QQ   with 
3

3
2




nmn
P  and 

.
3

2
3

3








 n

Q
n

 Then C  contains at most 
3

6 nmn
 edges and 








3

2
n

 

vertices and hence .CC   

(b) Suppose PP   and QQ   with 
3

3

3




 mn
P

nmn
  

and .
3

1
n

Q   Then .
3

6


nmn
C  Thus .CC   

Case 2. Let m be even. Then for 21  nt  and  ,3mod1t  let 

     .,,, 1114321 mtmttmtmtmtm vvvvvvC    Here  ,, 21  tmtm vvP  

    mtmttm vvv 1113 ,,,    and .Q  Since for any    uNQPu
c
,  

   ,wQP   where CQPw ,  is the corporate dominating set. 

As every vertex in QP   is adjacent to exactly two vertices in 

  .
3

, 







n

mQPQP
c   Hence C has 

6

mn
 edges. 

To prove C is minimum, let C  be any other corporate dominating set and 

QP ,  be the sets corresponding to C  such that     1 QPwN   for 



S. PADMASHINI and S. PETHANACHI SELVAM 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 8, June 2022 

4842 

all   .
c

QPu    Further, C  will be in one of the following forms. (i) 

1VC   (ii) 1EC   (iii) .11 EVC    Proceed as in case 1, we can prove 

that C is minimum if 1VC   and .1EC   If 11 EVC    holds, then 

P  and .Q  As ,QPQP    let PP   and QQ   

with 
 

3

3

3

2 


 mn
P

nm
 and .

3

2
1

n
Q   Then 

.
3

62 


nmn
C  Hence .CC   

Illustration 3.3. 

 

Figure 2. .37 CC    

In Figure 2, let  .,,, 141312111098 vvvvvvvC   Since for any 

       wQPuNQPu
c

  ,  where CQPw ,  is the corporate 

dominating set and   .437  CCcor    

Corollary 3.4. Let mC  and  4,3,,  nnmCn  be any two cycles with 

 3mod0m  and  .3mod0n  

Then  














23

nm
CC mmcor    

Proof. Similar to Corollary 3.2, by replacing m by n and n by m. 

Corollary 3.5. Let  3mCm  be any cycle with  .3mod0m  Then  

 

 







 



evenismif
m

oddismif
mm

CC nmcor

6

6

1

2  
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Proof. Similar to Theorem 3.1. 

Theorem 3.6. Let mC  and  3, nmCn  be any two cycles. Then 

 nmcor CC   does not exist if and only if  3mod0m  and  .3mod0n   

Proof. Let nm CC   be any graph and let  3mod0m  and 

 .3mod0n  Suppose  nmcor CC   exist. Then there exist a corporate 

dominating set say C, which will be in one of the following forms. (i) 1VC   

(ii) 1EC   (iii) .11 EVC   

If 1VC   holds, then P  and .Q  Since for any 

     uNuNQu ,  for some ,Qu   which is a contradiction. 

If 1EC   holds, then P  and .Q  Since for any 

    1,  WNuNPu   for some ,Pw   which is a contradiction. 

If 11 EVC   holds, then P  and .Q  Let 2P  and .1Q  

Then there exists at least one vertex in  cCP   is adjacent to more than one 

vertex in ,CP   which is a contradiction, as for any Pw   or 

    1,  wNuNQw   for some Pw   or .Qw   Hence  nmcor CC   

does not exist. 

Conversely, assume that  nmcor CC   does not exist. We have to prove 

that  3mod0m  and  .3mod0n  W. l. g let us take either  3mod0m  

or  .3mod0n  By Corollary 3.2 or Corollary 3.4,  nmcor CC   exist, which 

is a contradiction. 

Suppose  3mod0m  and  .3mod0n  Then by Theorem 3.1, 

 nmcor CC   exist, which is a contradiction. 

Corollary 3.7. Let 4C  be a cycle and  3mCm  be any cycle. Then 

 4CCmcor   does not exist. 

Proof. Let 4CCm   be any graph. Consider the following cases.  

Case 1. Let  3mod0m  and .4n  Since  3mod0m  and 

 ,3mod0n  by Theorem 3.6  4CCmcor   does not exist. 
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Case 2. Let  3mod0m  and .4n  Suppose  4CCmcor   exist. Then 

there exists a corporate dominating set C which will be in one of the following 

forms. (i) 1VC   (ii) 1EC   (iii) .11 EVC   

As for any ,Pu   or     1,  wNuNQu   for some ,Pw   or 

 4, CCQw mcor   does not exist, which is a contradiction. 

4. Conclusion and Future work 

In this paper, we have found the exact value of corporate domination 

number for ,nm CC   the Cartesian product of two cycles mC  and .nC   

Furthermore, we will list out some interesting problems for further research 

that we have planned during the course of our investigation. 

(1) Find the corporate domination number of the Cartesian product of two 

paths mP  and .nP  

(2) Study of the domination chain connecting the parameters 

         GiGIRGirGG corcorcorcorcor ,,,,   which is one of the strongest focal 

points of research in domination theory. 
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