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Abstract

Let G=(V,E) be a graph. Let C=VMUE, c(VUE). Take
P={ueV(GE)/|NuNNw) <1 for all w(= u)e V(G[E])} where V(G[E;]) denotes the
vertex set of an edge induced sub graph G[E;] and @ = {v € Vj/N({)N Nw) = ¢ for all
w(# v) € V4. A subset C is said to be a corporate dominating set if every vertex v e PU@Q is
adjacent to exactly one vertex of P U ®. The corporate domination number of G, denoted by
Yeor(G), is the minimum cardinality of elements in C. Let C,, oC, denote the Cartesian
product of C, and C,, the cycle of length m and n where m, n>3. In this paper, we

determine the exact value of the corporate domination number for the Cartesian product of two
cycles.

1. Introduction

Let G = (V, E) be a graph with vertex set V of order n and edge set E of

size m. Throughout this paper, all graphs are finite, simple, and undirected.
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The open neighborhood of a vertex v is N(v) = {u/uv € E(G)} and the closed
neighborhood of a vertex v is N[v]= N(@)U {v}. For graph theoretic

terminology, we refer Chartrand, Lesinak [1] and Harray [4].

Let x, y € VUE are said to be associated if they are adjacent of incident
in G. Consider the two sets X,Ye(V,E,VUE), a subset Dc X
dominates Y if every element of Y \ (DY) is associated with an element of

D. The minimum cardinality among all the subsets of X is denoted by
vx,y(G). This concept is suitable for the following fundamental domination

numbers such as
v, v(G), vv,EG), vv vuE (G), v&,E(G), v£,v(G), Y&, vur (G), yvur,v(G),
vyvug, (G), yvur,vur (G). Various domination parameters have been focused

to dominate the vertices, edges, mixing the vertices and edges. The detailed
study of numerous domination parameters was established in [5, 6].

A dominating set S < V of a graph G is said to be perfect if each vertex
in V- S is dominated by exactly one vertex of S. The minimum cardinality
of S, denoted by y,(G) is the perfect domination number of G. Fellows and
Hoover [3] have addressed some formulation of perfect domination where the
vertices are required to have at most one or exactly one neighborhood.

Let S < V(G). Then S is said to be independent if no two vertices in S

are adjacent. If a dominating set S is both perfect and independent, then S is
called an efficient dominating set. The graph G is an efficient open
domination graph if there exists an efficient open dominating set S, for which

UueD N@)=V(G) and N(@u)NN@w)=¢ for every u,vu=v)esS.

Moreover, the efficient open domination graphs among graph products were
characterized in [2].

The Cartesian product G; oGy of graphs G; and Gy is a graph with
V(G; 0Gy) = V(Gy)oV(Gy) and ((x1, 1), (x9, ¥9)) € E(G; 0Gy) if and only if
either x; = y; and x9 adjacent to y9 in Gy or x9 = y9 and x; adjacent y;
in Gp. A detailed study of the dominating set and its algorithm of Cartesian

product of paths and cycles have been discussed by Polana Palvic, Janez
Zerovnik [9]. We have determined the exact value of the corporate
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domination number for some classes of graphs such as cycle, path, wheel,
complete graph in [7] and also established the corporate domination number
of the Cartesian product of path and cycle in [8]. In this paper, we find the
corporate domination number of the Cartesian product of two cycles and
finally we conclude the paper along with related work for further research.

2. Corporate Domination Number of a Graph

We here start with the definition of corporate domination number with

example and state related results on corporate domination.

Definition 2.1. Let C =V; U E;(c VU E). Then C will be in one of the
following forms. () V; # ¢ and E; =¢. (i) Vj; =¢ and E; = ¢. (i) V] = ¢
and E; #¢. Take P={ueV(GE]/|NwNNw)| <1 for all
w(= u) € V(G[E,])} where V(G[E;]) denote the vertex set of an edge induced
subgraph G[E;] and @ = {v € V;/N({)N Nw) = ¢ for all w(=v)e Vj}. A
subset C i1s said to be a corporate dominating set if every vertex

veV -PURQ is adjacent to exactly one vertex of P U ®. The corporate
domination number, denoted by y.,(G) equals the minimum cardinality of a

corporate dominating set of G.

