Advances and Applications in Mathematical Sciences
Volume 25, Issue 1-2, January-February 2026, Pages 1-10

© 2026 Mili Publications, India

A THEOREM ON GENERALIZATION ABSOLUTE
MATRIX SUMMABILITY OF FACTORED INFINITE
SERIES

SEBNEM YILDIZ YAR

Department of Mathematics
Ordu University, Ordu, Turkey
E-mail: sebnemyildizyar@odu.edu.tr

Abstract

Sulaiman [16] has obtained a theorem dealing with weighted mean summability factors of

infinite series. In this paper, we have generalized this theorem to | A, p,, & |k summability

method for infinite series.

1. Introduction

Let Zan be a given infinite series with (s,) as the sequence of its

n-th partial sums. Let (p,) be a sequence of positive real numbers such

that

P,=>» p,>o as n—>ow, (P; =p_;=0,i21)
v=0

The sequence-to-sequence transformation (s, ) — (7,,) with

n
-1 Z

Tn =P n DPySy
v=0

defines the sequence (7)) of the weighted arithmetic mean or simply the

(N, p,) mean of the sequence (s,), generated by the sequence of

coefficients (p,,) (see [12]).
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The series z a, 1is said to be summable | N, Pn |p» k21, if (see [1])

0 k-1
Z(ﬁ] | T, -, | <0
Pn

n=1

| N, p, || is the same as | N, p, |
2. Known Results

Given the series Zan, if a series Z a,€, 1s summable in some sense
while, in general, Z a, isitself not so summable, then (g,) is said to be a

summability factor of the series Zan. If the summability in question is

absolute, the factors are naturally called absolute summability factors. Given
any sequences (x,), (y,), itis customary to write y, = O(x,), if there exist

k and N, |y, |< kK «x,| for every n> N (see [12]). In [2]-[10], [15],[18]

some results have been studied dealing with absolute summability of factored

infinite series, and also Sulaiman [16] has obtained the following theorem for

| N, p, |, summability method.

Theorem 2.1 Let t, be the n—th Cesaro mean of first order of the

sequence {na,}. Let {¢,} be a sequence of constants. If

m
Do Fltn [F = 00) m - e, (1)
n=1
m
anpn_ll €n |k| In |k =0(1) m — », )
n=1
m
> 0k ey 1, [F = 00) m > e, 3)
n=1
m
Zn_an =O0(P,,) m — o, 4)
n=1

holds, then the series Z aye, is summable | N, p, |, B> 1.
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3. Main Results

Given a normal matrix A = (a,,), i.e., a lower triangular matrix of

nonzero diagonal entries. A defines the sequence-to-sequence transformation,
mapping the sequence s = (s,,) to As = (A,(s)), where

n
A,(s) = Zanvsv, n=0,1,--
v=0

We use two lower semimatrices

A =(@,,) and A =(a,,) as follows:

n

Apy = E api, n,v=0,1, -

i=v
and
Qoo = 600 =Qag0, Apy = anv - C_7’11—1, v =1, 2,

It may be noted that A and A are the well-known matrices of series-

to-sequence and series-to-series transformations, respectively.

n n
An (5) = z anvsvz Apyy 6))
v=0

v=0
and

An(s) - An—l(s) = Zdnvav' (6)

v=0
The series Zan is said to be summable |A, p,,3|,, #>1 and § >0,

(see [11]) if

k<00.

|An(s) - An—l(s)

i (&)8k+k—l
n=1 Pn

In the special case, if we take & =0, then we have |4, p,|,

_ D

summability method (see [17]). Also, if we take 6 =0 and a,, = P then
n

we get |N, p,|, summability method.
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Sulaiman obtained Theorem 2.1 dealing with |N, p,|, summability

method by using weighted mean matrix. We have studied this theorem for
| A, p, |, summability method in (see [14]). In this paper we extend

Theorem 2.1 to the |A, p,,d|, summability of the series Zansn.
| A, p,, 8|, summability method is more general than |A, p, |, and

IN, Pnlp summability methods. When we extend Theorem 2.1 to the

following theorem, we use normal matrices instead of weighted mean

matrices.

Theorem 3.1. Let A = (a,,) be a positive normal matrix such that
ay =1 n=0,1, -,

Ap_1,p = Apy, for n2v+1,

o)

T = O(ann)
1 v=1

> [ ) 6 =

( jSkI Ay(@ny) | = O{aw [ij&e} as m — o, (10)

= O(ann )’ (8)

v

€)

S

: ;Mi

S
VO
7 N\
3 |
%
ol
Ne————

8

S

J

8

+

1

:M

n=v

(B ) ki, ik

Z(_nj n e, [Ft, [F = O(1) as m — o, (1)
Dn

n=1

Z[p_) tonl 20 [Fl 1 [F = OQL) as m — o, (12)

n=1

m P Sk

Z(p—nj " ae, 2, [F = O(1) as m > . (19)

n

3
Il
—_
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Let t, be the n—th Cesaro mean of first order of the sequence {na,},

that is

and {g,} be a sequence of constants. Then the series Zansn is summable

|4, Dy, Bl k21 and 08 <+

In general, in the proof of theorems dealing with absolute matrix
summability, we use Minkowski, Holder’s inequalities and Abel transform.
Proof of Theorem 3.1. Let (Q,) denotes the A-transform of the series

