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Abstract 

In this paper, we transform M iteration process in the setting of CAT(0) space to 

approximate fixed point of generalized -nonexpansive mappings and then, we also obtain some 

convergence results in CAT(0) space. Our results are the improvement, extension and 

generalization of many recent results in the literature of fixed point theory in CAT(0) space. 

1. Introduction 

Ullah and Arshad [7] introduced a new three step iteration process 

known as “M iteration process”, described as. 

Kx 0  

  nnnnn TxxZ  1  

nn Tzy   

nn Tyx 1  

where  nn  ,0  is a real sequence in  1,0  and K is a nonempty subset of 

a Banach space. 

We transform the M iteration process in the setting of CAT(0) space 

described as. 
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Kx 0  

  nnnnn xTxZ  1  

nn Tzy   

,1 nn yTx   

where  nn  ,0  is a real sequence in [0, 1] and K is a nonempty subset of a 

CAT(0) space E. 

In 2008, Suzuki [6] introduced the concept of generalized nonexpansive 

mappings which is a condition on mappings called condition (C). Let K be a 

nonempty subset of a CAT(0) space E, a mapping KKT :  is said to 

satisfy condition (C) if 

       yxdTyTxdyxdTxxd ,,,,
2

1
  for all ., Kyx   

It is obvious that, every mapping satisfying condition(C) with a fixed point is 

quasi-nonexpansive mapping. Recently, Aoyoma and Kohsaka [1] introduced 

the class of -nonexpansive mappings, a mapping KKT :  is said to be  

-nonexpansive if there exists an  1,0  such that for all ,, Kyx   

         .,21,,,
222

yxdTyxdyTxadTyTxd   

Very recently, Pant and Shukla [4] introduced the class of generalized -non 

expansive mapping which contains the mapping satisfying condition (C), a 

mapping KKT : is said to be generalized -nonexpansive if there exists 

an  1,0  such that for all ,, Kyx   

           .,21,,,,
2

1
yxddyTxdTyTxdyxdTxxd   

Our results are generalizations of recent well-known results of Pant and 

Shukla [4], Piri et al. [5] and many others. 

2. Preliminaries 

For details as regards CAT(0) spaces please see [2]. Some results are 

recalled here for CAT(0) space E. 
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Lemma 2.1. Let K be a nonempty subset of a CAT(0) space E and 

KKT : a generalized -nonexpansive mapping. Then,  TF  is closed. 

Proof. Let  nZ  be a sequence in  TF  such that  nZ  converges to a 

point .Kz   

Since    zzdTzzd nnn ,0,
2

1
  by definition of generalized -

nonexpansive mapping and continuity of metric on E, we have 

   TzTzdTzzd nnnn ,lim,lim    

        zzdTzzdZTzd nnnn ,21,,lim    

      zzdZTzd nnn ,1,lim    

     .,lim1,lim zzdzzTd nnnn    

Since   ,01   the above inequality reduces to  

   .,lim,lim zzdTzzd nnnn    

And   .zzT   Therefore  TF  is closed.  

Lemma 2.2. Let K be a nonempty subset of a CAT(0) space E and 

KKT :  a generalized -nonexpansive mapping with a fixed point 

.Kp   Then T is quasi-nonexpansive. 

Proof. Let  TFp   and .Kx   

Since    ,,0,
2

1
pxdTppd   

           .,21,,,, pxdxTpdpTxdTpTxdpTxd   

This implies that  

       .,1,1 pxdpTxd   

Since   ,01   we get    .,, yxdyTxd   

Lemma 2.3 Let K be a nonempty subset of a CAT(0) space E and 

KKT : a generalized -nonexpansive mapping. Then, for all :, Kyx   
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i.    .,, 2 TxxdxTTxd   

ii. Either    yxdTxxd ,,
2

1
  or    .,,

2

1 2 yTxdxTTxd   

iii. Either          yxdTyxdyTxdTyTxd ,21,,,   or 

         .,21,,, 22 yTxdyxTdTyTxdTyxTd   

Proof. Since 

   .,,
2

1
TxxdTxxd   

By using the definition of generalized -nonexpansive mapping, we have 

   .,, 2 TxxdxTTxd   

To prove (ii), arguing by contradiction, we suppose that  

   yxdTxxd ,,
2

1
  and    yTxdxTTxd ,,

2

1 2   

By (i), and the triangle inequality, we get 

     yTxdyxdTxxd ,,,   

   xTTxdTxxd 2,
2

1
,

2

1
  

 ,, Txxd  

which is a contradiction. Thus (ii) holds. The condition (iii) directly follows 

from (ii). 

Lemma 2.4. Let K be a nonempty subset of a CAT(0) space E 

and KKT : a generalized -nonexpansive mapping. Then, for all 

Kyx ,  

     .,,
1

3
, yxdTxxdTyxd 




  

Proof. From Lemma 2.3, we have for all ,, Kyx   either  

         yxdTyxdyTxdTyTxd ,21,,,   
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or 

         .,21,,, 22 yTxdyxTdTyTxdTyxTd   

In the first case, we have  

     TyTxdTxxdTyxd ,,,   

         yxdxTydyTxdTxxd ,21,,,   

           .,21,,,, yxdaxTydyxdxTxdTxxd   

This implies that 

 
 
 

   yxdxTxdTyxd ,,
1

1
, 




  

In the other case, we have  

       TyxTdxTTxdTxxdTyxd ,,,, 22   

         yTxdyxTdTyTxdTxxd ,21,,,2 2   

         yTxdTxxTdxTydxTxdTxxd ,,,,,2 2   

   yTxd ,21   

           yTxdTxxdxTydTxd ,1,,,2   

               .,1,1,,,2 yxdyTxdTxxdxTydTxxd   

This implies that 

 
 
 

   .,,
1

3
, yxdTxxdTyxd 




  

Therefore in the both the cases, we get the desired result. 