Example 2.2. For a graph G which is given in Figure 1, y.,(G) = 2.
Here E; = {vpus}, V(GIE;]) = {vg, v} and C = {vgus, vg}

<
<
<
<
<

Figure 1. G with y,,{(G) = 2.
Proposition 2.3. Let G be a graph. Then v,,(G) =1 if and only if one of
the following holds.
(1) There exists a full degree vertex in G.
(1) There exists an edge uv in G such that uv does not lie on any triangle

and d(u) + d(v) = n.
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Remark 2.4. Corporate domination need not exist for all graphs.

Proposition 2.5. Let C be a corporate dominating set with C = V,. Then

(1) every corporate dominating set is the dominating set as well as the
perfect dominating set.

(11) both dominating and perfect dominating sets need not be the corporate
dominating set.

Example 2.6. For a cycle Cg, the corporate dominating set

C = {vg, vs, vg} which is also the dominating set as well as the perfect

dominating set.

Proposition 2.7.
() For any cycle C,, and Path Py(m > 8.1 2 2), 1oo(Cp) = | | and
n
Yeor(Bp) = ’72—‘
(ii) For any complete graph K, (n > 3), y.,/(K,,) = 1.
(iii) For any star graph Ky ,(n 2 2), v, (K7, ) = 1.
(iv) For any wheel graph W,(n > 38), Y¢or(W,,) = 1.
3. Main Results

In this section, we determine the exact value of the corporate domination
number for the Cartesian product of two cycles.

Theorem 38.1. Let C, and C,(m,n>3) where m = 0(mod3),
n = 0(mod 3) and m = n be any two cycles. Then

(%) {E—‘ if m,n are odd and m <n

2
ml(n .
Yeor(Crp 0 Cp) = [71 (§) if m,n are odd and m > n
% otherwise.
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Proof. Let C,, and C,(m,n >3) and m # n be any two cycles with
m = 0(mod 3) and n = 0(mod 3). Consider the following cases.

Case 1. Let m and n be odd

Subcase 1.1. Let m <n. Then for 2<i<m-1 and i = 2(mod 3), let
C = {VVm+i> Vom+iV3m+is -» Umn—3m+iVmn-2m+i> Vmn-m+i}-  Here P ={y;,

m
Unmais > Umn—3ma+i> Umn—2m+i) and @ = Ui} Clearly, @] = 3

Since for any u € (P U Q)°, N(u)N (P U Q) = {w} where we PURQ, C is

the corporate dominating set.

Since every vertex in P U® 1is adjacent to exactly two vertices in

PUQ),| PUR] :%- Therefore, | P | =@, as | Q| =%. Hence C
. m(n-1) m :
contains —% edges and 3 vertices.
Thus, |C|:M+ﬂ:m(n—l)+2m:m(n—1+2):m(n+1)

6 3 6 6 6

=53]

To prove C is minimum, let C’ be any other corporate dominating set and

P, @ Dbe the sets corresponding to C' such that every vertex not in P'U @’

is adjacent to exactly one vertex in P’ U @'. Further the set C' will be in one
of the following forms. i) C' = V] (1) C' = E; (i) C' = V{ U E7.

If (@  holds, then P =¢ and € #¢. Since for any
ueV, Nu)N Nw) = ¢ for some w e V], which is a contradiction. If (ii)

holds, then P'#¢ and @ =¢. Let |P'|>|P| with |P’|:% and
|@|=0. Then |C'|S% and hence | C'| 2| C|. If (iii) holds, then P’ # ¢

and @ # ¢. We observe that | P’UQ' | > %(: |PU@]|). If it is less than

mn

R then there exists at least one vertex v; € (P’ U @')° which is adjacent to
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none of the vertices in P’ U @', which is a contradiction.