Z 7 _1a,€,. Then, by equations (5) and (6), we have

n n
~ 1A
QR (s)— @,_1(s) = Zanvavgv = ZU Applayey -
v=0 v=1
Applying Abel’s transformation (see [13]) to
n
1A
Z U0, Ve,
v=1
we have that
n n-1 v Qe n
Z v, va.e, = Z Ay (Gppe,v ) Z ra, + %Z ra,
v=1 v=1 r=1 r=1
n-1
-1 1 1, A 14
= ) O+ O+ 1) ey + 0+ 1) Al )y + © + 1) Ay,
v=1
n+1
+ Apn€ntn
n—1 n-1 n—1 " 1
a ~ ~ n +
= Z Av(anv)gvtv + z an, v+1A€vtv + Z an, v&v ;U + anngntn o
v=1 v=1 v=1

=Qp1+Q@p2+@y3+Q, 4.

Advances and Applications in Mathematical Sciences, Volume 25, Issue 1-2, January-February 2026



6 SEBNEM YILDIZ YAR
To complete the proof of Theorem 3.1, it is sufficient to show that

© Sk+k-1
Z(&j : |Qn,r|k<°°> forr=1,2,38, 4.

D,
n=1 n

First, by applying Holder’s inequality (see [13]) with indices £ and %/,
where k>1 and E + = k’ =1, and by using the conditions (7), (10) and (12),
we have that

mil; p \Sk+h-1 mil p \Sk+k-1{nZ) g
(B gl () IECRIELY

n=2 n=2

mtl gy \Shk-1n-1 P o
< Z(p—) D A& M| x{;mvwm)l}

n=2 v=1
m+1

B Sk+k-1 b1 n-l R P
0(1>Z( SERe ) Y INCWIENITY
v=1

m+1

—o<1>2( j ”[ﬁ—zjk1{§|Av<am>||sv|k|tv|k}
v=1
. oa)"f( ]Sk{zn Aol 1t |’f}

v=1

m+1

Sk
—o<1>2|av||t| > (2] | autane)]

n=v+1

00> (B a1 = 00) .
= s ol € v = as m —» oo,
v=1

Then by using the conditions (7)-(9) and (13), we have that

m+1 P \Ok+k-1 L m+1 P \dk+k-1 n-1 k
—n —n 1
S (] Gt s Y (22 i, 185

n=2 n=2 v=1
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k
m+1 dk+k-1(n-1
P a
-om Y (2] { 010y | ng, [ 1, |}
v=1

n=2

m+1 Skh+k-1n-1 { -1 }kl
v=1 =1

~ k k
—oa)Z[ 2T vl 8, [ 04

mzﬂ P \k+h-1 L .
0w Y (] @ J o
n=2 Pn v=1
m+1 P \Ok+k-1 p k-1n-1 b b1
=01 (—") (—”j a Ag, | £,
); Dn Pn vzll n, v+1|| v|| |
m+1 Sk
k. P A
—o<1)Z|AeU| oo (B G
n=v+1 n

m
20(1)z(§j | ag, [F|2, [FoF = O(1) as m > o,
v=1

and also by virtue of hypotheses of Theorem 3.1, and the conditions (7)-(9)
and (11), we have

k
m+1 Sk+k-1 m+1 Sk+k-1| n-1
P, P, N t
Z (p_nj |Qn, 3| < Z (p_nj An, véy ?v
n=2 n n=2 n v=1
k

m+1 P Sk+k—-1(n-1 |t |
O[] Y lan ol

n=2""" v=1

Qy,

<

m+1(Pn )5k+k—ln1 .

n=2 Pn v=1

.

st 5
m+1 P j8k+k_1

n-1 L | " |k
(ann)k_lzldn, v” & | UT
v=1
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—o<1>mZ+l( ) () lfmnvnsvl la
~on3jat 55 S (] e

m P Sk klt |k
20(1)Z(p—vj e, 1ol ~ 00) asm >
v=1 v

Finally, by using the conditions (7) and (12), we have that

m o \Sk+k-1 i m o p \Sk+h-1 - P
Z(p_) @n 4| =o<1>;(ﬁj () ) [ 0 |

m P dk+k-1 p k-1 5 5
=01 (—nj (—") Ay € ¢

=0(1) as m — .

=0 (52 a0 1 1
n=1"""

This completes the proof of Theorem 3.1.
4. Conclusions

If we apply Theorem 3.1 to the weighted mean, then A = (a,,) is

defined as a,, = &, v=0,1,---,n;,n=0,1,2, -

P , when 0<v<n, where
n

.. . P, .
B, = py+p1 +pg +-+ py, itisclear that a,,,; = Pp% U and by taking
ntfn-1

Uy = P> the condition (8) reduces to the condition (4) as follows:

MH

n-1
Z RG22 - (2 >§;5 = O(ay).

<
Il
=
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It should be noted that if we take § =0 and q,, = v the conditions

P,
(11), (12) and (13) reduce to the conditions (1), (2) and (3) respectively.

1. If we take 6§ =0 and anv:% in Theorem 3.1, then we have
n

Theorem 2.1 dealing with |N, p,|, summability method.

2. If we take 8 =0 in Theorem 3.1, we have a result for | A, p, |,

summability method.
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