Lemma 2.5 [3]. Suppose that E is a complete CAT(0) space and 

 nEx  .  is a sequence in  cb,  for some  1,0, cb  and    nn yx ,  are 

sequences in E such that, for some ,0r  we have 

    rxydrxxd nnnn   ,suplim,,suplim  

and 
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    ;,1suplim rxyxd nnnnn   

Then 

  .0,lim  nnn yxd  

3. Convergence Results for Generalized -nonexpansive Mappings 

Lemma 3.1. Let K be a nonempty closed convex subset of a complete 

CAT(0) space E and KKT :  a generalized -nonexpansive mapping. 

Suppose that the sequence  nx  be defined by M iteration process, then 

 pxd nn ,lim   exists for all  .TFp   

Proof. Let  .TFp   By lemma 2.2, T is quasi-nonexpansive, so 

    pTxxdpzd nnnnn ,1,   

     pTxdpxd nnnn ,,1   

     pxdpxd nnnn ,,1   

   .,, pxdpzd nn   (3.1) 

It follows that  

   pTzdpyd nn ,,   

 pzd n ,  

   .,, pxdpyd nn   (3.2) 

From (3.2), we have 

   pTydpxd nn ,,1   

 pyd n ,  

 ., pxd n  

This implies that   pxd n ,  is bounded and non-increasing. Hence 

 pxd nn ,lim   exists. 

Theorem 3.2. Let K be a nonempty closed convex subset of a complete 
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CAT(0) space E and KKT : a generalized -nonexpansive mapping. 

Suppose that the sequence  nx  be defined by M iteration process. Then 

  TF  if and only if  nx  is bounded and   .0,lim  nnn xTxd  

Proof. Suppose that   TF  and  .TFp   Then by lemma 3.1, 

 pxd nn ,lim   exists and  nx  is bounded. Put 

  .,lim kpxd nn   

By the proof of lemma 3.1, we have 

    .,suplim,suplim kpxdpyd nnnn    (3.3) 

By using lemma 2.2, we have  

    .,suplim,suplim kpxdpTxd nnnn    (3.4) 

Also, we have   

   pxdpzd nn ,,   

    kpxdpzd nnnn   ,suplim,suplim  (3.5) 

and  

     pydpTydpxd nnn ,,,1   

 ., pzd n  

Therefore,  

 .,inflim pzdr nn   (3.6) 

By using (3.5) and (3.6), we get  

 pzdr nn ,lim   

  .,1lim pxTxdr nnnnn    (3.7) 

Hence, by (3.3), (3.4), (3.7) and lemma (2.5), we obtain 

  .0,lim  nnn xTxd  

Conversely, suppose that  nx  is bounded and   .0,lim  nnn xTxd  

Let   ., nxKAp   
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By lemma 2.4, we have 

    TpxdxTpr nnn ,suplim,   

   pxdxTxd nnnnn ,suplim,suplim
1

3
 











  

    .,,suplim nnn xprpxd    

Hence, we conclude that   ., nxKATp   Since E is CAT(0) space, 

  nxKA ,  is singleton. Thus, we have .pTp   

Now we are in the position to prove strong convergence theorem. 

Theorem 3.3. Let TEK ,,  and  nx  be as in Theorem 3.2. Suppose that 

  TF  and    0inflim  TFxd nn  where       .,inf, pxdTFxd TFp  

Then,  nx  converges strongly to a fixed point of T. 

Proof. By Lemma 3.1,  pxd nn ,lim   exists, for all  .TFp   So, 

  TFxd nn ,lim   exists, thus 

   .0,lim  TFxd nn  

Therefore, there exists a subsequence  
jnx  of  nx and  jz  in  TF  such 

that  
jjn zxd

j
2

1
,   for all .Nj   

By the proof of Lemma 3.1,  nx  is decreasing. So,  jn zxd
j

,
1

 

  .
2

1
,

jjn zxd
j

  

Therefore,  

     jnnjjj zxdxzdzzd
jj

,,,
1111 

   

jj 2

1

2

1
1



 

.,0
2

1
1




j
j

 

Hence, we conclude that  jz  is a Cauchy sequence in  TF  and so it 

converges to a point p. Since, by Lemma 2.1,  TF  is closed, then  .TFp   

So,  
jnx  converges strongly to  TFp   and since  pxd nn ,lim   exists, 

hence  nx  converges strongly to  .TFp   
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4. Conclusions 

The extension of the linear version of convergence results to nonlinear 

spaces has its own importance. Here we extend a linear version of 

convergence results to the fixed point of a generalized -nonexpansive 

mapping for the already defined M iteration method [7] in the setting of 

Banach space to nonlinear CAT(0) spaces. 
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