@ Let |P'|<|P| and |Q|>|Q| with 2<|P'|<™=1"=5 ang

<|Q'| < Z?m Then C’ contains at most rnn—Tm—?: edges and %n

m+3
3

vertices and hence | C' | Smn—Tm—G+2?m :%m—fi‘ Thus |C'| > | C|.

(b) Suppose |P'|>|P| and |Q|<|Q| with 22" <1 p < _4
3

mn —
3

m

6 edges and 3

and 1 <|Q'| < % Then it follows that C' has at most
vertices. Therefore, |C'| > | C|.

Subcase 1.2. Let m > n. Then for 1 <t <n-2 and ¢ = 2(mod 3), let
C = {Vm+10m+2> Vtm+80tmads -+ » U(t+1)m-2V(t+1)m-1> U(t+1)m}' Here
P = {Umi1s Umags o5 Veslm-2s Veslim—1)  and @ = {Uyi1)m ).  Clearly,
Q| = % Proceed as in sub case 1.1, we get C is the corporate dominating set

m(n —1)

and|PUQ|=%. Hence |P|= 3

, as | Q] = % Thus C contains

m(n —1)
6

Therefore | C| = {%—I [%)

We shall prove that C is minimum. Proceed the similar argument of sub

edges and % vertices.

case 1.1 by replacing m by nand nby m, |C'| 2| C|.

Case 2. Let either (m or n) or both (m and n) be even.

Subcase 2.1. Let m be even. Then n may be even or odd.

For 1<t<n-2 and t=1mod3), let C = {Uyys1Vm+2s s Veslym-1
U(g+1)m -
Here P = {Utm+17 Utm+2> ++5 Ut+1)m-1> U(t+1)m} and @ = ¢.
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Since every vertex not in P U@ 1is adjacent to exactly one vertex in

P U@, C is the corporate dominating set.
As every vertex in PU@® 1is adjacent to exactly two vertices in

(PUQY.|P|=|PUQ|="S"

Hence C contains % edges.

To prove C is minimum, let C' be any other corporate dominating set and
P', @ be the sets corresponding to C' such that | N(w) N (P'U Q)| =1 for all

(P'U Q). Further, the set C’' will be in one of the following forms.

@ C =V () C =E (i) C =V UE,

If (i) holds, then P’ = ¢ and @ # ¢. Since for any w € V{, N(u) N\ N(w)
# ¢ for some w € V{, which is a contradiction.

If (i) holds, then P' = ¢ and @ = ¢. Let |P'|> P with |P'|= %
Then | C'| < % and hence |C'| > | C|.

If (iii) holds, then P’ # ¢ and @ # o.

If |[PUQ|>|PUQ|, then |NwNPUQ) >1 for some
w e (P'UQ)°, which is a contradiction.

Suppose |P'UQ | <|PUR@Q| Then there exists at least one vertex

u e (P'UQ')°, which is adjacent to none of the vertices in P’ U @', which is a

contradiction. Hence | P'UQ'| = |PURQ| = %

Let |P'|<|P| and |@|>|@Q| with (m—2)[%j£|P'|S%—1 and
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mn

3 2 edges and 2n vertices. Therefore

Then C' has at most 3

|C’|£(m—2)(%j—2 and hence | C'| > | C|.

Subcase 2.2. Let n be even. Then m may be even or odd.
For 2<i<m-1 and i=2(mod3), let C = {U;Up4i> VamsiV3mais -+-»
Umn—2m+ivmn—m+i}'

Here P = {v;, Upyiis Vamais --o» Umn—m+i; and @ = ¢. Similarly, as in the

sub case 2.1, we can prove that C is the corporate dominating set and

|P|:|PUQ|=n(%). Hence|C|:%_

Now we claim that C is minimum. Replacing m by n and n by m in the

sub case 2.1, C is the minimum corporate dominating set.

Corollary 3.2. Let C,, and C,(m, n >3, m = 4) be any two cycles with
m # 0(mod 3) and n = 0(mod 3). Then

teorCn9Ca) = | 5 |(5)

Proof. Let C, and C, be any two cycles with m # O(mod 3),

n = 0(mod 3) and m = 4. Consider the following cases.
Case 1. Let m be odd. Then for 1<t <n-2 and ¢ =1(mod3), let
C = {Vm+1Vm+2s Vim+3Vmeds s Vi 1)m=2V(t+1)m—1> V(e+1)m - Here P = {v,.1,
nooa
Vim+2> Vim+3> > Ue+m-1) @ = W(gs1ym)- Clearly, |Q]= 5. Since for any

ue(PUR, Nu)N(PUR) = {w} where we PUQ, C is the corporate

dominating set. Since every vertex in P U ® is adjacent to exactly two

vertices in (PUQ)C,|PUQ|:m(%). As |Q|:%,|P|:(m—1)(%).

Hence C contains @ edges and % vertices. Thus | C| = {%—‘ (%)

We claim that C is minimum. Let C' is any other corporate dominating
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set and P, be the sets corresponding to C' such that

INw)N(P'UQ)| =1 for all ue (P'UQ). Further, the set C' will be in

one of the following forms.

@ C =V @) C =E Gi) C =V UE.

If C=V] holds, then P =¢ and @ #¢. Since for any
u e V|, N(u)N N(w) # ¢ for some w e V], which is a contradiction.

If C'=E{ holds, then P'#¢ and @ =¢. Let |P'|>|P| with
| P'| :%. Then |C'| < % and hence |C'| > | C|.

If C" = V] U E] holds, then P’' # ¢ and @ # ¢. As in the proof of sub case
2.1.in Theorem 3.1, | PPUQ | =|PUQ|

@ Let [P'|<|P| and |Q|>|Q| with 2<|P|< =8 ang

n

§3 <|Q| < 2(%) Then C' contains at most mn—Tn—G edges and 2(%)

vertices and hence |C'| > | C|.

(b) Suppose |P'|>|P| and |Q'| < with A= < pr < MR=3
3 3

and 1 <[ Q<% Then |C'| < ™= Thus |C'] 2| C],
Case 2. Let m be even. Then for 1<¢<n-2 and ¢ =1(mod3), let
C= {Utm+lvtm+2’ Utm+3Vtm+4> «++» U(t+1)m—lv(t+1)m}' Here P = {Utm+1’ Utm+2>

Utm+8s s Ug+D)m—15 Ve+1)m) and @ = ¢. Since for any u e (P U Q), N(u)
N(P U Q) = {w}, where w € PUQ, C is the corporate dominating set.

As every vertex in PU@® 1is adjacent to exactly two vertices in

PUQY,|PURQ|= m[%) Hence C has % edges.

To prove C is minimum, let C' be any other corporate dominating set and
P', @ be the sets corresponding to C" such that | N(w)N(P'UQ)| =1 for

Advances and Applications in Mathematical Sciences, Volume 21, Issue 8, June 2022



4842 S. PADMASHINI and S. PETHANACHI SELVAM

all ue (P'UQ)°. Further, C' will be in one of the following forms. (i)
C'=V] @) C'=E] (i) C' =V UEj. Proceed as in case 1, we can prove
that C is minimum if C'=V] and C'=E;. If C'=V{ U E] holds, then
Pzo¢and @ #¢. As |[PUQ|=|PURQ]| let |P'|<|P| and | Q| >|Q|
with @

s|P'|s%‘3 and 13|Q'|s%”. Then

|C,|:mn+2n—6

3 . Hence | C"| > | C|.

Illustration 3.3.

yk 3 Vs Ve Vs

j /&:ﬁii

Vis Vis Viz Viz Vie Vo Van

Figure 2. C7 0O C3.

In Figure 2, let C = {vgug, UjoU11, VioVi3s 14} Since for any

ue(PUQ, Nu)N(PUR) = {w} where we PUQ, C is the corporate
dominating set and y,,,(C; 0Cs3) = 4.

Corollary 3.4. Let C,, and C,, (m, n >3, n # 4) be any two cycles with
m = 0(mod 3) and n # 0(mod 3).

Then y.,(Cp o Cpy) = (%j [%—‘

Proof. Similar to Corollary 3.2, by replacing m by n and n by m.

Corollary 3.5. Let C,,(m > 3) be any cycle with m = 0(mod 3). Then

W if m is odd
Vcor(cm o Cn) = m2
5 if mis even
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Proof. Similar to Theorem 3.1.

Theorem 3.6. Let C,, and C,(m,n>3) be any two cycles. Then
Yeor(Cp 0C,,) does not exist if and only if m # O(mod 3) and n # 0(mod 3).

Proof. Let C,,0C, be any graph and let m # O(mod3) and
n # 0(mod 3). Suppose Y., (C,, 0C,) exist. Then there exist a corporate
dominating set say C, which will be in one of the following forms. (i) C =V}
Gi) C = B (i) C =V, UE,.

If C=V, holds, then P=¢ and @ =#¢. Since for any

ue @, Nw) N N(u) # ¢ for some u € @, which is a contradiction.

If C=E holds, then Pz#¢ and @=¢. Since for any
ueP,| Nwu)N NW)|>1 for some w € P, which is a contradiction.

If C =V, UE; holds, then P# ¢ and @ # ¢. Let |P'| > 2 and | Q| > 1.

Then there exists at least one vertex in (P U C)® is adjacent to more than one

vertex in PUC, which is a contradiction, as for any we P or
we®, | NuUNw)|>1 for some we P or we Q. Hence y,,(C,,c0C,)

does not exist.

Conversely, assume that y.,(C,, 0C,) does not exist. We have to prove
that m # O(mod 3) and n # O(mod 3). W. 1. g let us take either m # O(mod 3)
or n # 0(mod 3). By Corollary 3.2 or Corollary 3.4, y.,{(C,, 0C,) exist, which

1s a contradiction.

Suppose m =0(mod3) and n =0(mod3). Then by Theorem 3.1,

Yeor(Cp, 0C,,) exist, which is a contradiction.

Corollary 3.7. Let C, be a cycle and C,,(m > 3) be any cycle. Then

Yeor(Cpy, 1Cy) does not exist.
Proof. Let C,, o0 C4 be any graph. Consider the following cases.

Case 1. Let m#0(mod3) and n=4. Since m # 0(mod3) and
n # 0(mod 3), by Theorem 3.6 y,,,(C,, 0 Cy) does not exist.
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Case 2. Let m = O(mod 3) and n = 4. Suppose y.,(C,, oCy) exist. Then

there exists a corporate dominating set C which will be in one of the following
forms. 1)) C=V; (i) C=E; (Gii)) C=V, U E;.

As for any ue P, or ue@®, | Nu)NNw)|>1 for some w e P, or

W € Q, Voo, (C,,, 0 Cy) does not exist, which is a contradiction.

4. Conclusion and Future work

In this paper, we have found the exact value of corporate domination
number for C,,cC,, the Cartesian product of two cycles C,, and C,.

Furthermore, we will list out some interesting problems for further research
that we have planned during the course of our investigation.

(1) Find the corporate domination number of the Cartesian product of two
paths P, and P,.

(2) Study of the domination chain connecting the parameters
YeorlG), Teo (G), i1, (G), IR, (G), i,,,(G) which is one of the strongest focal

points of research in domination theory.
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